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Abstract

A Data-Driven Framework for Missing Data Imputation

Multiple imputation (MI) is an effective and flexible tool to handle miss-
ing data in large databases. By imputing missing data several times, MI
generates multiple complete data sets that would allow different data users
to perform their own substantive analyses with no missing observations.
When conducting MI, the imputation model should be compatible with the
substantive analysis model. In other words, the imputation model should
include all relationships that are going to be investigated in the substan-
tive analysis model, such as nonlinearities and interactions. Otherwise,
the relationships that exist may not be identified in the subsequent analy-
sis, generating biased estimates of parameters and leading to misleading
inference. Unfortunately, traditional MI methods, such as multivariate
imputation by chained equations (MICE), are built on parametric imputa-
tion models. With dozens or even hundreds of variables, as is often the
case in large databases, identifying interactive and nonlinear relations and
encoding them in imputation models can be a daunting task with no guar-
antee of success. Unlike parametric models, machine learning techniques
(MLTs) are model-free methods, and thus provide flexibility for missing data
imputation. MLTs use algorithms that automatically learn from all data
to detect statistical dependencies in observations without being explicitly
programmed where to look.

In this study, we proposed a data-driven framework (MICE-ML) that
replaces parametric imputation models with MLTs within the MICE algo-
rithm. Specifically, MLTs including neural networks and random forests are

integrated into MICE. Through a simulation study, we demonstrated the



robustness of MLTs in capturing the complex relationships among variables
for imputation. We further imputed missing data in the National Inpatient
Sample (NIS) database using MICE-ML and developed an R package (miceml)
that can be used to implement MICE-ML.

vii



Table of Contents

Dedication

|Acknowledgments|
[List of Figures|

IList of Tables!

(Chapter 1: Introduction|

(1.1 Background| . . . .. ... ... ...........
(L2 Motivationl . . . . . . . ... ... ... ...
[1.3 Objectivef. . . . . . ... ... ... ........
[1.4 Concepts and Terminologies| . ... ... ... ..
1.4.1 Missing Data Proportion, . .. ... .. ..
1.4.2 Missing Data Mechanism| . . . . . ... ..

1.4.3 Single Imputation| . . . ... ... ... ..
1.4.4 Multiple Imputation| . . . . ... ... ...

(Chapter 2: Data-Driven Framework|

......
......
------
......

......

2.1 Background| . . . . . . . . ... .. ... . ... ..

......

2.3.4 Determining Iteration Number in MICE-ML Imputations|

(Chapter 3: R package|
[3.1 Introductionl

(3.2 Imputation with "miceml" . . . . . . .. ... ...

2.3.5 Simulation Resultsl. . . ... ........

......

------

13.2.1 Available MLTs under Data-Driven Frameworkl
3.2.2 Hyperparameter setting| . . . . .. ... ..
3.2.3 Visiting order| . . . ... ... ........

Run the "micemlI”. . . ... .. ... ... .....

......

iv

vi

xi

68

[3.3.1 Step by Step Illustration of Imputation using "miceml"| 69

viil



[3.3.2 Post-imputation Assessment| . . . . . ... ... ...
3.4 Discussionl . . ... ... .. ... ... e

(Chapter 4: Conclusion|

B15Ilograpﬁy

/Appendix A: Basis of MLTS|

A.l Basis of NN| . . . . . . .. ... . e
A S 0 -a
- DAy INL™ | & ¢ ¢ o o o s s e e e s e e e o s s s e e s s s e e e

Appendix B: MVN for Generating Complete Data

78

84
84
96

102



List of Figures

2.1 Structure of a general neural networks model| . . . . . ... .. 22
2.2 Sample decisiontree|. . . .. ... ... ... ... . . .. 24
2.3 Simple random forest with 3 decision trees|. . . . . . . ... .. 25
2.4 [llustration of MICE-ML imputation| . . . . . . ... ... .... 27
2.5 Simulation workflow] . . . . . .. .. ... .. ... ...... .. 29
2.6 Direct evaluation of MICE-NN imputation at 4 different iteration |
| numbersl . ... 40
2.7 RMSE for post-imputation evaluation of MICE-NN imputation at |
[ 4iterationnumbers. . . . .. ... ... oL 41
2.8 Direct evaluation of MICE-RF imputation at 4 different iteration |
[ pumbersl . ... 42
2.9 RMSE for post-imputation evaluation of MICE-RF imputation at |
[ 4iterationnumbersl. . . . . ... ... 43
2.10 Scatterplot of avg.HDs comparison based on 3 different MICE
based imputation methods in 6 different simulation scenarios
when outcome variable Y is continuous (Yeom) - - « « « = « « - . . 46
2.11 Scatterplot of avg.HDs comparison based on 3 different MICE
based imputation methods in 6 different simulation scenarios
when outcome variable Y is binary (Y;,)[ - . . . . . . . .. .. .. 47
A.1 Diagram of perceptronina NN |. .. ... .. ... .. ...... 85
A.2 Diagramofa3-lTayer NN|. . ... ... ............... 88
A.3 Anexample of DT diagram|. . . . . . . ... ... ......... 97
A.4 Structure of a general random forestmodel . . . . ... ... .. 101




List of Tables

(1.1 Summary of Missing Data in the 2010 NIS database (N=7,800,441)] 3

2.1 Descriptive statistics 1n six covariates as continuous| . . . . . . 30
2.2 Descriﬁtive statistics in six covariates as categoricaﬂ ....... 31
2.3 Coe@cients setting in tEe !inear regression mo§e!| ........ 32

2.4 Coefficients setting in the logistic regression modell . ... ... 33
2.5 Missing data pattern in term of individual missing proportion |

under a given overall missing proportion across 5 variables| . . 34
regression under 6 simulation settings| . . . .. ... ... ... 49
2.7 RMSEs of coefficient estimates in non-linear terms from a logistic |
regression under 6 simulation settings| . .. ... ... ... .. 50

2.8 MRB between imputed coefficient estimates and predefined coef-
ficient estimates in interactions and non-linear term for a confin-

2.9 MRB between imputed coefficient estimates and predefined coei- |

ficient estimates in interactions and non-linear term for a binary |
| outcomemodell .. ... ... o o oo 52
2.10 Missing data information for TKA patients| . . . ... ... ... 53
2.11 Coefficient estimates in substantive linear regression model for |
complex relationshipterms| . . . . . . ... ... .. ... .... 55
2.12 Coeflicient estimates in substantive logistic regression model for |
complex relationshipterms| . . . . . . ... ... ... ...... 55




Chapter 1: Introduction

1.1 Background

Missing data are very common in most real-world data sets. Incomplete
data often have lots of harmful impacts on statistical inference and mislead
researchers into making wrong conclusions. Concretely, at the step of data-
processing, the missing data problem may occur when the data value is
not stored for the variable of interest in the observation. For example, in
epidemiological and clinical research, studies with repeated measurements
will usually suffer from attrition, drop-out or censoring [1]. In survey
research, the studies usually involve a larger number of responses and
respondents, therefore, it is unavoidable to introduce missing values since
the expense of recollecting the data is not affordable. Inappropriate handling
of the missing data can result in serious consequences of an inefficient
estimation by introducing bias, inflation of the type I and type II error rates
and reduction of statistical power. Thus, inaccurate conclusions may be

drawn from a data analysis based on an incomplete data set [2].

Ideally, not having any missing data is the best treatment for missing
data. However, it’s not feasible in practice since missing data can happen at
any step of data collection. The effort to avoid any missing is usually costly
with respect to (w.r.t) time and money.Even in well-prepared study, there
still possible that missing data happens due to unexpected reasons, such
as samples damaged in transport, subjects refused to response for ethical
reasons. Fortunately, the treatment of missing data has been studied for

decades. We gradually improved our understanding of missing data and



explored techniques to remedy the problem of missing data.

1.2 Motivation

In this study, we use the National Inpatient Sample (NIS) as a motivating
example. Sponsored by the Agency for Healthcare Research and Quality
(AHRQ), NIS is the largest all-payer inpatient care database administered by
Healthcare Cost and Utilization Project (HCUP). Since 1988, the NIS collected
data on typical discharge abstracts (over 100 variables) and contained more
than seven million hospital stays each year. Thus, the NIS has become an

important data registry for research from clinical studies to making policies.

Like any large-scale data collection effort, on one hand, the NIS has
a moderate amount of missing data. Table summarizes an example
of missingness in the NIS from the year 2010. Missing data are found in
multiple variable types in the NIS, including binary variables (e.g., gender),
nominal variables (e.g., race, admission source), ordinal variables (e.g.,
median household income), and continuous variables (e.g., total hospital
charge). The race has the highest rate of missingness (11.43%). Admission
type has the second-highest rate of missingness (10.71%). The rate of
missingness is less than 5% in total charges, gender, and median household
income. Overall, nearly 25% of the observations contain at least one missing
value w.r.t the variables in the table. On the other hand, with over 100

variables, there may exist complex relationships among those variables.

In practice, missing data are often excluded from analyses, meaning that
only complete cases are considered. However, such complete case analysis
(CCA) only works well if those complete cases are representative of the entire

population. A previous study [3] suggests that missing proportion greater
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Table 1.1: Summary of Missing Data in the 2010 NIS database

(N=7,800,441)

Variable

Type

Description

Total Missing
Observations (%)

Total charges
(TOTCHG)

Gender
(FEMALE)

Admission type
(ATYPE)

Race
(RACE)

Continuous Rounded total hospital

Binary

Nominal

Nominal

Median household income Ordinal

for patient’s ZIP code
(ZIPINC_QRTL)

charges in dollars

0 Male
1 Female

1 Emergency

2 Urgent

3 Elective

4 Newborn

5 Delivery trauma
6 Other

1 White

2 Black

3 Hispanic

4 Asian/ Pacific islander
5 Native American

6 Other

1 0-25th percentile

2 26-50th percentile
3 51-75th percentile
4 76-100th percentile

146,058 (1.87)

17,992 (0.23)

835,282 (10.71)

891,576 (11.43)

204,145 (2.62)




than 10% is likely to introduce bias in analyses. Out of the 7,800,441 cases
included in the 2010 NIS, only 5,904,535 are complete, with data recorded
for each variable in the study. In other words, the exclusion of missing data
would result in a loss of 24.3% of the original data. By including only 75.7%

of the cases, there is a significant risk of bias.

Instead of leaving out all of the incomplete cases, a rigorous statisti-
cal method is used to impute missing data. The imputing action can be
considered an intermediate step between data collection and analysis, as
it remedies the incompleteness of the data and prepares it for analysis.
According to the HCUP methods report [4], it emphasizes the importance of
addressing missing data before data analysis, if there is any doubt in CCA,

it recommends imputing missing data.

Multiple Imputation (MI) is usually recommended to handle missing data
in large-scale data collection. A single imputation (SI) method, such as
random draw, mean imputation, or hot deck, imputes missing data only once
and treats the imputed data as the truth for the substantive analyses. The
MI method, in contrast, imputes the missing data several times, therefore
it is able to account for the uncertainty through a three-step procedure
consisting of imputation, substantive analysis, and pooling results. That
is, the MI assumes that the uncertainty of missing data not only come
from within-imputation errors at the imputation step but also comes from

between-imputation errors at the substantive analysis.

1.3 Objective

Regardless of which MI we choose, we must carefully specify an imputa-

tion model to ensure its compatibility with the substantive analysis (e.g.,

4



regression analysis using imputed data). Incompatibility between the impu-
tation model and the substantive model occurs when an imputation model
is misspecified, and the imputed data resulting from the model causes
biased estimations in the substantive analysis. For example, say we have a
substantive model that is a linear regression of Y on two covariates X; and
X», and X; contains missing data that will need to be imputed, wherein, the
imputation model for imputing X; is only related to Y, not X; (i.e., imputa-
tion model of X; ~Y). In this scenario, the incompatibility exists between
the imputation model and the substantive model, therefore, imputed data
generated from the imputation model may introduce bias in estimating
parameters of the substantive model [5]. In practice, specifying a more
saturated imputation model relative to the substantive model can avoid the
incompatibility [6]. However, when the number of variables increases, the
relationships among variables may become complex as interactions and/or
high order terms show up. In such a situation where complex relationships
exist in the substantive model, for example, assuming a substantive model
contains interaction between X; and X;, and non-linear relationship of X,
(i.e., imputation model of Y ~ X| + X, + X * X» —|—X22), an ideal imputation model
would be considered as compatible if it also contains (at least) those relation-
ships in the substantive model. Nevertheless, this compatible imputation
model is not feasible to be specified as we find it hard to know the truth
about the substantive model from real-world data. Hence, a robust method
to build the imputation model is needed to solve its incompatibility issue

with the substantive model.

A promising method to handle the potential incompatibility between the
imputation model and substantive model is machine learning techniques

(MLTs). MLTs utilize a great number of methods in automatic analytical



model building. Using algorithms that iteratively learn from data, MLTs allow
computers to detect patterns, relationships, and statistical dependencies in
observations without explicit programming on where to look. Because of
those attractive features, MLTs have become a group of promising tools for

imputing missing data.

Evidence from recent research suggests that several advances in ML
methods (e.g., k nearest neighbor (KNN) [7,, [8, 9], decision tree (DT) [10,
11, [12], naive Bayes (NB) [13], support vector machine (SVM)) [14], [15])
have driven significant progress in imputing missing data as compared to
traditional methods. Among these MLTs, neural network (NN) and random
forest (RF) are two non-parametric approaches that have been frequently
utilized to impute missing observations in a wide spectrum of research,
such as cardiology [12], [16], breast cancer [17], Cirrhosis [18], psychology
[19], etc. Although these studies were able to illustrate the performance of

NN and RF, they have major limitations:

1. These studies performed no simulation or limited simulations [20)
10, 11}, 12}, 13, 14, [15]. Studies without simulations just treated
ML methods as a tool to impute missing values for real-world data
without a simulation to validate the results. As the true, real-world
values of the missing data were never known, these studies had no
way to evaluate the performance of the imputation. Some studies
involved simulations when comparing ML methods with other methods.
However, these studies either only considered simulation for a single
type of variable (mainly continuous variables) or only examined simple
relationships among variables (e.g., main effects only, or interactions

between continuous variables).



