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Abstract of Thesis

The Unitarity Limit of NN Scattering With Perturbative Pions to N2LO

The unitarity limit provides a method to evaluate the scattering phase shift by introducing

an extra symmetry in the nucleon-nucleon scattering system at low energies. Under the

symmetry, the scattering length of the S channel and T cahnnel are the same and both

approach to infinity. Evidences suggest that the physical world is not far from the unitarity

limit. By treating the phase shift at the next-to-leading order and next-to-next-to leading

order as perturbative corrections which break down the symmetry, quantitative corrections to

the system can be calculated for the description of realistic systems. S. Fleming, T. Mehan

and W. Stewart (FMS) have provided a calculation at NN scattering to N2LO, but not in

the unitarity limit. To check the correctness of our work, the reproductions of FMS’s work

are in the Method chapter. After that, the phase shifts are studied in the unitarity limit.

In the Result chapter, we argue that the unitarity limit works well in the singlet channel.

However, there are some problems in the triplet channel. Possible reasons are discussed in

the Conclusions.
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Chapter 1: Introduction

Nucleon-nucleon scattering is one of the prime examples to study hadrons through their

dynamics. In the strong interaction, the running coupling provides a scaling to determine

which methods to use at various energy scales. Describing strong interactions by perturbative

QCD works in the region of high momentum. However, the cases that are considered in

our research are the cases when the typical energy of NN scattering is low. Therefore, by

the spirit of Effective Field Theory (EFT), the short distance physics does not have to be

precisely correct in the comparatively low-energy situation since the energy is not enough to

probe the high-energy structure.

In the energy region we focus on, we do not see the quarks and gluons individually. As

a matter of fact, in the region where perturbative QCD does not apply, chiral effective filed

theory provides numerous insightful interpretation in the scattering results. Our research

concentrates in a even lower energy region where the pion enters the theory as a perturbative

interaction. D. Kaplan, M. Savage and M. Wise [1] (referred to as KSW from now on)

show that when the momentum lower than about 250 MeV, pion interactions only appear in

the next to leading order (NLO) terms. This is compared with the region at higher energy

where chiral effective field theory provides pion-nucleon interactions in the leading order

(LO) terms. In an EFT, it is important to identify the degrees of freedom and symmetries

which are appropriate to reveal the details of physics at the scale of interest. Our most

important interactions are the contact terms at leading order and the perturbative nucleon-

pion interactions at next-to-leading order. Here, the details of the calculation of the Feynman

diagrams of the perturbative pion theory are not provided. KSW [1] provided a calculation

up to next to leading order (NLO) in 1998. They also provide some details about NN

scattering in [2]. Later, S. Fleming, T. Mehen and W. Stewart [3] (FMS) provided a result

up to next-to-next-to leading order (N2LO). In our research, we study their results in the

unitarity limit of nucleon-nucleon scattering.
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Before going into the details, it is important to determine the relevant channels. There

are three different types of nucleon-nucleon scattering: neutron-neutron, proton-proton and

neutron-proton. Here we focus on neutron-proton (np) scattering since it is the only one that

happens in both the isospin singlet and isospin triplet channel. The Pauli principle dictates

that the two-fermion wave function needs to anti-symmetry. Therefore, the only allowed

combinations for S and D waves are the isospin-triplet spin-singlet and isospin-singlet

spin-triplet wave function. As a matter of fact, only np scattering contributes to both the

spin singlet and triplet channel. Our research focuses on the lowest angular momentum of

these two channels. The first one is the S-wave spin-singlet (S) isospin-triplet channel in

spectroscopic notation 1S0. The second one is the spin triplet (T) isospin-singlet channel.

Due to parity conservation, its lowest partial waves mix: 3S1 −3 D1.

The other critical ingredient is the unitarity limit. It is a physical point near our real

world where it provides extra symmetries to the isospin-spin space [4]. By changing some

physical values in the real world, the particular symmetry point can be reached. Braaten [5]

suggest that it is not far away from the real world. For example, at pion mass higher than

140 MeV, the scattering length of the S channel, aS , and of the T channel, aT , might become

exactly the same. They might also approach infinity which provides a zero-binding energy

of the deuteron. The approximate pion mass where this critical circumstance may happen is

mcrit
π ≈ 250 MeV. This gives us an extra symmetry: scale invariance in which the binding

energy and phase shifts are not changing under different scaling of momentum. If we apply

a scaling on the momentum k → λk, the scattering length changes to a → a/λ. The

binding energy B = 1/ma2 and the phase shifts also change. However, once the scattering

length approaches infinity, the binding energy and phase shifts do not change under the

different scaling i.e. B(a)|a→∞ = B(a/λ)|a→∞ = 0 and δ(k)|a→∞ = δ(λk)|a→∞ = π/2.