2. Existing studies utilized MLTs as a single imputation method [21].
Overlooking the uncertainty of the missing data underestimated the

standard error of estimates in the substantive analyses.

3. In a recent study, Slade et al. demonstrated tree-based conditional
MI had the advantages of avoiding incompatibility between imputation
model and substantive model through a simulation study [22]. How-
ever, it only worked on a single type of variable - continuous variable,
and there was a lack of discussion about other common types of vari-
ables with missing data, such as binary, ordinal, or nominal variables.
Furthermore, there was no evaluation of the quality of the imputed

data.

In this study, we proposed a data-driven framework by combining MLTs
with multivariate imputation by chained equations (MICE) algorithm to deal
with missing data of various types and whose underlying relationship is
complex. We believe the capacity of data-driven MLTs can be implemented
as a powerful tool to handle missing data with implicit situations. Thus, the
incompatibility issue between the imputation model and the substantive
analysis model will be relieved as the MLTs provide a solution for the impu-
tation model to accommodate the substantive model. Given a situation in
which the substantive model contained complex relationships, we compared
proposed methods with the standard MICE method to illustrate the perfor-
mance and features of proposed methods through a series of simulations.
Then, we demonstrated that the data imputations had improved by applying

those proposed methods in a real-data application using the NIS database.



1.4 Concepts and Terminologies

In this section, we will start with descriptions of several concepts and

terminologies in missing data.

1.4.1 Missing Data Proportion

An intuitive impact of missing data in data analysis comes from the
proportion of missing data. For instance, it is clear that the larger proportion
of missing data, the smaller the sample size, therefore, the higher risk of
further inference in CCA. Although, there has been no widely accepted
cutoff of missing data proportion, some rules of thumb had been provided,
such as, if missing data proportions are less than 5% [23] or 10% [24], the

impact of those missing data in the statistical inference is small.

The HCUP methods report [4] suggested that we should not ignore the
missing values in HCUP data, no matter the percentage of the missing data.
As we can see the missing data proportion from the motivating example,
there are 0.23% missing in gender, which still accounts for approximately
18,000 subjects. Directly throwing out those subjects without informa-
tion about gender would be harmful, if those subjects contain important

information we may not know beforehand.

1.4.2 Missing Data Mechanism

In 1976, Rubin introduced assumptions about the reasons for missing
data and categorized the missing data mechanisms into the following three

forms [25].



Missing completely at random (MCAR)

We define a variable X as MCAR when the probability of missingness is
completely unrelated to the data, that is, the probability of a subject missing
in X is completely independent of either the value of X or values of other
measured variables in the data. For example, if each survey respondent
decides whether to answer the income question through rolling a die and
refusing to answer if a "1" shows up, the missing data in income is a random
event only related to the rolling result of the die, but not related to the income

itself or other variables.

If the missing data is MCAR, throwing out cases with missing data does
not bias inferences as to the remaining part still represents the full data.
CCA is a validated method in handling missing data under MCAR since we
can consider it as a random subset of the full data, however, it suffers from

loss of power given its sample size shrinks.
Missing at Random (MAR)

We define variable X as MAR when the probability of missingness in X is
only related to observed data in other measured variables, but not related
to the missing data in variable X itself. That is to say, given the observed
data, the missingness in X does not depend on the unobserved data. For
example, in a sample survey, age and income are collected, children may
have missing values in the income variable as they seldom have a source of
income, the missingness for the income variable is MAR as the probability
of nonresponse to this income question depends only on the observed value
of age, i.e., the younger people are more likely to have missing data in the

income variable as compared to the elders.

Missing Not at Random (MNAR)



We define variable X as MNAR if the probability of missingness depends
on other variables as well as on X itself. For example, data from income
surveys are often said to be MNAR, given the fact that the people with very
high income or low income are less likely to reveal their income as compared
to middle-income people. In other words, the probability of missing a subject
in the income variable is affected by the value of income. For this case of
MNAR, clearly, the mean income value from the available data will be more
likely to be a biased estimate of the mean that we would have obtained with

fully complete data.

MNAR seems to be close to reality, however, the task to specify a rea-
sonable MNAR mechanism is difficult as we often have limited knowledge
or information about the reason for missing. MAR is a more practical as-
sumption for missing data research since we can include as many variables
as possible to satisfy the need of MAR [26]. In practice, many statistical
methods in handling missing data are developed based on this assumption,
for example, multiple imputation, which we will give a detailed introduction

about in the following section after a brief description of single imputation.

There are two types of common approaches to imputation: single impu-

tation and multiple imputation.

1.4.3 Single Imputation

In Single imputation (SI), each missing value will be replaced by an
imputed value, and these imputed values will be considered as real data
when we proceed with our analysis. Popularly used SI methods include

random draw [27], mean/median/mode imputation [28], hot deck [29], etc.

Random Draw is one of the simplest strategies of handling missing data by

10



replacing each missing value with a randomly assigned value from observed
values of the same variable. The random draw can be very problematic if
subjects with missing data are systematically different from subjects with
observed data of that variable, therefore, the estimations will be biased as a

result of those differences caused by random draw imputation [30].

Mean/Median/Mode Imputation is another simple imputation method
that replaces the missing value of a subject with the mean/median/mode
from the observed values of that variable. Concretely, if the variable with
missing data is continuous, the missing value can be replaced with its
mean/median of that variable; if the variable with missing data is categorical,
the missing value can be replaced with its mode, which is the most frequently

observed class of that categorical variable.

Hot Deck Imputation is a sophisticated method that replaces the missing
value of a variable from a subject (recipient) with the observed value from a
subject (donor) that is similar to the recipient concerning a subset of other
fully observed variables (“deck”) [29]. The similarity between recipient and
donor depends on some scoring function, such as Euclidean, Manhattan,
and Mahalanobis distance measurement for continuous variables, hamming
distance measurement for categorical variables. Once the scoring functions
are selected, we can impute each missing data on a single donor or a pool of
donors. If we choose a single donor, we simply replace the missing data in
the recipient with the value from that donor; if we choose a pool of donors,
the missing data will be imputed by a randomly drawn value from the
pool of donors or through an aggregate process, that is, missing data in
a continuous variable will be replaced by the mean/median of the pool of
donors, and missing data in a categorical variable will be replaced by the

mode of the pool of donors.

11



SI methods are popular as they are conceptually simple and easy to
conduct. However, they all share the same limitation that has been widely
criticized for decades [31]: by only imputing missing data once, the imputed
values will be treated as true observed values SI does not account for the
uncertainty of the imputation. Therefore, Sl fails to notice all sources of
error in estimating the missing data and results in underestimated standard

errors [32].

1.4.4 Multiple Imputation

To account for the uncertainty of missing data, multiple imputation was
proposed by Rubin [33] in 1987. This idea of multiple imputation involves

three steps.

1. In the first step, imputation, each missing value is replaced with a
plausible value, and the replacement is independently repeated several
times. As a result, multiple complete data sets are generated during

the imputation step.

2. In the subsequent substantive analysis step, each of these data sets is

analyzed by standard complete-data methods independently.

3. The results from these analyses are combined into a single inferential

statement using Rubin’s rule [33].

Suppose we have m MI data sets, from each imputed data set, we obtain
the point estimate of interest (¢;) and estimated standard error (SE) (s;),

then the pooled point estimate ¢ and pooled variance, V are:



The combined variance estimate V is reflected by two parts of variation,
within imputation variance, W, and between imputation variance, B. That
is:

1
V=W+(1+—)B
m

where W =Lym 2 p=_L_y" (¢;—2)?, and (1+ 1) is an adjustment for the

fact that m is finite [34].

Particularly effective in large data sets, MI has been used to complete
missing data in several distinguished nationwide health studies includ-
ing, but not limited to, the National Health and Nutritional Examination
Survey III (NHANES III), the National Health Interview Survey, Cardiovas-
cular Health Survey, Cancer Care Outcomes Research and Surveillance

(CanCORS) Consortium [35] 136, 37, 138].

Two commonly used MI methods are joint MI and conditional MI. Joint
MI builds an imputation model; by assuming a multivariate normal (MVN)
of the data with missing data, we draw values to replace the missing data
from their posterior distribution [27]. By the nature of MVN, all variables
are treated as continuous during the imputation. However, if some partially
observed variables are categorical, the process of transferring the imputed
continuous values back into categories is a challenging task as it may
introduce bias after imputation [39]. This drawback makes joint MI less
favorable when the data structure is complex (i.e., a data set contains
different types of variables). On the other hand, conditional MI is designed
to add flexibility. Consequently, MI can handle different variable types by
allowing each variable its own imputation model. That is, the missing values
of each variable are imputed by a conditional model using other variables

as predictors. For example, missing values in a continuous variable can be

13



imputed by a linear regression model, missing values in a binary variable
can be imputed by a logistic regression model, and missing values in count
data can be imputed by a Poisson model, etc [40]. Despite its benefits,
conditional MI may have a theoretical issue when approximating a joint
distribution that does not exist [41]. However, if the imputation models are
well constructed in the conditional MI, the impact from the theoretical issue
can be ignored, and the conditional MI can still perform well in imputation

[39].

1.5 Outline

A drawback of MI is that we still need to specify an imputation model,
which may not contain the relationships we want to be analyzed later in the
regression inference. Therefore, questions about the incompatibility between
the imputation model and substantive model raised by common MI prompt
us to develop a data-driven framework that implements MLTs integrated
with the MICE algorithm. This thesis will proceed as follows. In Chapter [2]
we propose a data-driven framework for missing data imputation. Two MLTs
based imputation methods combined with the MICE algorithm are presented
to address the incompatibility issue through a simulation study and real-
data application. In Chapter [3 we illustrate the R package developed for
the data-driven framework proposed in Chapter 2| In Chapter [4, we make
conclusions about findings, improvements, and limitations in this study. We
also discuss the plan for further study in handling issues such as imbalance

classes and more complex missing mechanisms.
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Chapter 2: Data-Driven Framework

2.1 Background

In multivariate missing data, conditional MI imputes incomplete variables
one at a time. Recent studies find conditional MI is equivalent or superior
to the best-performing alternatives for all missing data structures and sub-
stantially outperforms each of the alternatives in various post-imputation
analyses. Despite the advantages of conditional MI, this procedure is built
on parametric regression models. Conditional MI usually suffers from two

types of compatibility issues.

The first type of compatibility is related to the imputation models. Two
imputation model are considered as compatible if a joint distribution exist,
that is, the existence of p(X;,X;) guarantees the compatibility of imputation
models p(X;|X>) and p(X>|X;), where X; and X, are two partially observed
variables. Many studies discussed the issue of this type of incompatibility
[42, 143, 44, [45]. In general, they found that conditional MI is robust to
handle the missing data when this type of compatibility is not met. Several
studies discussed that when conditional models are not correctly specified,
the conditional MI can still keep the consistency of point estimation [45, |46,

47].

The second type of compatibility involves both the imputation model and
substantive model (regression model in substantive analyses) [47,, 48], which
requires the imputation model to be more general than the substantive

model. This compatibility also refers to congeniality [49], a concept to
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describe the relationship between the imputation model and the substantive
analysis model. Failing to hold the compatibility usually increases the risk of
introducing biases in the substantive analysis. Therefore, a straightforward
method to remedy the incompatibility issue between the imputation model
and substantive model is to incorporate MLTs in the conditional MI. As the
imputation model may be too complicated to be specified for MICE, MLTs
present the ability to sufficiently capture complex relationships as much as

possible to alleviate the burden of incompatibility.

This chapter focuses on developing a data-driven framework to implement
MLTs based imputation methods with the MICE algorithm. The remainder
of this chapter is structured as follows. We introduce imputation methods
in section [2.2] where we first present the MICE algorithm and the standard
MICE in missing data imputation (section [2.2.1) . Then we propose the
data-driven framework with two MLTs in detail (section [2.2.2). Section
provides a simulation study to compare the performance of different impu-
tation methods. The comparison will be evaluated under several scenarios
w.r.t different sample sizes, missing data proportions, and substantive mod-
els. Section utilizes the proposed methods for real data application and
compares their performance with the standard MICE. Finally, section [2.5

discusses the essential findings and future works.

2.2 Methods

2.2.1 Standard MICE

One popular standard conditional MI method is multiple imputation by

chain equations (MICE). It is an imputation algorithm that starts with an
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initial imputation and imputes the missing data in a variable-by-variable
fashion under the assumption of missing at random (MAR). Under MAR, our
assumption is that the missingness is only associated with the observed
data, not the missingness itself [25]. This ensures that the conditional model
built on the observed data is legitimate for imputation. According to the
MICE algorithm, a variable is imputed by drawing values from the posterior
distribution conditional on all variables in addition to any previously imputed
variables. Suppose there exists a set of variables, X;,X5,---,X;, where some

of them are partially observed, the MICE algorithm can be demonstrated as
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follows:

Algorithm 1: MICE Algorithm
Input: Incomplete data

Output: Imputed data

Result: Obtain m imputed data

/* Let i be the i-th imputed data set */

while i <m do

Fill in each missing value with an initial value;

/* Let k be the total number of iteration times x/

while iteration < k do

for each variable X; with missing data do

Split the data w.r.t the original missingness of X;;

/* Let X_; be all variables except X; x/

Build an imputation model (X; ~ X_;) with the complete part
of Xj;

Applied the imputation model to the incomplete part of X;;

end

end

end

Concretely, the algorithm |1 can be summarized into 6 steps:

1. Fill in each missing value with an initial value, this procedure generates

placeholders for each partially observed variable.

2. For the first variable that has missing values, say X;, return its place-
holders to missing, and split the data set into two separate groups: the
complete part of X; and the incomplete part of X;. The complete part of

X1 will be used to build an imputation model about X;, which regresses

18



Xi on all other variables, X,---,X;. Then, that same imputation model
is applied to the incomplete part of X; to predict (impute) the missing

values in X;.

3. For the next incomplete variable, say X;, return its placeholders to
missing, and split the data set into separate groups: the complete part
and the incomplete part of X,. The complete part of X, will be used to
build an imputation model about X, on the previously imputed X; and
all other variables, Xj3,---,X;. Then, the imputation model is applied to

the incomplete part of X, to predict (impute) the missing values in X;.
4. Repeat step 3 for all variables containing missing data.

5. Repeat step 2 to 4 k times to stabilize results, which generates one

imputed data set.

6. Repeat step 1 to 5 m times to construct m imputed data sets.

We see that MICE is very flexible in handling different types of variables
with missing data as we impute one variable at a time by following the

procedure above.

After multiply imputed data sets are generated by MICE, substantive
analyses can proceed by applying statistical methods to each imputed data
set. Results from substantive analyses are further pooled across multiple

analyses using Rubin’s rule described in section |1.4.4]

Typically, standard MICE requires the researcher to specify a parametric
model for imputation. Depending on the type of variable that has miss-
ing values, different parametric models may be required (e.g. continuous
variables are imputed using a linear regression model, binary variables are

imputed using a logistic regression model, nominal variables are imputed
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using multinomial logistic regression, and ordinal variables are imputed
using ordinal logistic regression) [47]. In studies where the number of vari-
ables is not too large, standard MICE generally works well, as the model
specification should be relatively simple for imputation. However, in a large
sample survey, hundreds of variables are collected, we would have some
implicit relationships among variables, such as interactions and high-order
terms, will complicate the analysis. The task to identify potential relation-
ships can be costly and inefficient as we can never know if the relationships
identified truly exist. Thus, incompatibility between the imputation model
and the substantive model is likely to occur, as specifying relationships in

the imputation model can be complex and problematic.

2.2.2 Data-Driven Framework for Missing Data Imputation

As the MLTs possess the advantage of addressing implicit relationships,
a data-driven framework would be promising in dealing with missing data
that contain complex relationships. In fact, the MICE algorithm provides an
ideal structure for implementing robust imputation models at each time we

impute the partially observed variable. Thus, we propose the data-driven
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framework (algorithm [2) below and denoted it as MICE-ML.

Algorithm 2: Data-Driven Framework
Input: Incomplete data

Output: Imputed data

Result: Obtain m imputed data

/* Let i be the i-th imputed data set */

while i <m do

Fill in each missing value with an initial value;

/* Let k be the total number of iteration times */

while iteration < k do

for each variable X; with missing data do

Split the data w.r.t the original missingness of X;;

/* Let X_; be all variables except X; x/

Train an MLTs based imputation model (X; ~ X_ ;) with the
complete part of X ;;

Applied the MLTs based imputation model to the incomplete

part of X;;

end
end

end

According to the setting of MICE-ML, we noticed that all benefits from
the MLTs based imputation model will be inherited by the MICE-ML. Next,
we consider two specific MLTs as the core component at the imputation step,

that is, neural netwrok (NN) and random forest (RF).
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Input Hidden Output
layer layer layer

Error back propagation

Figure 2.1: Structure of a general neural networks model

2.2.2.1 MICE-NN

The first MLT we proposed is NN integrated with MICE, denoted as MICE-
NN. When we applying MICE-NN imputation, NN will be implemented to
train the imputation model. NN is a powerful model that specializes in
automatically capturing the complex relationships between predictors and
outcome. This advantage serves the needs of reducing incompatibility be-
tween the imputation model and the substantive analysis model. We utilize
a feedforward fully connected NN, which is also known as multilayer per-
ceptron (MLP) to be the imputation model that works with MICE algorithm.
Typically, a MLP consists of an input layer, one or more hidden layers, and
an output layer. Figure demonstrates a simple MLP with three layers,
that is, one input layer, one hidden layer, and one output layer. Within each
layer, there are several nodes (a.k.a., perceptrons), and each node is fully
connected with nodes in its adjacent layers. This network is feedforward,
that is, the data proceeds from input nodes (i.e., predictors) in the input
layer through nodes in the hidden layer to output nodes (i.e., outcomes) in

the output layer. Nodes in the input layer are solely responsible for sending
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data to its adjacent layer. Nodes in the hidden layer and output layer are
responsible for first calculating a weighted sum of outputs from the input
layer, and second conducting a non-linear transformation (a.k.a., activation
function, such as sigmoid and rectifier) of the weighted sum. This non-linear
transformation contributes to NN’s abilities to learn complex relationships
in the data set. During training, optimal weights that minimize the lost
function (e.g., mean squared error or cross-entropy) are estimated using
gradient descent with back propagation [50]. More detailed review of NN
can be found in Appendix The imputation model based on NN uses the
"h20.deepleanrning()" module, which is provided by H20.ai from R package
h2o0 with the capacity to handle large scale data set using a large number

of hidden layers [51].

2.2.2.2 MICE-RF

The second MLT we proposed is RF integrated with MICE, denoted as
MICE-RF. When we are applying MICE-RF imputation, RF will be imple-
mented to train the imputation model. RF is another robust algorithm
that has a substantial impact in dealing with complex relationships. RF
is an ensemble regressor/classifier consisting of a number of individual
regression/classification decision trees (DTs). A DT is the building block
of RF. Figure illustrates a simple DT structure for a binary outcome
Y and two predictors X; and X,. As shown in this figure, Y is predicted
as 0 if X; <0, or if both X; > 0 and X, <0.5. Conversely, Y is predicted as
1 when X; >0 and X; > 0.5. The outcome of Y can be predicted based on
the interaction between X; and X,, which indicates, intuitively, DT can au-
tomatically capture complex relationships between the predictors and the

outcome. Therefore, RF will also be able to handle complex relationships
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as RF is nothing but a collection of DTs. The final prediction of RF is then
decided by the average results or majority vote across the forest of DTs [52].
For instance, consider an RF classifier with 3 DTs (see Figure [2.3). If two
trees predict Y as class A and one tree predicts Y as class B, then the final
prediction of RF for Y is class A. More details related to the fundamentals of
RF can be found at Appendix[A.2] The imputation model based on the RF

uses the "h2o.randomForest()" module from the "h20" package in R.

True

Y=0 ‘ ¥=1

|

Figure 2.2: Sample decision tree

2.2.2.3 Overview of MICE-ML

Figure illustrates the data-driven framework with a specific example

of MICE-ML imputation procedure using partially observed data with 4
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Figure 2.3: Simple random forest with 3 decision trees

subjects (ID=1,2,3,4) and 2 variables (X; and X;). The MICE-ML imputation

proceeds as follows:

1. Record the position of missing values in each variable. This procedure
generates placeholders for each partially observed variable. Then fill
in each missing value with an initial value (denoted with a superscript

(0))

’

2. Let X; be the first variable to be imputed, return its placeholders to
missing, and divide the data set into two subsets w.r.t to the com-
pleteness status of X;: the complete subset w.r.t X; and the incomplete
subset w.r.t X|. Afterwards, the complete subset w.r.t X; will be used
to train a ML model w.r.t X;, which regresses X; on X,. Then, that
same ML model is applied to the incomplete subset w.r.t X; to predict
(impute) the missing values in X; and the imputed X; will be denoted

with a superscript as Xl(l).

3. In a similar fashion, the second incomplete variable, X,, is imputed
starting with returning its placeholders to missing, and splits the data
set into two subsets w.r.t the completeness status of X;. The complete

subset w.r.t X, is used to train a ML model w.r.t X, on the previously
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imputed X;. This ML model is further applied to the incomplete subset
w.r.t X, to predict (impute) the missing values in X, and the imputed X,

will be denoted with a superscript as Xz(l).

4. Repeat step 2 to 3 r times to stabilize results, which generates one

imputed data set, where imputed values are denoted with a superscript

1),

5. Repeat step 1 to 4 m times to construct m independently imputed data

sets.

If we have more variables with missing data to impute, we just add similar
procedures in step 3 to make sure we get all variables with missing values
imputed once before we repeat the iteration in step 4. At step 4, we need to
iterate the entire imputation of all partially observed variables several times
to find the stabilized results. Eventually, we will obtain m imputed data
sets after we run step 5 m times. The major difference between standard
MICE and MICE-ML is that all steps involving building imputation models
in standard MICE are now replaced by ML models, either NN or RF.
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2.3 Simulation

Simulations are conducted to compare the performance of different im-
putation methods under various scenarios. In these scenarios, we control
sample size, overall missing proportion, and hypothetical substantive re-
gression models. Specifically, we consider three different sample sizes
(N=1,000 or 10,000 or 100,000), two different overall missing percentages
(overall missing rate=0.25 or 0.5 across variables with missing data), and
two hypothetical substantive regression models (a linear regression model
or a logistic regression model) that we used to generate complete data and
further used to evaluate the imputation performance. Moreover, for those
hypothetical substantive regression models, we arbitrarily add non-linear
relationships to create model incompatibility for standard MICE. Altogether,
we take 12 scenarios into consideration. For each scenario, we simulate
1,000 independent replications. The simulation procedure can be described

in three steps (illustrated in Figure [2.5).

Step 1. Data generation: we generate complete data sets with the chosen
substantive model, denoted as C!,...,C'°°, Then, missing data are intro-
duced into each of the newly generated complete data sets and we obtain

1000 incomplete data sets, denoted as IC!,...,I1C'0%,

Step 2. Data imputation: we impute the missing data from each incom-
plete data set in Step 1 using different imputation methods (i.e., standard
MICE or MICE-ML). We obtain 1000 imputed data sets for each imputation
method, denoted as ID},,,...,IDI%°, for standard MICE imputed data sets

and as ID};,,...,IDi%, for MICE-ML imputed data sets.

Step 3. Evaluation: we compare the imputation performances of standard
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MICE and MICE-ML.

Standard
MICE
e T e 4 Imputed
| Data
| (IDgy)
Simulated Mli)s;ti:g MICE-ML
Complete Introduced Imputed
Data e L Data
(ed) (e (IDjspr)
Standard
MICE
e T e 4 Imputed
| Data
| (IDg")
Simulated Mli)sasti:g MICE-ML
Complete Introduced Imputed
Data into 1900 Data
(C1000) (1C10) (ID3gr)

Imputation Performance 1
Evaluation and ComparisonJ

Figure 2.5: Simulation workflow

2.3.1 Data Generation

At each simulation, there are two steps in generating data: 1) generating

complete data, 2) introducing missing data in data from the previous step.
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2.3.1.1 Complete Data Generation

Given a simulation scenario with a sample size of n, we generate a
complete data set containing n observations with a continuous (Y.,,;) or
binary (Y,;,) outcome variable and 6 covariates, X;,X>,---,Xs, where X; and
X are continuous covariates, X, and X; are three-level nominal covariates,

X3 is a binary covariate, and Xs is a four-level ordinal variable.

Table [2.1| and Table [2.2| show the descriptive statistics for each covariate,

X through Xg.

Table 2.1: Descriptive statistics in six covariates as continuous

Variable Min Max Mean SD

X, -0.65 4.96 0 1
X 1 3 1.68 0.346
X; 1 3 1.71 0.795
Xa 0 1 0.58 0.244
Xs 1 4 2.71 1.297
X -1.78 2.25 0 1

The strategy in generating a complete data set is summarized as follows:

1. We set up the desired sample size, n.
2. We standardize the continuous predictor variables.

3. We construct a truncated multivariate normal distribution for 6 covari-

ates using the descriptive statistics (Table and covariance matrix

(Appendix [B).

4. We draw n observations from the truncated multivariate normal dis-
tribution constructed in step 2. We use the copula method based on
inverse normal transformation [53] 54] to construct levels for each

categorical covariate in Table [2.2]
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Table 2.2: Descriptive statistics in six covariates as categorical

Variable and class Proportion
X2

1 0.35
2 0.5
3 0.15
0.6

0.15
0.25

W N =

4
.6

- O

=W N~
N
()

5. We generate the outcome variable: Y., or Y,

a). If the outcome variable is continuous(Y,,,;) we consider a linear
regression model with two interactions and one higher order term as

our substantive model:

Yeont ~ X1 + X0 + X3+ X4 + X5 + X + X1 X0 + X1 X3 + X2 + ¢ 2.1)

Where ¢ follows the normal distribution with mean 0 and variance
1 and the coefficient for each term from Eq. (2.1) is summarized in
Table 2.3l

Then, values of Y,,,; are calculated by applying the linear regression

model to the data set from step 3.

b). If the outcome variable is binary (Y,;,) we consider a logistic

regression model with four interactions and a higher order term as our
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substantive model:

logitP(Yb,-n = 1) ~Xo+ X1+ X0+ X34+ X4+ Xs + Xg + X1 X0 + X1 X3+

(2.2)

X1 X4 + X1 X5 + X2

Where X is the intercept term, P(Y;,, =0) = P(Y,;, = 1) = 0.5, and the

coefficient for each term in Eq. (2.2) is summarized in Table 2.4]

Then, values of V,;, are calculated by applying the logistic regression

model to the data set from step 3.

Table 2.3: Coefficients setting in the linear regression model

Main Effect Coefficient Non-linear Effect Coefficient

X
X5

— O WN —= —

=W N -

6

2
-1
reference

-1
-2
reference

reference

-0.5
reference
1

X1 X,

1 2

2 0.5

3 reference
X1 X;

1 -.5

2 -1.5

3 reference
X2 0.5

2.3.1.2 Missing Data Introduction

Once a complete data set is generated, we introduce missing data into

the data set using the procedure as described below:
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Table 2.4: Coefficients setting in the logistic regression model

Main Effect Coefficient Non-linear Effect Coefficient

Xo .985
X 2.5
X, X1 X,

1 1.7 1 2

2 -1.6 2 1.5

3 reference 3 reference
X; X1 X;

1 1.7 1 -2

2 -2 2 -1.5

3 reference 3 reference
X4 X1 X4

0 reference 0 reference

1 -1.6 1 1.8
Xs X1 X5

1 -2 1 -2

2 -1.5 2 1.6

3 1.8 3 1.8

4 reference 4 reference
Xe 1.8 X2 -1.6

1. We choose missing data patterns from Table [2.5]

2. We use the complete data, denoted Z, as our base data set from which
we generate missing values. Accordingly, we consider values from Z as

the true values, which we later use to evaluate imputed values.