Furthermore, once the scattering lengths of the S and T-channel are the same, neutron-

neutron, proton-proton and neutron-proton scattering all give the same results even for any

phase shifts. Under these circumstances, the neutron and proton become indistinguishable
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in NN scattering. Therefore, the original SU(2) ⊗ SU(2) symmetry in the space formed

by isospin and spin becomes a larger symmetry SU(4). Therefore, the unitarity limit does

provide both Wigner’s SU(4) symmetry and scale invariance. By breaking the symmetry in

perturbation theory, one can expand in the physical scattering length. Comparing the results

with data, one creates a window in which the perturbative expansion around the unitarity

limit is a valid and efficient method to estimate the actual result in some certain range of

momentum.

In the next chapter, we describe the work by KSW and FMS and how to apply the

unitarity limit to the theoretical phase shift. In chapter 3, we present our result. We close

with a summary and conclusions. We prepare our results for submission to a peer-reviewed

journal in summer 2023.
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Chapter 2: Method

In this section, a method is provided to construct the phase shift in NN scattering with pion

interactions from the work of KSW [1] and the work of FMS [3]. Furthermore, we take the

unitarity limit in the singlet (1S0) and the spin-triplet (3S1 −3 D1) channel to determine the

parameters in the expansion around the unitarity limit. Using the Effect Field Theory with

perturbative pions and counting all the observables in powers of Q/Λ, where Q is either

the mass of the pion mπ or the particle momentum k, and Λ is the scale at which the EFT

becomes inapplicable, we expand the amplitude and the phase shift up to N2LO. We first

start the construction of the 1S0 and the 3S1 −3 D1 channel, and then use the effective range

expansion theory (ERE) to determine the parameters in the unitarity limit.

1S0 Channel

In this channel, the S matrix is simply related to the phase shift and the amplitude:

S = e2iδ = 1 +
2ip

p cot(δ)− ip
= 1 + i

Mp

2π
A . (1)

FMS expand the phase shift in powers of Q, where the order of phase shift related to the

order of Q (δ(n) ∼ Qn) and also the amplitude A (An ∼ Qn):

δ = δ(0) + δ(1) + δ(2), A = A−1 +A0 +A1 . (2)

There is another order of p in the right-hand-side of the numerator of eq.(1) so the power

counting of the amplitude starts an order lower than the power counting of the phase shift.

Expanding the amplitude and the phase shift in powers of ε, we then compare to eq. (1)

order by order in a formal small expansion parameter ε,

e2i(δ(0)+εδ(1)+ε2δ(2)) = 1 + i
Mp

2π

(
A−1 + εA0 + ε2A1

)
. (3)
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FMS match to N2LO to find the relation between the amplitude and phase shifts. We utilize

their results and reproduce their figures to double check our coding. FMS [3] fixed the phase

shifts as:

(4)

FMS and KSW use the symbol p instead of k for the momentum in the center of mass frame.

FMS [3] provide the amplitude to N2LO as:

(5)
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Here M is the mass of the nucleon, mπ is the pion mass, gA is the pion nucleon coupling

constant and f is the pion decay constant. We use the values also employed by FMS:

M = 939MeV, mπ = 137MeV, gA = 1.25, f = 131MeV . (6)

The coefficients, γ, ζ1, ζ2, ζ3, ζ4 and ζ5 must be determined by fitting to the data. FMS [3]

use a weighted least-squared fit to the Nijmegen partial wave analysis (Nijmegen PWA) [6]

to determine ζ1 to ζ4 as:

NLO : ζ1 → 0.216 ζ2 → 0.0318 , (7)

N2LO : ζ1 → 0.0777 ζ2 → 0.0313 ζ3 → 0.1831 ζ4 → 0.245 . (8)

FMS use a parametrization value of γ → −7.8 MeV at both NLO and N2LO. In the 1S0 and

3S1 channels, γ, ζ1−5 are parameters that have the same combination by some amplitude of

the contact terms and pion-nucleon interactions. By tuning the amplitude of the interactions,

FMS try to make the phase shift close to the data. This is why the numerical values used

on these parameters are different at different orders of phase shifts and different in the

3S1 channel. However, when we get to the unitarity limit, those parameters will have

different values. They are still different values in different channels since the sacttering

length and effective range are different in differnet channels. The parameters ζ1 and ζ2

enter the amplitude at NLO, ζ3 and ζ4 enter the amplitude at N2LO, but ζ5 is a higher order

term. Therefore, FMS first set ζ5 → 0 in N2LO phase shifts. After all the coefficients are

determined, we reproduce the result on Fig 1, (a) which is identical to the FIG. 3 of FMS

[3]. When they are identical, we can assume the amplitudes are coded correctly. We use

them in the unitarity limit later.