3. We generate the missing values under the MAR assumption with a
similar missing pattern identified in step 1. We split the data set Z into
2 parts: A and B, where A is a (n X p) matrix containing p variables (p =2
in this simulation, i.e., X; and X¢), and B is a (n x ¢) matrix containing
g variables of interest (¢ =5 in this simulation, i.e., X», X3, X4, X5, and
outcome Y, or Y;,,). We use a logistic regression on p predictors in A
to generate missingness. Let T = Ab, where b denotes the (2 x 5) matrix

of regression coefficients associated with predictors in A. The rows of b
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correspond to the 2 predictors in A, and the columns of b correspond
to those 5 variables that have missing data. We independently generate

elements in the matrix » from the standard normal distribution N(0,1).

4. A matrix Q of the same dimensions as 7T is randomly generated from an
MVN(U,S), where U is a vector of 0 and S is a random correlation matrix
[55]. In our study, the columns of Q could have been correlated since
S is not constrained to be diagonal. We let W =T + Q. By adding Q to
T, these correlations are integrated into missing data generation such
that observations with missing values on one variable would be likely
to be missing on another variable. Then, we transform the elements of

W into probabilities P using the logistic distribution function.

5. We let V be a matrix of the same dimensions as P. The elements of V
are independently drawn from the uniform distribution on [0, 1]. We
let I=P—V. In the first g(¢ =5) columns of /, we use the missing
proportions from high to low defined in step 1 to generate missing of
those ¢ columns, respectively. Following this procedure, we obtain a
data set with simulated missing observations. We denote this data set
as Z* = (A,B*), where B* contains the same variables in B with missing

observations.

Table 2.5: Missing data pattern in term of individual missing proportion
under a given overall missing proportion across 5 variables

Variable 25% Overall Missing 50% Overall Missing

X 15% 25%
X3 12% 15%
X4 2% 10%
Xs 2% 10%
Yeont /Ybin 2% 10%
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2.3.2 Missing Data Imputation

For each of the twelve simulation scenarios, once the 1,000 simulated
data sets with missing values are generated, we implement three imputation
methods — standard MICE, MICE-NN, and MICE-RF — to create 5 imputed

data sets for each imputation method at each simulation.

2.3.2.1 Standard MICE

As outlined in section [2.2.1] an imputation model is required to impute
missing data; therefore, we have to specify the relationships among variables.
However, without knowing whether complex relationships among variables
existed beforehand, we specified a main effects imputation model including
as many variables as possible. This strategy is often used in MICE when

prior knowledge is lacking [37]. We refer to this method as standard MICE.

When applying standard MICE in imputing missing data, we used the
“mice” function from its R package (“MICE”). The default settings are chosen
to handle different types of variables with missing data. For example, in
“mice” default setting [47], continuous missing data is imputed by predictive
mean matching (PMM), binary missing data is imputed by logistic regression,
ordinal missing data is imputed by ordered logit model, and nominal missing

data is imputed by multinomial logit model.

As discussed in section 2.2.1|, standard MICE imputes missing data
through an iteration process. Therefore, the number of iterations is an
important hyperparameter that needs to be prespecified in standard MICE.
It has been suggested that a small number of iterations will ensure a stable

result as the convergence is fast [56]. In this simulation, a 30-times iteration
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number will be applied to each standard MICE model.

2.3.2.2 MICE-NN

To apply NN as an imputation model in the data-driven MICE framework,
we must set up some basic structures for NN to be applied. First of all, we
need to specify the number of layers and number of nodes within each layer.
By default, the input layer and output layer are occupied by input variables
and the outcome, the focus is how many hidden layers to be implemented
and how many nodes within each hidden layer. Considering computing
efficiency, we use three hidden layers with arbitrary node size of 5h, 10k, 3h
in each hidden layer, where % is the number of variables in the input layer.
We further use rectifier with dropout as activation function as it’s frequently
used in NN for controlling overfitting. All other hyperparameters are set as

default from the “h2o0.deeplearning()” function in the R package (“h20”).

2.3.2.3 MICE-RF

To apply RF as an imputation model in the data-driven MICE framework,
we choose a RF with forest size of 300 trees, and we use a (p/3) predictor
subset at each split to impute continuous missing data or a \/Z p) predictor
subset at each split to impute categorical missing data [52]. Here, p is the
number of predictors for each imputation model. All other hyperparameters
are set as default from the “h2o.randomForest()” function in the R package

(*h207).

Under the data-driven MICE framework, we also need to specify the
iteration numbers in MICE-NN or MICE-RF imputation. In this study, MICE-

NN will choose an iteration number of 10 times to obtain stabilized results.
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MICE-RF will choose an iteration number of 3 times. The reason for picking

these numbers will be discussed later in section [2.3.4].

2.3.3 Evaluation

We analyze the imputed data sets at two levels. For the first level eval-
uation, we directly compare the imputed values with their true value to
illustrate the imputation performance under different imputation methods.
As we may not proceed to have a substantive analysis or the substantive
analysis would be carried by other researchers. We need to know whether
we have a good imputation or not at the imputation step. Thus, we need
some procedures as a direct evaluating tool to obtain some insights about

the quality of imputation.

2.3.3.1 Hellinger Distance

We first compare the Hellinger distances (HD), which is used to measure
the similarity between two probability distributions [57]. The lower of HD
value indicates a closer similarity between two distributions. Here, we
compare the similarity between probability distributions of a variable before
and after imputation. For different type of variable, the HD value between

two distribution P and Q, HD(P,Q), was calculated as follows:

(@) Continuous variable: two normal distributions before and after impu-

tation, P ~ N(u1,07) and Q ~ N(ip, 03), respectively.

1 (g —1p)?

_ 1T\ —r)
2010, P e )1/2 (2.3)

2 2
0, +C72

HD(P,Q) = (1 -

(b) Categorical variable: two discrete probability distributions before and
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after imputation P = (py,...,px) and Q = (qi,...,qx), respectively.

k

HD(P,Q) = % Y (VFi— V@) 2.4

i=1

Under a data-driven MICE framework, we first calculate the pooled HD
after m multiple imputations at i-th simulation, which is the mean HD of m
HDs for a given variable calculated from Eq. or Eq. (2.4). Then we take
the average of 1,000 pooled HDs to obtain the evaluation metric, avg.HD,

as follows:

1 1000 1

HD=——Y (=Y HD;;
avg 1000,-:1(sz1 i) (2.5)

where HD;; is the HD from j-th imputed data set at i-th simulation.

2.3.3.2 Post-Imputation Regression

The second level evaluations are based on the substantive regression
of the outcome variable for both the continuous and categorical variables.
Since the simulated data are generated from a predefined substantive regres-
sion model, we are able to compare the coefficient estimates from imputed
data sets to the coefficient estimates from the predefined model using the

root-mean-square error (RMSE) and mean relative bias (MRB).

1000
RMSE = | Y (Bj—B)?/1000 (2.6)
j=1

G, p

MRB =
=P

~ 1000

(2.7)
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Where f is the predefined coefficient in the substantive model, and 3j
(j=1,2,---,1000) is the pooled coefficient estimate obtained by regressing

the substantive model on the j-th multiple imputed data sets.

2.3.4 Determining Iteration Number in MICE-ML Imputations

Under the MICE framework, we expect to use an iteration number that
attains stabilized imputation results. In a pilot study, we consider a set
of iteration numbers, t=3, 5, 10, and 20, for a data set with a continuous
variable, Y., as the outcome, which has a sample size of 1,000 subjects

and an overall missing percentage at 25%.

From MICE-NN imputation, we first check the imputation performance
at each iteration number with direct evaluation. In general, a lower value
of avg.HD suggests a better performance. Figure illustrates the direct
imputation performance for MICE-NN at 4 different iteration numbers; we
find that there is a trend that the values from direct evaluations decrease
as the iteration number increases. For variables X; and X5, we observe a
reduction of more than 15% of avg.HD when the iteration number rises
from 3 to 5. When the iteration number increases from 5 to 10, we still
observe that the variable X; has a reduction of more than 5% of avg.HD. As
the iteration number continues increasing from 10 to 20, the reduction of

avg.HD in direct evaluation for X, turns to be small (less than 1%).

When looking at the post-imputation evaluation at 4 iteration numbers
from Figure [2.7] a lower value of RMSE suggests a better performance from
post-imputation regression. Here, we also observe a similar trend from
the direct evaluation. The RMSEs of coefficient estimates decrease as the

iteration number increases. The reduction of RMSEs is significant when the
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Figure 2.6: Direct evaluation of MICE-NN imputation at 4 different iteration
numbers and the percentage at each point is a change of the evaluation in
percentage from its previous iteration number to current iteration number

iteration number increases from 3 to 5 as many coefficients have a reduction
of RMSE more than 15%. When the iteration number increases from 5 to
10, there were three terms, i.e., I(Xs = 1), I(X5s = 3), and X; *I(X3 =2), have a
reduction of more than 5% in terms of RMSE. But, the reduction of RMSEs

all turn to be less than 5% if the iteration number increases from 10 to 20.

In sum, from the direct evaluation and post-imputation evaluation at 4
different iteration numbers, it seems MICE-NN imputation results become
stable with an iteration number of 10. Thus, we pick 10 as the iteration

number for MICE-NN.
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numbers, and the percentage at each point is a change of the evaluation in
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Analogously, we can use a similar strategy to find the iteration number
for the MICE-RF imputation. However, we do not find a trend in reducing the
value from direct evaluation nor in reducing RMSEs from post-imputation
evaluations when iteration number increases. That is, the value from
evaluation metrics oscillates as iteration number changes. From Figure [2.8
and Figure [2.9] the value of evaluation metric changes between the current
iteration number and the value of the same metric at the previous iteration
number has never been more than 5%. Here, we observe that when the
iteration number is 3, we have many lower values of avg.HD, which indicates

the marginal distribution of those variables before and after imputation are

closer. Thus, we choose 3 as the iteration number in MICE-RF.
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2.3.5 Simulation Results
2.3.5.1 Direct Evaluation of Imputation

The first assessment is about comparing different imputation methods
through direct evaluations after imputation under different simulation

settings.

From section [2.3.3.1, we know that a lower avg.HD means a higher
similarity between marginal probability distributions of a variable before and
after imputation; thus, a lower avg.HD is indicative of a better imputation

performance.

Figure [2.10| and Figure illustrates the avg.HD changes under 12
different settings for 3 imputation methods. The results are similar across
those 12 scenarios. First, we observe a clear pattern that avg.HD decrease
as the overall missing proportion decreased for all imputation methods.
This is due to the severity of missing is determined by the overall missing
proportion, that is to say, less overall missing proportion tends to have a
better imputation performance in direct evaluation. Second, we observe
a trend that avg.HD decrease as sample size increase within standard
MICE, however, this trend is not that clear for MICE-ML imputation. Third,
comparing different imputation methods, we notice that most of the time
that standard MICE will have the lowest avg.HD except for the avg.HD in X,
and the binary outcome variable, Y,;,, where MICE-ML has a lower avg.HD.
After checking the variable type and their distribution, we believe this is
due to that X, and Y;;, have relatively balanced classes, for example, the Xy
has a predefined marginal distribution of 0.2, 0.2, 0.25, 0.35 for each level,

respectively. ¥;;, also has an expected marginal distribution of 0.5 and 0.5
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for each level, respectively. While, for other variables, if it's imbalanced or
continuous, for example, the X3 with a predefined marginal distribution
of 0.6, 0.15, and 0.25 or the continuous outcome variable, Y,,,;, we see
that standard MICE has a lower avg.HD for these variables. Last, we find
that avg.HD within MICE-ML are very similar if the sample size is small.
When sample size increase, we find that MICE-RF will have a lower avg.HD
as compared to the avg.HD from MICE-NN, which indicates MICE-RF has

better imputation performance within MICE-ML methods.

In sum, direct evaluation gives us a sense of the imputed data set and the
factor that will impact the similarity before and after imputation. According
to our findings, we believe the overall missing proportion takes more weight
in controlling the direct evaluation performance of imputation. The findings
also suggest that standard MICE is good at keeping the marginal distribution
before and after imputation for most variables with missing data. While
MICE-ML methods will have better performance if the variable is relatively

balanced.
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Figure 2.10: Scatterplot of avg.HDs comparison based on 3 different MICE
based imputation methods in 6 different simulation scenarios when outcome
variable Y is continuous (Y.,), only avg.HD from standard MICE labeled
and the percentage at each point is the change of avg.HD from standard
MICE to current imputation method

2.3.5.2 Post-imputation Evaluation

In practice, the second-level evaluations are the focus of post-imputation
analysis. That is, we compare different imputation methods through their
statistical inferences. In general, a better imputation performance is quan-
tified by a smaller value of RMSE or an MRB value that is closer to O (i.e., a

smaller value of positive MRB, or a larger value of negative MRB). For a sub-
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Figure 2.11: Scatterplot of avg.HDs comparison based on 3 different MICE
based imputation methods in 6 different simulation scenarios when outcome
variable Y is binary (V;,), only avg.HD from standard MICE labelled and the
percentage at each point is the change of avg.HD from standard MICE to
current imputation method

stantive model with interactions and non-linear relationships, we would pay
more attention to the coefficient estimates on those complex relationships

as we hypothesize that MICE-ML will address those implicitly well.

Table and Table give the RMSEs between imputed coefficient
estimates and predefined coefficient estimates in interactions and non-linear
terms for a continuous outcome substantive model and a binary outcome

substantive model, respectively. First of all, we notice that there is a trend
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with the change of sample size and overall missing proportion. If the overall
missing proportion decreases, we would like to see a decrease in RMSE for
each imputation method. If the sample size increase, we also see a weak
tread that the RMSE will decrease for each imputation method. This trend
is reasonable as a larger sample size or lower overall missingness will reduce

the severity of the missing data issues for imputation.

Next, comparing the imputation methods, we notice that MICE-ML im-
putation provides a great reduction of RMSEs in most of the scenarios as
compared to standard MICE. Concretely, we find that MICE-RF is better
than other methods w.r.t a lower RMSE. While MICE-NN will outperform
standard MICE when the sample size increases or the overall missing pro-
portion decreases. For example, in the scenario that sample size of 100,000
with an overall missing proportion of 25% under the linear regression model
(Table [2.6), we observe 2 more terms that satisfied the case RMSE from
MICE-NN is smaller than the RMSE from standard MICE when compared to
the scenario that the same sample size with 50% overall missing proportion,
where it only has 1 case that RMSE from MICE-NN is smaller than the RMSE
from standard MICE. Or, in the scenario that sample size of 100,000 with
an overall missing proportion of 25% under the logistic regression model
(Table [2.7), we observe 6 terms that satisfied the case RMSE from MICE-NN
is smaller than the RMSE from standard MICE, which has 1 more case
compared the scenario that sample size of 1,000 with an overall missing
proportion of 50%. These findings suggest that MICE-ML handle the complex

relationships is better than standard MICE.

Besides, within MLTs based data-driven MICE imputation methods, we
find that MICE-RF is better than MICE-NN, especially, when the outcome
variable is binary (Table [2.7), MICE-RF always gives the lowest RMSE when
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sample size is relative large (i.e., 10,000 or 100,000).

Table 2.6: RMSEs of coefficient estimates in non-linear terms from a linear
regression under 6 simulation settings

Sample size Variable  Missing % = 25 % Missing % = 50%
MICE MICE-NN MICE-RF | MICE MICE-NN MICE-RF
1,000 X?2 0.0055 0.0027 0.0021 | 0.0209 0.0091 0.0048

X I(X,=1) 0.0793 0.1037 0.0660 0.2840 0.4063 0.2050
(X,=2) 0.0350 0.0423 0.0451 0.0769 0.0864 0.0733

X I(X3=1) 0.0253 0.0550 0.0504 0.0390 0.1374 0.1118
X I(X;=2) 0.0832 0.0810 0.0747 0.2194 0.2291 0.1769
10,000 Xg 0.0043 0.0009 0.0003 0.0188 0.0068 0.0008
(X, =1) 0.0594 0.0409 0.0098 0.2482 0.4368 0.0404
(X, =2) 0.0197 0.0721 0.0070 0.0617 0.2033 0.0195
XI(X3=1) 0.0085 0.0355 0.0076 0.0205 0.2790 0.0252

X1I(X3=2) 0.0587 0.0461 0.0140 0.1862 0.3762 0.0466

100,000 X62 0.0042 0.0006 0.0001 0.0185 0.0065 0.0003
(X, =1) 0.0597 0.0405 0.0026 0.2515 0.4832 0.0137
XI(X, =2) 0.0188 0.0665 0.0013 0.0622 0.1933 0.0056
(X3=1) 0.0074 0.0294 0.0020 0.0194 0.3065 0.0097
X1I(X3=2) 0.0579 0.0393 0.0021 0.1853 0.3937 0.0125

The bold values indicate the lowest RMSE.
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Table 2.7: RMSEs of coefficient estimates in non-linear terms from a logistic
regression under 6 simulation settings

Sample size Variable  Missing % = 25 % Missing % = 50%
MICE MICE-NN MICE-RF | MICE MICE-NN MICE-RF
1,000 X2 0.077 0.140 0.043 0.312 0.475 0.082
XiI(X,=1) 0.588 0.616 0.537 1.241 1.150 0.708
XiI(X,=2) 0.363 0.521 0.372 0.683 0.867 0.561
XiI(X3=1) 0.439 0.418 0.356 0.916 0.833 0.505
X I(X3=2) 0.580 0.667 0.642 0.884 0.877 0.859
XiI(X,=1) 0.185 0.244 0.164 0.583 0.681 0.303
XiI(Xs=1) 23.851 0.816 0.445 15.769 1.490 0.781
XiI(Xs=2) 2.456 0.268 0.248 0.525 0.543 0.349
XI(Xs=3) 0.357 0.331 0.291 0.940 0.651 0.382
10,000 X2 0.083 0.181 0.008 0.338 0.587 0.017
XiI(X,=1) 0.386 0.319 0.064 1.147 0.780 0.114
XiI(X,=2) 0.222 0.386 0.044 0.636  0.765 0.103
XiI(Xxz=1) 0.311 0.264 0.046 0.849 0.822 0.089
XiI(X3=2) 0.278 0.275 0.065 0.672 0.572 0.133
XiI(X,=1) 0.120 0.221 0.026 0.555 0.731 0.067
XiI(Xs=1) 22.056 0.774 0.052 14.732 1.467 0.148
XiI(Xs=2) 1.631 0.179 0.034 0.195 0.586 0.074
XiI(Xs=3) 0.231 0.212 0.038 0.916 0.531 0.079
100,000 x? 0.086 0.185 0.003 0.345 0.591 0.018
XiI(X,=1) 0.398 0.317 0.023 1.176  0.783 0.084
XiI(X,=2) 0.216 0.382 0.013 0.650 0.761 0.052
XiI(Xxz=1) 0.312 0.261 0.013 0.870 0.825 0.048
XiI(X3=2) 0.259 0.259 0.015 0.669 0.569 0.050
XiI(Xs=1) 0.122 0.223 0.008 0.567 0.732 0.035
XiI(Xs=1) 21.745 0.807 0.014 14.483 1.510 0.084
XiI(Xs=2) 1543 0.170 0.010 0.163 0.578 0.058
XI(Xs=3) 0.226 0.212 0.011 0.938 0.551 0.061

The bold values indicate the lowest RMSE.

Table 2.8/ and Table provide results associated with MRB as another
post-imputation evaluation criteria, we obtain some similar results from

the evaluation using RMSE.

First, we see a pattern that MRB gets close to zero if the overall missing
proportion is reduced from 50% to 25%. However, the change of sample size
does not have a clear pattern related to MRB. We only observe that MRB
gets closer to zero if the sample size increase in MICE-RF when the overall

missing proportion is 50% and the outcome variable is binary.

Next, we notice that MRBs from MICE-ML imputation tend to have a value

50



Table 2.8: MRB between imputed coefficient estimates and predefined co-
efficient estimates in interactions and non-linear term for a continuous
outcome model

Sample size Variable Missing % = 25 % Missing % = 50%
MICE MICE-NN MICE-RF | MICE MICE-NN MICE-RF
1,000 X? -0.131 -0.057 -0.010 | -0.280 -0.150 -0.061
X IX;=1) -0.117 -0.100 -0.063 | -0.251 -0.239 -0.151
X I(X;=2) -0.254 -0.016 0.076 | -0.477 -0.129 0.087
X I(X3=1) -0.153 -0.044 -0.023 | -0.271 -0.146 -0.156
X I(X;=2) -0.153 -0.070 -0.057 | -0.285 -0.152 -0.132
10,000 b -0.129 -0.021 0.001 | -0.272 -0.110 -0.025
XX, =1) -0.116 -0.039 -0.032 | -0.244 -0.145 -0.073
X I(X;=2) -0.262 0.279 0.001 | -0.478 0.256 0.024
XiI(X;=1) -0.147 0.004 -0.043 | -0.261 -0.118 -0.138
X I(X;=2) -0.149 -0.016 -0.045 | -0.277 -0.076 -0.096
100,000 bed -0.128 -0.024  0.0001 | -0.271 -0.112 -0.013
X IX;=1) -0.118 -0.043 -0.019 | -0.247 -0.155 -0.044
XX, =2) -0.264 0.285 -0.025 | -0.485 0.264 -0.023
XiI(X;=1) -0.147 0.010 -0.011 | -0.259 -0.126 -0.076
X I(X3=2) -0.150 -0.022 -0.012 | -0.277 -0.103 -0.040

The bold values indicate the lowest MRB that close to O.

much closer to zero as compared to MRB from standard MICE imputation.
Therefore, this finding reinforces our belief that MICE-ML achieves better

performance under complex relationships situation.

Moreover, within MICE-ML methods, we observe that MICE-RF have
better MRB results on those complex relationships. Especailly, MICE-RF
will be much better than MICE-NN when the substantive model is associated

with the binary outcome.
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Table 2.9: MRB between imputed coefficient estimates and predefined coef-
ficient estimates in interactions and non-linear term for a binary outcome
model

Sample size Variable  Missing % = 25 % Missing % = 50%
MICE MICE-NN MICE-RF | MICE MICE-NN MICE-RF
1,000 X? -0.146 -0.209 -0.050 | -0.340 -0.420 -0.116
X IX,=1) -0.258 -0.234 -0.018 | -0.502 -0.442 -0.103
XiI(X; =2) -0.251 -0.314 -0.074 | -0.488 -0.521 -0.172
XiI(X3=1) -0.240 -0.194 -0.060 | -0.431 -0.389 -0.160
XI(X3=2) -0.312 -0.296 -0.123 | -0.517 -0.475 -0.264
XiI(Xs=1) -0.154 -0.197 -0.075 | -0.393 -0.423 -0.204
X Xs=1) -2.424 -0.349 -0.096 | -1.969 -0.558 -0.245
XI(Xs=2) 0.897 -0.174 -0.051 | 0.300 -0.377 -0.138
X I(Xs=3) -0.183 -0.183 -0.038 | -0.484 -0.379 -0.115
10,000 b -0.176 -0.257 -0.018 | -0.361 -0.473 -0.021
XiI(X,=1) -0.293 -0.255 0.010 | -0.525 -0.419 0.018
X I(X;=2) -0.295 -0.375 -0.020 | -0.523 -0.558 -0.040
X I(X3=1) -0.267 -0.233 -0.028 | -0.454 -0.436 -0.050
XiI(X3=2) -0.324 -0.295 -0.033 | -0.531 -0.460 -0.079
XiIXs=1) -0.184 -0.246 -0.044 | -0.410 -0.464 -0.086
XiI(Xs=1) -2.345 -0.400 -0.011 | -1.915 -0.582 -0.032
XiI(Xs=2) 0.782 -0.234 -0.025 | 0.228 -0.447 -0.022
XiI(Xs=3) -0.241 -0.234 -0.021 | -0.519 -0.387 -0.006
100,000 X? -0.182 -0.262 0.012 | -0.366 -0.475 0.056
XiIX;=1) -0.307 -0.267 0.030 | -0.535 -0.428 0.083
XiI(X, =2) -0.302 -0.384 0.018 | -0.533 -0.563 0.061
X I(X3=1) -0.275 -0.240 0.002 | -0.463 -0.440 0.045
XiI(X;=2) -0.331 -0.302 0.017 | -0.539 -0.466 0.064
XiI(X4=1) -0.190 -0.251 -0.002 | -0.416 -0.466 0.033
X I(Xs=1) -2.330 -0.417 0.032 | -1.900 -0.595 0.103
XiI(Xs=2) 0.767 -0.240 0.004 | 0.213 -0.451 0.068
X I(Xs=3) -0.249 -0.242 0.011 | -0.528 -0.399 0.058

The bold values indicate the lowest MRB that close to O.
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2.4 Real Data Application

In our illustration of real data application, we apply the 3 MICE-based
imputation methods in a racial disparities study regarding total knee arthro-
plasty (TKA) patients. From the 2010 NIS database, we have a sample of
118,394 observations age >= 45 years with TKA procedure with 54 variables
including demographic information, hospital electrical records, comorbidity
measures, and hospital-level information (such as hospital location, hospital
bed size, and hospital ownership, etc. ). Among those 54 variables, there
are 5 variables with missing data, the corresponding missing information

summarized in Table 2.10.

Table 2.10: Missing data information for TKA patients

Variable Description Type Missing proportion
ASOURCE Admission source Nominal 79.5%
FEMALE Gender Binary 0.2%
RACE Race Nomial 13.7%
TOTCHG Total charges Continuous 2.4%
ZIPINC_QRTL Median household income Ordinal 1.8%

We consider two substantive models with interactions and a non-linear
term, that is, the first substantive model with the continuous outcome,
ZI'OTCHG, which is the standardized TOTCHG value, and a linear regression
model apply as follows:

X.rorcuc ~ X105 + XAGE +XasourcE + Xrace+ 2.8)

2
X105 T XRACEXASOURCE + X:AGEXASOURCE + €

Where zLOS stands for the standardized length of stay (LOS), zZAGE

stands for standardized AGE, and e is the error term follows N(0,1).
The second substantive model is based on a binary outcome, dxcomp,
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which was the status of any complication condition. Here we considered a

logistic regression model with complex relationships as follows:

logit Pr(dxcomp = 1)

Pr(dxcomp = 0) {AGE + XASOURCE + XZIPINC_QRTL 2.9

+ X2 + XeacEXasource + XaGEXZIPINC ORT

In a preliminary complete case study with the above-specified models, we
found that there may be complex relationships among those variables. For
example, P-values for the interactions Xzacr : Xasovrce and X.age : Xasource
are 0.0001 and 0.004, respectively, in the linear regression model. P-values
for the interaction and high-order terms, X gk : Xasource, XzAGE : XzIPINC_QRTL>
and X2 are 0.0154, 0.001, and 0.005, respectively. We hypothesize that a
compatible imputation model should preserve these complex relationships

after imputation.

To compare the imputation performance from different imputation meth-
ods, we first imputed the missing data with 3 MICE-based imputation
methods. Then, we applied the above-mentioned substantive regression
model into each MI data set, then obtained and compared their pooled
regression coefficient estimates. The imputation model based on standard
MICE would only consider the main effect variables. The imputation using
MICE-NN and MICE-RF would use the same setting from simulations. We

imputed m = 5 data sets for each MICE-based imputation method.

Table and Table presents the post-imputation performance
for three different MICE-based imputation. We notice that the interactions
such as X age : Xasource» Xrack : Xasource in the linear regression model, and
X : Xasource in the logistic regression model are not significant when we

use standard MICE, while, they are strongly significant when we applying
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Table 2.11: Coefficient estimates in substantive linear regression model for
complex relationship terms

Variable Standard MICE MICE-NN MICE-RF

Estimate (SE) p-value Estimate (SE) p-value Estimate (SE) p-value
XZZLOS -0.006(0.002) 0.004* -0.006(0.006) 0.003* -0.006(0.002) 0.003*
Xace : I(Xasource = 1) -0.027(0.03) 0.391 -0.137(0.067) 0.043* -0.138(0.068) 0.042*

(
I(Xgace =2) : I(Xasource = 1) -0.256(0.137) 0.062  0.433(0.193) 0.025* 0.428(0.193) 0.027*
I(Xgace =3) : I(Xasource = 1) -0.322(0.288) 0.266  1.156(0.578) 0.046* 1.217(0.576) 0.035*

* indicates significance at two-tailed probability levels of 5%.

Table 2.12: Coefficient estimates in substantive logistic regression model
for complex relationship terms

Variable Standard MICE MICE-NN MICE-RF

Estimate (SE) p-value Estimate (SE) p-value Estimate (SE) p-value
XfAGE 0.071(0.012) <.0001* 0.071(0.012) <.0001* 0.071(0.012) <.0001*
Xeace  I(Xzipine_orr =2) 0.074(0.037) 0.048* 0.077(0.037) 0.038* 0.084(0.037) 0.023*

Xace  I(Xzipinc_orrr =4) 0.119(0.052) 0.022*  0.117(0.051) 0.023* 0.123(0.052) 0.018*

I( )
Xeace : I(Xzipive orrr=3) 0.116(0.042) 0.006* 0.119(0.042) 0.005* 0.126(0.042) 0.003*
I( )
Xeage : I(Xasource = 1) -0.113(0.072) 0.138  0.56(0.215)  0.009* 0.56(0.216)  0.010*

* indicates significance at two-tailed probability levels of 5%.

MICE-ML imputation. In the meantime, when those interactions are not
significant in standard MICE imputation, their sign and magnitude also
change a lot. For example, B(X;acr : Xasource = 1) is -0.137 and -0.138 from
MICE-NN and MICE-RF imputation, respectively. While the coefficient for
this term is much smaller in standard MICE, that is, -0.027, the coefficient
from standard MICE is 1/5 of the coefficient from MICE-ML. Also, 3(RACE?2:
Xasource = 1) is positive and significant from MICE-ML imputation, but the
corresponding coefficient in standard MICE is negative and only takes 60%

of its value from MICE-ML.

As the significance of coefficients is preserved well after MICE-ML impu-
tation, we believe MICE-ML is better than standard MICE in handling the

incompatibility when a complex relationship exists.
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2.5 Discussion

Although MICE has become more and more popular for dealing with
missing data problems, it is still vulnerable to some open issues such as
incompatibility between the imputation model and substantive analysis.
Therefore, we propose the data-driven frame in this chapter to demonstrate
that MLTs integrated with the MICE algorithm would be a powerful tool to
tackle incompatibility issues as MLTs will be able to learn those implicit
relationships. From 12 simulation scenarios, we found that a larger sam-
ple size or smaller overall missing proportion will improve the imputation
performance for imputation methods proposed in this chapter. This is be-
cause we got more information as the sample size increased or the overall
missing proportion decreased. Especially, when the overall missing propor-
tion is decreased, the imputation performance will be improved a lot for
all imputation methods. However, it is not feasible in practice as it would
probably be too expensive to add new samples or we had no idea of how to
avoid missing data. Thus, we developed a data-driven framework to build a
proper imputation model that can handle missing data smartly. Through
a series of simulations and real data applications, we have illustrated the
convenience and flexibility of MICE-NN and MICE-RF as examples from
MICE-ML imputation in comparing their imputation performances with

standard MICE.

Despite the overall performance of MICE-ML not being as good as stan-
dard MICE from direct evaluation, we still see that MICE-ML obtains a better
performance on the substantive analysis under various scenarios with com-
plex relationships involved. In particular, the objective of MI emphasizes

the validation of statistical inference [58]. MICE-ML demonstrated a strong
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pattern of outperforming the standard MICE with a notable lower value
of RMSEs and MRBs in interactions and nonlinear terms from the post-
imputation substantive analysis. All in all, MICE-ML imputation methods
were promising in imputing missing data without knowing true relation-
ships or further substantive models as long as we choose robust imputation

models for the data-driven imputation framework.

From the real data application, MICE-ML imputation showed its re-
markable ability to keep complex relationships after imputation. So we
would recommend using MICE-ML for handling missing data imputation,

especially, when the data set is large and contains many variables.
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Chapter 3: R package

As the promising results obtained from chapter 2, we developed a R
package to help other researchers with the same interest in imputing missing

data with ML methods under a data-driven framework.

3.1 Introduction

Multivariate Imputation by Chained Equations (MICE) framework [59] is
one of the most popular multiple imputation methods for handling missing
data. The variables with missing data are imputed in a variable-by-variable
fashion, that is, each variable is conditioned on the other variables during
imputation. Thus, it allows imputation to tackle partially observed variables
of different types through a series of univariate models. Currently, mice
is a widely used R package in imputations developed by van Buuren and
Groothuis-Oudshoorn (2011) [47]. One of the major downsides of mice is its
lack of capability to address incompatibility between the imputation model
and the substantive model in default settings. When there are many vari-
ables, relationships between variables can be complex (i.e., interactions and
non-linear terms), it’s usually challenging to specify an imputation model
that is compatible with the substantive model. This chapter introduces
the R package miceml that expands the MICE framework with MLTs in
improving compatibility between the imputation model and the substantive

model.

Machine learning (ML) algorithms such as neural networks (NN) and

random forest (RF) are two well-known and heavily used methods in au-
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tomatically learning complex relationships between variables. Combining
MICE framework with machine learning methods in multiple imputation
provides substantial promise to cope with missing data in a large-scale high-
dimensional data environment. Currently, two machine learning models are
available in the mice R package, "mice.impute.cart()" and "mice.impute.rf()"
[47], which are using classification and regression tree (CART) and RF
to impute the missing data, respectively. However, another downside of
implementing these two machine learning models in mice is its lack of
ability to handle large-scale data sets efficiently. Therefore, it’s usually a

time-consuming process to impute missing data.

The objective of miceml is to provide a straightforward and efficient tool to
impute missing data with machine learning methods. The machine learning
methods are implemented through a java based machine learning platform
- "h20", which is a powerful machine learning platform that provides sorts
of machine learning models [51]. So far, we have integrated the NN and RF

with the MICE framework in the miceml R package.

As we already discussed the data-driven framework for missing data
imputation in chapter 2] We first introduce the R package, "miceml”, which
implement the data-driven framework, and highlight some important fea-
tures of "miceml" in section[3.2] Then, we provide an example to demonstrate
the imputation process with "miceml" in scetion [3.3] Finally, we have some

discussion in section [3.4].

3.2 Imputation with "miceml"

The following sections use a data set adapted from National Health and

Nutrition Examination Survey (NHANES) - nhanes2, which is the same data

59



with mixed types of variables used in the mice package [56].

R> data("nhanes2")
R> head(nhanes?2)
age bmi hyp chl
1 20-39 NA <NA> NA
2 40-59 22.7 no 187
3 20-39 NA no 187
4 60-99 NA <NA> NA
5 20-39 20.4 no 113
6 60-99 NA <NA> 184
R> summary (nhanes?2)
age bmi hyp chl
20-39:12 Min. :20.40 no :13 Min. :113.0

40-59: 7 1st Qu.:22.65 yes : 4 1st Qu.:185.0

60-99: 6 Median :26.75 NA = 8 Median :187.0
Mean :26.56 Mean :191.4
3rd Qu.:28.93 3rd Qu.:212.0
Max . :35.30 Max . :284.0
NA :9 NA :10

We can check the missing information using the disp.missing() function,
any variable with its count of missing values will list here in an increasing

order by default.

R> disp.missing(nhanes?2)
hyp bmi chl

8 9 10

Or we can check the missing rate for each variable by setting rate =

TRUE.
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R> disp.missing(nhanes2, rate = TRUE)
hyp bmi <chl

0.32 0.36 0.40

3.2.1 Available MLTs under Data-Driven Framework

Currently, miceml can apply neural networks and random forest as an

imputation model to tackle the missing data problem.

An example with default setting in each imputation model demonstrate

as below:

R> library(miceml)
R> micenn <- miceml (nhanes2, meth="micenn", seed = 12345)
R> head(micenn[[1]])
# A tibble: 6 x 4
age bmi hyp chl

<fct> <dbl> <fct> <dbl>

1 20-39 18.4 no 124.
2 40-59 22.7 no 187
3 20-39 21.3 no 187
4 60-99 16.2 no 145.
5 20-39 20.4 no 113
6 60-99 21.0 no 184

> summary (micenn[[1]1])

age bmi hyp chl
20-39:12 Min. :13.75 no :20 Min. : 90.12
40-59: 7 1st Qu.:21.00 yes: 5 1st Qu.:131.00
60-99: 6 Median :24.90 Median :187.00

Mean 124 .48 Mean :184.04
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3rd Qu.:27.50 3rd Qu.:218.00
Max . :35.30 Max . :284.00
R> length(micenn)

5

R> micerf <- miceml (nhanes2, meth="micerf", seed = 12345)
R> head(micerf [[1]11)
# A tibble: 6 x 4

age bmi hyp chl

<fct> <dbl> <fct> <dbl>

1 20-39 23.5 no 161.
2 40-59 22.7 no 187
3 20-39 23.3 no 187
4 60-99 25.0 yes 222.
5 20-39 20.4 no 113
6 60-99 25.0 yes 184

R> summary (micerf [[1]])
age bmi hyp chl
20-39:12 Min. :20.40 no :17 Min. :113.0

40-59: 7 1st Qu.:23.47 yes: 8 1st Qu.:161.0

60-99: 6 Median :25.04 Median :187.0
Mean :25.79 Mean :190.9
3rd Qu.:27.40 3rd Qu.:221.6
Max . :35.30 Max . :284.0

R> length(micerf)

5

Given the default setting, each model will give m = 5 independently
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imputed data set.

3.2.2 Hyperparameter setting

All hyperparameters from the machine learning setting in "h20" are all

available in "miceml".

3.2.2.1 Manually Set Hyperparameters

In a MICE-NN imputation, we can tune the hyperparameters, such as
hidden layer structures, activation functions, and etc. For example, below
is the sample code when implementing MICE-NN imputation, where we set
hidden layers to consist of 2 layers with 50 nodes within each layer, then
we pick ReLu (Rectifier) as the activation function for processing the data

during MICE-NN imputation.

R> micenn <- miceml (nhanes?2,
meth = "micenn",
# set hidden layers structure
n_hidden = c(50,50),
# choose activation function
activation = "ReLU",
# set random seed number

seedn = 12345)

While in a MICE-RF imputation, we can tune the hyperparameters, such
as the number of trees in the forest, max depth that a individual allowed
to grow, and etc. For example, we can build an imputation model with a
random forest of 50 trees and max depth of 5 for each individual tree as

follows,
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R> micerf <- miceml (nhanes?2,
meth = "micerf",
# set tree numbers
n_trees = 50,
# set max depth
max_depth = 5,
# set random seed number
seedn = 12345

)

3.2.2.2 Grid/Random Search for Optimal Hyperparameter

In addition to setting hyperparameters manually, there are grid ("carte-
sian") search and random search algorithms that are available for tuning
the parameter to refine the ML models’ imputation performance. We can
define a list of hyperparameters to search over. For example, in MICE-NN
imputation, we define a grid search hyperparameter space as "grid_params"
with values for hyperparameters, such as hidden layers structure ("hidden"),
numbers of training cycles ("epochs"), L1 or L2 regularization for improving
generalization (11" or "12"), and drop out rate of nodes at input layer or
hidden layer ("input_dropout_rate" or "hidden_dropout_ratio"). Then, search
criteria ("search_criteria") will be defined to pick the best set of hyperpa-
rameters that provide optimal value in evaluating metrics. The selected set
of hyperparameter will further to be applied to the miceml.grid() function
to impute the missing data. We can run the grid search based MICE-NN
imputation as follows:

R> grid_params <- list(

hidden=1ist (c(200,200),
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c(320,400,80),
c(300,300,300,300)),
epochs = c(50, 100, 200),
11 = ¢c(0, 0.00001, 0.0001),
12 = ¢(0, 0.00001, 0.0001),
input_dropout_ratio = c(0, 0.1, 0.2),
hidden_dropout_ratio = c(0, 0.25, 0.5)

)

R> search_criteria <- 1list(

strategy = "Cartesian",
evaluating_metric = c("AUC", "mse")
)

R> grid_micenn <- miceml.grid(

nhanes?2,

meth = "micenn",
m=5,

grid = grid_params,

search_crit = search_criteria,
seedn = 12345

)

In general, grid search will go over all combinations of hyperparameter
settings in hyperparameter space, which would take a considerable amount
of time if the entire parameter space is large. Then a strategy of random
search would be time-efficient in search of an optimal parameter setting [60].
For example, in MICE-RF imputation, we define a random search space as

random_params with values for hyperparameters, such as max depth of the
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individual tree ("max_depth"), a minimum number of subjects in a leaf node
of a tree ("min_rows"), number of subjects sampled without replacement for
a tree ("sample_rate"), number of variables sampled without replacement
for a tree ("col_sample_rate_per_tree"), and number of trees in the forest
("ntrees"). Then, search criteria ("search_criteria") will be defined to pick
the best set of hyperparameters that provide optimal value in evaluating
metrics. Similar to grid search, the selected set of hyperparameters will
further be applied to the miceml.grid() function to impute the missing data.

We can run the random search based MICE-RF imputation as follows:

R> random_params <- list(

max_depth c(3, 5, 10, 15),

min_rows seq(l, 5, by = 2),

sample_rate = c(.632, 0.8, 1.0),
col_sample_rate_per_tree = c(0.5, 0.8, 1.0),
ntrees=c(50,100,200)

)

R> search criteria <- list(
strategy = "RandomDiscrete",
stopping_metric = c("AUC", "mse"),
stopping_tolerance =c(0.00001, 0.00001, 0.00001),
stopping_rounds = 5,
seed = 9527)

)

R> grid_micerf <- miceml.grid(
nhanes?2,

meth = "micerf",

66



m=5,
grid = gridrf_params,
search_crit = search_criteria,

seedn = 12345

Both grid_micenn and grid_micerf will contain 5 imputed data sets with
each imputed data obtained through the MLTs based imputation under the

data-driven framework with grid serach or random search process.

3.2.3 Visiting order

Visiting order is the order that how the partially observed variables are
impute in a sequential way. By default, the visiting order depends on the
order of the partially observed variable in the data set from left to right. As
a rule of thumb, if the data set contains multiple variables with missing
data, the imputation starts from the variable with latest missing values, if
there are multiple types of variables, at the same missing percentage rate,
numerical variables will be imputed before categorical variables. However,

the visiting order can also be manually defined.

In default setting, missing data visiting order will be dependent on the
missing percentage of the variables. That is, bmi, hyp, and chl, in the
nhanes2 data set. If we want to change the visiting order, we can manually

change the order, say, chl, hyp, and bmi.

R> micenn <- miceml (nhanes?2,
meth="micenn",
visit_order = c("chl","hyp", "bmi"),

seedn = 12345
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3.3 Run the "miceml"

This section demonstrates the general procedure in handling missing

data with miceml using a simple example.

We use a relatively large data set here for demonstrating purpose. It's
a simulated data set with 1,000 observations containing missing data in
different variable types. That is, 1 continuous variable, 1 binary variable,
2 nominal variables, and 1 ordinal variable. Additionally, there are 2
continuous variables that do not have missing data. This data set is publicly

available on GitHub.

R> library(miceml)
R> file_path("../data.csv")
R> df <- fread(file_path)
R> head (df)
# A tibble: 6 x 8
ID X1 X2 X3 X4 X5 X6 Y

<int> <dbl> <fct> <fct> <fct> <fct> <dbl> <dbl>

1 1 -0.0338 2 1 2 3 0.543 -3.63
2 2 1.79 3 1 2 4 -1.49 7.87
3 3 0.186 2 1 1 4 -0.885 0.162
4 4 -0.137 1 1 2 3 0.605 -1.95
5 5 1.29 2 1 1 4 1.18 8.53
6 6 1.31 NA 1 2 2 1.16 11.1
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R> summary (df[,-1])

Min.

X1

1st Qu.:

Median

Mean

3rd

Max .

Min.

1st

Median

Mean

Qu.:

Qu.:

3rd Qu.:

Max .

.6485

.1209

0.3549

0.4606

0.9360

3.5452

.77685

.69319

.01461

0.00335

0.64431

2.21964

X2

1 : 313

2 1497

NA :150

Min.

1st Qu.:

Median

Mean

3rd Qu.:

Max .

NA

1 27.

:20

X3

3 :203

1 : 540

2 1137

NA :120

.9426

.5630

.6525

.5063

.0317

2017

NA

X4

:393

: 587

20

NA

X5

1342

:196

:199

1243

3.3.1 Step by Step Illustration of Imputation using "miceml"

We first review the missing data distribution in the data.

R> disp.missing(df)

X4

20

Before we impute missing data we need preprocess data to make sure

X5

20

Y X3

20 120 1

X2

50

we have the correct data type to be imputed.
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R> # 1list of categorical variables

R> vtofct <- c("X2", "X3", "X4", "X5")

R> # 1list of continuous variables

R> vtoctn <- c("X1", "X6", "Y")

R> df <- df %>% mutate(across(vtofct), ~as.factor(.))
R> df <- df %>% mutate(across(vtoctn),

~as.numeric (as.character (.)))

We impute missing data based on MICE-NN with random search of

optimal hyperparameters as follows:
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R> gridnn_params <- list(

hidden=1ist (c(200,200),
c(320,400,80),
c(300,300,300,300)),

epochs = c(50, 100, 200),

11 = ¢c(0, 0.00001, 0.0001),

12 = ¢c(0, 0.00001, 0.0001),

rho = ¢(0.9, 0.95, 0.99, 0.999),

epsilon = c(le-10, 1e-8, 1le-6, le-4),

input _dropout_ratio = c(0, 0.1, 0.2),

max w2 = c(10, 100, 1000, 3.4028235e+38)

)

R> search_criteria <- list(
strategy = "RandomDiscrete",
stopping_metric = c("AUC", "mse", "mse"
stopping_tolerance =c(0.00001, 0.00001, 0.00001),
stopping_rounds =c(5, 5, 5),
seed = 9527

)

R> sim_grid_micenn <- miceml.grid(

df,

meth = "micenn",

m=5,

grid = gridnn_params,
search_crit = search_criteria,

seedn = 12345

)

71



3.3.2 Post-imputation Assessment

As the imputed data sets will be stored in the mids() format as mice()
function used for its imputed data, then we can directly use the with()
and pool() functions to obtain and pool the post-imputation regression
assessment. For example, let’s fit a linear regression model in the imputed
data. Here, we choose a main effect substantive model as follows:

R> regMIb5 <- with(data=sim_grid_micenn,

glm(Y~X1+X2+X3+X4+X5+X6))

We can obtain pooled results according to Rubin’s rule as follows.
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R> pooled_regMI5 <- pool(regMIb)

R> summary (pooled_regMIb5)

term

1 (Intercept)

2 X1
3 X21
4 X22
5 X31
6 X32
7 X42
8 X51
9 X52
10 X53
11 X6

term

1 (Intercept)

2 X1
3 X21
4 X22
5 X31
6 X32
7 X42
8 X51
9 X562
10 X53
11 X6

-0.

estimate

42528520

6.43212592

3.41827895

0.03527598

.04826482

.47480591

.84234945

.32907828

.82336397

.64562224

1.11782371

df
418.19205
21.40961
663.96863
256.88445
150.14902
456.40537
175.29336
163.05905
21.19609
326.34534

18.27483

0

0

0.

std.error
.30222475
.09162316
27171251
.27374880
.13906780
.17867302
.11059278
.15357632
.18625013
.13889698

.07864822

p.value

.601162e-01

.000000e+00

.000000e+00

.975672e-01

.193534e-12

.000000e+00

.566311e-12

.000000e+00

.330561e-04

.867171e-06

.530776e-11
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statistic
-1.4071819
70.2019621
12.5804988
0.1288626
.5377970
.8510328
.6166766
.1656081
.4207431
.6482094

.2129564



3.4 Discussion

In this chapter we briefly introduce the miceml package that implements
the data-driven framework to imputing missing data through a series of
MLTs with MICE algorithm. This package will be the very first tool to offer a
data-driven framework to take advantage of robust methods such as neural
network and random forest in addressing missing data issues with multiple
imputation, those robust MLTs will handle the incompatibility automatically
without explicity knowledge of potential complex relationships. We provide
a simple and friendly demonstration of using this package, and we will
continue to improve the performance of this package by adding more MLTs

and data preprocess procedures to fulfill different desires.

74



Chapter 4: Conclusion

In missing data research, there is no single imputation model that meets
all data sets’ needs of imputing missing data. There are many factors
that have impacts on the imputation results, such as sample size, missing
data proportion, missing data assumption, number of variables, and their
relationships. A proper imputation model is critical for achieving good
imputation results. In this case, we propose a data-driven framework that
implements robust imputation models such as MLTs for accommodating

complex relationships during imputation analysis.

In chapter 2, we first discuss the data-driven framework in detail that
focuses on overcome the incompatibility issue between the imputation model
and the substantive analysis model. This data-driven framework will be built
on the MICE algorithm to offer better performance on substantive analysis
as long as we can set a proper imputation model to catch those implicit
relationships that may lead to incompatibility. Then, we run a simulation
with 12 settings and real-data applications to exemplify the advantage to
integrate MLTs with the MICE algorithm for missing data imputation with
both uncertainty and incompatibility issues get taken care with. According
to our findings, we believe that MICE-ML is promising in addressing the
incompatibility. Besides, the flexibility of MLTs requires fewer efforts on
specifying the imputation model as compared to standard MICE, therefore,

it allows us to get focus on the substantive analysis.

In chapter 3, we further develop an R package "miceml" aimed to realize

the idea of imputing missing data under the data-driven framework. We
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also provide basic instructions on how to use this package for missing data
imputation. Eventually, we hope this package will become a missing data
imputation hub that more and more imputation models can be added to

taking care of various scenarios of missing data problems.

Further, during the MICE-ML imputation, we did not take a deep investi-
gation of the hyperparameters that may be used to improve the performance
of the data-driven imputation framework. This is one of the possible rea-
sons that the two MLTs methods used here did not give very similar results,
as the tuning process is much complicated in NN than RF. However, the
optimization issue is out of the scope of this study. At this moment, we
proposed a basic structure to investigate the hyperparameter space through
a grid or random search procedure. But, the optimization task is more
than hyperparameters searching. Meanwhile, more sophisticated MLTs
may be applied to this data-driven imputation framework, which is another

direction for future research.

Moreover, we had an experience of an imbalance class issue when im-
puting some variables, for example, the variables with imbalanced classes
in the simulation study, such as X, and X3, or race variable for the real-data
application in the NIS database, where race is consists of 70% of white, 20%
of black, and 10% of other races combined. If we do not pay attention to the
imbalance class issue, we would probably end up imputing all missing in
the race as white. So we still achieve a good accuracy of imputation, but the
inference would be terrible as we ignore the importance of minority classes,
especially, when the research topic is focused on the minority. Hence, ad-
dressing the imbalance issue would be worth doing. A potential direction is
data augmentation, which means we may generate some minority cases to

increase its sample size for missing data imputation.
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Last, we also want to explore the data-driven framework to handle sit-
uations when missing data are not at random. As the power of MLTs are
good at detecting complex relationships, it has the potential to learn the
latent variables that cause the missingness, which will give our proposed

methods to handle missing data for more general situations.
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Appendix A: Basis of MLTs

This appendix focuses on the techniques details in the basis of NN and

RF.

A.1 Basis of NN

In general, a typical NN has three main parts: input layer, hidden layers,

and output layer.
Input layer - a layer receives the input data.

Hidden layers - one or more layers are in between input and output layers.

It works as a blackbox that transforms the input data into output data.
Output layer - a layer provides the output data for given inputs.

Each layer has several nodes, and each node is interconnected with
nodes in its adjacent layers. Nodes in the same layer have no connection
between themselves. Concretely, nodes in the input layer are input variables
(i.e., predictors), they only send data to the next layer. Nodes in the output
layer are outcome variables (i.e., responses), they only receive data from its
previous layer. Nodes in hidden layers, they receive data from its previous
layer and send processed data to its following layer. In an individual node
with incoming connections, it receives the input as a weighted sum of
outputs of all nodes in the previous layer, where those incoming connections
are those weights needed for calculation. In this way, it forms a basic
function, called perceptron, which maps input data to an output in NN.

For example, in a simple perceptron architecture with two layers shown in
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Activation

o0

Figure A.1: Diagram of perceptron in a NN

Figure [A. 1] the first layer contains two nodes, inputs x; and x,, the second
layer contains 1 node, which has three components, a summation term zj,
which is the sum of inputs x; and x, with corresponding weights w;; and
wy1 from the previous layer, an activation function g(.), and the output term
y1. by is a bias term of the perceptron. The perceptron produces the output
y; after the activation function g(.) is applied to the combination of the
weighted sum of two inputs and the bias, this procedure can be formalized

as

2
21 =Y wixi+b (A.1)
i=1

2
yi =g(z1) = g( ) wirxi+b) (A.2)
i=1
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In a NN, the input data passes all perceptrons in one direction from input
layer to hidden layer, then to the output layer. This pattern is known as
feed-forward [61]. For a NN with 3 or more layers and all nodes within the
same layer are fully-connected to their adjacent layers, this type of NN is

also known as multi-layer perceptron (MLP) [52].

Take a MLP with 3 layers for instance (Figure [A.2), we have 1 input layer
with 2 input nodes, 1 hidden layer with 3 hidden nodes, and an output
layer with 2 nodes. Let a superscript number (/) indicate the index number
of the layer, where [ =0, 1,2, that is, a superscript number of (0), (1), and
(2) indexes the input layer, hidden layer, and output layer, respectively. We

also define some notation as follows:

zg-l): input to node j for the I'" layer

gE.Z): activation function for node j in the /'* layer

xﬁ.’) — ggl)(ZSZ)): output of node j in the I'* layer

)

a)l.(; : the weight connecting node i in the (I — 1) layer and the node j in

I'" layer

()

b\): a vector of bias in the /'" layer. Its j** unit, b ;/» is the bias for node j

in the I'" layer

The feed-forward process of getting a output, x}({z) (k=1,2), for node k in

the output layer proceeds as follows:

Start from all nodes in the input layer, the input data xgo)(i =1,2) that
(1)

fed into node i in the input layer are multiplied by a series of weights w;;

connecting the input layer to the hidden layer. Then a pre-activation unit,

Z§1)< Jj=1,2,3), is generated for node j in the hidden layer by combining the

summation of those weighted inputs, Y7, o0

ij % '~ and a bias term w.r.t node
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(1)

in the hidden layer, b;

zy) = ; a)l.(;)xgo) + bgl) (A.3)

(1)

An activation function, g;

(1)

J
the hidden layer.

(+), for node j is applied to the pre-activation

()

unit, z.’. This procedure further generates the output, X7, for node j in

2
o =g (@) = (Y o 2 o) (a4
i=1

When the data move from the hidden layer to the output layer, outputs

from the hidden layer are now treated as inputs to feed the output layer. Like-
(1)

wise, inputs x;’ are multiplied by their corresponding weights connecting

the hidden layer to the output layer. Then a pre-activation unit, z](:) (k=1,2),

is generated for node k in the output layer by combining the summation

of weighted inputs, 2321 w(z)x(.l), and a bias term w.r.t node k in the output

Jk g
layer, b,(f) .

Vb (A.5)

In the output layer, xl(€2) is the output for node &, which is generated by

applying the activation function, g](cz) (+), to the pre-activation unit ZI({z)-

3
x,(cz) = g,((z) (z,(cz)) = g,(cz) () wﬁ)xﬁ.l) + b,(f)) (A.6)
=1

In the output layer, once the output, x,(f) (k=1,2), is obtained, it can be

compared to its true value, 1. Thus, a loss function is applied to measure
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Figure A.2: Diagram of a 3-layer NN
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the error between x,(f) and 1. From Fig 2.3, we notice that there are a series

of parameters, 8() = (o), b)) (I = 1,2), between any two adjacent layers. In

general, there are two types of parameters:

1. parameter set with direct effect to output errors, for example, 6 =
(a)ﬁ),b,(cz)) is the parameter set connect hidden layer and output layer,

so they will affect output errors directly.

2. parameter set with indirect effect to output errors, that is, parameter
sets do not have association with output layer directly, for example,
61 = (a)i(jl),by)) is the parameter set connect input layer and hidden
layer, so they will affect output errors indirectly.

The goal of training a NN is to find a series of those parameters that
minimize errors of the NN. Often, the distribution of errors in the NN is
unknown, and there are no true output values for nodes in hidden layers
as they serve as intermediate steps of calculating final output, thus an
analytical solution for minimized errors is not available. However, the
NN can achieve the minimized errors with optimal parameters through a

first-order iterative optimization procedure called gradient descent [62].

Given a learning rate at iteration A of gradient descent, 7n,, a general

expression of updating weights or biases at iteration A can be shown as:

JE
20)_4

0, =60-1—M (A.7)

where 0, is the parameter (joint notation for weight and bias with su-

perscription (/) omitted for simplification) at iteration A, and the partial

derivative 835,1 is changing rate of the error function due to the parameter

0 at iteration A — 1.
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Take a squared error loss function (E) for example, we demonstrate the

procedure of updating parameters.

1 2
E=>Y —x2y? (A.8)
k=1
Let’s start from gradient descent in output layer as parameters here are
directly associated with the error function, the gradient w.r.t. to weight in

output layer is defined as,

8E 1 8 (2) 2
=5 (e —x.”")
20 290? L
0
— (l‘k xl(cz))—(z) (tk _xl(cZ))
O}
= —(f —x,(cz)) p 8(2) x,(cz) (t; is constant that does not depend on wj(.,f)]
[ON
Jjk
0
= —(1 —x,({z)) PYRE g,(cz) (sz)) (recall Eq. EI) x}({z) = g,(f) (Z,EZ)))
ik
0
— (i —x?)g@r () - 2
ik
0
= —(t —x,(cz))g,(cz)'(z,(cz)) PNE) (Z w(i)xﬁ-l) + b](€2)>
wjk j=1

) e (2.0 2
(recall Eq. (A.5), Z1(< ) = ) Wﬁ-k)?é )—i—b,(( )

= —(tk — X](cz)

(A.9)

Let 6,52) = (1 —x,((z) )g,(cz) ! (z,((z)), Eq. (A.9) can be written as:
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(A (A.10)

Similarly, the gradient w.r.t bias, b,(cz), in the output layer can be derived

as follows:

(A.11)

The term 6,((2) is the output error of NN after being back-propagated over

the output activation function at node k in the output layer. Hence, the

gradient w.r.t weight in Eq. (A.10) is a product of the error term 8,52) and
outputs of activation from the previous layer that connected with node
k. While, the gradient w.r.t bias in Eq. (A.11) is nothing but the back-

propagated error term, s@

, for node k in the output layer. If we consider
bias term as a special weight term, the gradient w.r.t bias will always
be a product of the error term 6}{(2) and outputs of constant value of one.
Therefore, outputs of activation from the previous layer won’t have effect on

the gradient w.r.t bias.

Next, the weights and biases for the output layer can be updated using
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gradient descent algorithm (Eq. ([A.7)):

(a’('lf))k = (wfi))z_l +m(5,§2)x§-'))1_1 (A.12)

(bfbx-—(b(Uz 1+4u(5@51,1 (A.13)

Moving to the hidden layer that has indirect impact on the errors in the

output layer, the gradient descents for a)i(j]) and bﬁ.l) can be developed with

similar process in Eq. and Eq. (A.11).

JE 1 9 ¢ (2)\2
=3 (e —x;")
&a)i(jl) 2awf]‘) /;1 ‘
2 d
= Z (t —x/(cz)) 0] (t —x;(cz))
k=1 ij
2
2, 9
== Y (x5 (A.14)
k=1 ;i
2
= Y el @)
2 d
=Y -8 @)
k=1 Jw;;
Recall the Eq. (A.4) and Eq. (A.5), we have Zk Z] | ]k §)+b( ), where

xi.l) = gg.l)(zs,l)) = gg.l) (X7, wi(jl)xfo) +b§. )), the applying the chain rule in the Eq.
(A.14):
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(1)
JE 2 Q) @ (2,920 0%
Y (=g
Jo) Lls ox 9ol
3 @), @ 4 (1), 1)
:—i(’k—x/(cz))g/(cz)'( lgz))a(lewjkxj +b;7) dg; (g, )
PRD sl
2 O @1y @ @) (s (1) O
/ !
:_];(tk_xk )8 (g w8 (g )8(0](1)
- i
Z o @@ @ 1y 1 TR oy Y b)) A
:_Z(lk_xk )gk (Zk ) jk j (] ) (1)
k=1 8(01.].
2
== X (=g @7 g )
k=1
2
=2 " L e (G 'Y
k=1
2
= O Y 50,00
k=1

JE (1)_(0)
PYNO) 9 °x; (A.16)
wij

(1)

Similarly, the gradient w.r.t bias b, in output layer can be derived as

follows:
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In the hidden layer, the error term 6 ;1) at node j is the output error terms,
6,9)’ s, back-propagated to the hidden layer with weights that connecting
the node j and the output layer, and then associated with the derivative of

activation function at node j, i.e., gﬁ.l)’ (25'1))- The weight gradients at node j in

Eq. (A.16) is a product of the back-propagated error term, 5](1), and outputs

of activation from the previous layer that connected with node j. The bias
gradient at node j in the hidden layer is only the back-propagated error

term & ;1). Since the bias gradients in the hidden layer have no connection
with the previous layer, it won't be affected by the output activation from

the previous layer.

The weights and biases for the hidden layer can be updated through a

similar process of updating weights and biases in the output layer:
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(@02 = (@)1 + 128 )5 (A.18)

B = Ot + (872 (A.19)

Here, we just illustrate how the NN training works for 3 layers in a
back-propagated fashion in calculating the gradients for optimizing the
parameters. When there are more than one hidden layers, the gradients
w.r.t weights are nothing but the product of output errors back-propagated to
the current hidden layer /, §¢), and output in layer / — 1, xX!~!). The gradients
w.r.t biases are simply the product of output errors back-propagated to the

current hidden layer , §().

In sum, the NN model training process can be summarized as:

1. Set up initial parameters and feed-forward propagation from input to

output;

2. Calculate the output error between true values and predictions from

feed-forward propagation

3. Back-propagate the output error layer by layer from output to input to

update the parameters in the NN model until the parameters converge.

Once the parameters in the NN converge, the NN training process is
completed, and the NN model will be able to apply to a new data set for
predictions. With a NN model including many nodes and layers, together
with non-linear activation functions, it will enable the NN model to handle

data with complicated relations among the data set. Thus, it will be an
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advantage in imputing missing data with complex structures like the NIS

database.

A.2 Basis of RF

The RF is a powerful regression and classification algorithm in machine
learning. The idea of RF derived from the decision tree (DT) algorithm
[52], which is the building block of RF. In general, given a set of data, RF
generates a forest of DTs, that is, a group of classification (or regression)

trees are assembled together to make the final pooled prediction for the RF.

To illustrate the RF model, it is important to understand the fundamental

technique - DT, used in RF.

A.2.0.1 Basis of DT

The DT algorithm is a predictive modeling technique used to describe the
data and model the observed data in a flowchart-like format to predict the
value of a variable of interest. Take a simple example of stock classification
to illustrate the concept about DT algorithm. Suppose we need to determine
the quality for several stocks. One way to start is to check the annual return
in each stock. If a stock has an annual return of more than 5%, then we
consider the quality of this stock is good. Otherwise, we need to check more
information before making a decision. For example, we ask a follow-up
question: How is the long-term outlook of the stock? If it is profitable, we
consider the quality of this stock is good. If it is not profitable, we consider
the quality of this stock is not good. Therefore, the process of determining

the quality of a stock can be organized into two statements based on the
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form of DT.

1) For stocks with annual return > 5%, we class them into the good

category.

2) For stocks with annual return < 5%, if they have a profitable long-term

outlook, they can still be treated as good;
3) Otherwise, stocks are treated as not good.

Figure shows the DT for the stock classification problem. The DT

has three types of nodes:

Annual return
(Root node)

> 5% < 5%

Long-term outlook
(Internal node)

Not profitable Profitable

Figure A.3: An example of DT diagram

Root node: The topmost node in a DT diagram. It represents the popula-
tion and is the starting point of splitting into two or more subsets. Internal
node: A subset which will be split into further subsets. It usually indicates

a conditional check for further splitting.

97



Leaf/Terminal node: A subset is no longer taking splits. It suggests that

observations in the leaf node are homogeneous.

Root node and each internal node represent a variable, which will be
used as the criterion for splitting. After each splitting at a node (target
variable), two branches will connect the top node (parent node) to its bottom
nodes (child nodes). Each branch represents a result of the conditional
check from the parent node. Therefore, the child node will contain more
similar observations w.r.t to that result of conditional check. That is to
say, the purity/homogeneity of the node increases. In sum, a DT model
is an upside-down binary recursive method to split the data based on the
values of the predictor variables in order to create the most homogeneous
subnodes or get the minimized variance for outcome variables. The below

are general steps in a DT algorithm:

1. At the beginning, all » training observations, response variable y and

predictors x are at the root node.

2. Split the training set into subsets. The subsets satisfy the requirement
that each subset contains data with the same value for a given variable,
which increases the homogeneity of that subset. Thus, the purity of
the node increases with respect to the response variable y, i.e., a good

split will contain samples with the same y value.

3. Repeat step 1 & step 2 on each subset until the desired number of leaf
nodes is reached in the tree. That is to say, all subsets are as pure as
possible, and further splitting will not result in any better homogeneity

or purity of the data.

Depending on the type of the target variable, the process of making splits
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are different [63]:

When the target variable is continuous, splits in the DT are based on
the variance reduction. As the target variable y is continuous, the split with
lower variance (c?) is selected to split the training data: 6> =Y (x—%)?/n. We
calculate the variance for each node first, then we calculate the variance
for each split as a weighted average of each node variance. The split with
the lowest variance is selected as the best split. After we make all splits, y
in the same leaf node will take the mean y as the predicted value for that
node, which will be used in DT to make a new prediction. This process of

DT is known as DT regression.

When the target variable is categorical, splits in the DT model are based
on the purity/homogeneity level of the node. There are two common used
measures of node purity/homogeneity, Gini index (G) and entropy (E). In
general, a higher value of G (or a lower value of E) suggests a higher level of
node purity/homogeneity [64]. If Gini index is used, we first calculate the
Gini index for subsets split by a binary x with G = p> +¢*, where p =Pr(x=1)
and ¢ = Pr(x=0) = 1 — p, then we calculate the weighted Gini index for that
split. We choose the split with the higher Gini index as the best split.If
entropy is used, we first calculate the entropy for parent node (for example,
the node to be split by x), E = —plogp — glogg, then we calculate entropy
for each subset of split and calculate a weighted average of all subsets
available in the split. The split with lower entropy is selected as the best
split. After we make all splits, the class of y in the leaf node will be the class
as the predicted value for that node, which will be used in DT to make a
new prediction. This process of DT is known as DT classification. Another
advantage of DT is the ability to handle complex relations. Revisiting the

example of determining the quality of stock, a stock is considered as good

99



quality if its annual return is greater than 5%, or if its long-term outlook is
profitable when its annual return is less than 5%. The latter case reflects an
interaction between annual return and long-term outlook that can affect the
prediction of the quality of stock. Given this feature of capturing complex
relations, DT model will increase its prediction when complex relations exist

in the data set.

Despite the flexibility of DT in handling different types of variables and
the ability of addressing complex relations. DT often suffers from the
overfitting issue as the DT intends to grow a deep tree structure to ensure
that leaf nodes to be as pure as possible, which means DT models built
from training data can be over-complicated [52], then the DT model will lose

its generalization and provide poor performance in fitting new data.

A.2.0.2 From DT to RF

To avoid the overfitting issue, Breiman introduced RF in 2001 to increase
the robustness of models in fitting new data. That is, insead of making
predictions from a single DT, RF builds a collection of DTs and each DT is
built on a bootstrapped sample with a random subset of predictor variables.
Then, RF combines the predictions from multiple bootstrap-based DTs to

reduce the risk of overfitting and increase the accuracy of prediction [65].

A general RF training model is illustrated in Figure [A.4] Starting from a
training data set with N observations and M variables, we randomly choose
k subsets of size N from the training data with replacement. Each sample
serves as the training set for growing a tree. To grow a tree, m out of M
variables are selected at random as split candidates at each node. The best

split on these m variables is used to split the node. The value of m is held
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constant while we grow the forest. Each tree is grown to the largest extent

possible without pruning. The results from k DTs are then ensemble by

major votes to get the final classification results, or by average the value

from outputs of k DTs to get final regression results [52].

Bootstrap

Sample 1

(N x m)

bgD % Bootstrap

= 7 I Sample 2

5 ‘; (N x m)
=3
@)

)

Decision

Tree 1

- @
Decision \

Bootstrap

Sample k
(N x m)

Tree 2 [

[Vote / Average]

Decision
Tree k

Figure A.4: Structure of a general random forest model
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Appendix B: MVN for Generating Complete Data

X1, -, Xe ~MVN(u,X), where

1 =10,1.68,1.71,0.58,2.71,0]

1.000 0.051 —-0.008 —-0.021 —-0.032 0.120

0.051 0346 —-0.026 0.016 —0.003 —0.088
—-0.008 -0.026 0.795 0.011 —-0.189 —0.257
—-0.021 0.016 0.011 0.244 0.004 —0.003
—-0.032 —-0.003 —-0.189 0.004 1.297  0.055

0.120 —-0.088 —0.257 —0.003 0.055 1.000
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