In eq. (1), the phase shift part exp(2iδ) can be expressed in term of cot(δ). We now consider
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Figure 1 (a) FMS 1S0 result with their coefficient values, the Long-dashed line, short-dashed
line, dotted line and the sold line are the LO, NLO, N2LO and the Nijmegen PWA terms.
(b) The result with different phase shift definition as described.

an alternative definition, where we do the power counting by this expression:

A−1 + εA0 + ε2A1 =
4π

M

1

p cot(δ(0)) + εp cot(δ(1)) + ε2p cot(δ(2))− ip
. (9)

Comparing them by the order of ε, the new type of phase shifts are:

δ(0) + δ(1) = arccot

(
4π

M

1

A−1

− 4π

M

A0

A2
−1

+ ip

)
, (10)

δ(0) + δ(1) + δ(2) = arccot

(
4π

M

1

A−1

− 4π

M

A0

A2
−1

4π

M

(
−A1

A2
−1

+
A2

0

A3
−1

)
+ ip

)
. (11)

This alternative definition of phase shifts is introduced because of a particular reason. The

first definition of the LO phase shift gives,

δ(0) =
1

2i
ln

[
1− 2ip

γ + ip

]
(12)
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We assume as the momentum (pcm) approaches zero at fixed γ.

for γ = 0, p→ 0 , δ(0)(p→ 0) =
1

2i
ln

[
1− 2ip

ip

∣∣∣∣
p→0

]
=

1

2i
ln(1− 2) 6= 0 , (13)

for γ 6= 0, p→ 0 , δ(0)(p→ 0) =
1

2i
ln 1 = 0 . (14)

When γ = 0, the phase shifts do not go to zero as p → 0. However, the expressions the

arccot do not have this error. The phase shifts become zero when p→ 0. This is a critical

problem when we apply the unitarity limit on the phase shifts where we set γ = 0.

We also provide the results of the second definition of the phase shifts with the same

coefficients in Fig 1, (b). The reason why its NLO and N2LO results do not agree as well

with the data is that FMS use their definition of the phase shifts to fit the data. The best-fit

coefficients for the first definition of phase shifts are not the coefficients that give the second

definition the best fit. We will argue in the following chapter that one may trust the second

definition of phase shifts due to the analytic discussion of the phase shifts when p→ 0 in

the unitarity expansion. But the results from first type of phase shifts are still provided for

completeness. Results of both definitions should agree up to higher order correction in ε in

the region where both definitions converge and can be applied.

3S1 Channel

In the mixed channel, the S matrix is more complicated than in the singlet channel. Using

the same convention as ref. [7], the 2× 2 matrix reads:

S = 1 + i
Mp

2π

ASS ASD

ASD ADD

 =

 e2iδ̄0 cos 2ε̄1 ieiδ̄0+iδ̄2 sin 2ε̄1

ieiδ̄0+iδ̄2 sin 2ε̄1 e2iδ̄2 cos 2ε̄1

 . (15)

The phase shift and the mixing angle in powers of Q are,

δ̄0 = δ̄
(0)
0 + εδ̄

(1)
0 + ε2δ̄

(2)
0 , δ̄2 = 0 + εδ̄

(1)
2 + ε2δ̄

(2)
2 , ε̄1 = 0 + εε̄

(1)
1 + ε2ε̄

(2)
1 . (16)
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The LO phase shifts in the 3D1 and mixing angle in the 3S1 −3 D1 are zero. The amplitudes

are provided as follows:

ASS = ASS−1 +εASS0 +ε2ASS1 , ASD = 0+εASD0 +ε2ASD1 , ADD = 0+εADD0 +ε2ADD1 .

(17)

Using again definition 1 for the phase shifts, eq. (3), one can express that again in powers of

ε. The final results of the phase shifts in the 3S1 channel are:

(18)

Here, the construction of another definition of the phase shift is necessary for the same

reasons as in the 1S0 channel. By the same expression as eq. (9),

ASS−1 + εASS0 + ε2ASS1 =
4π

M

1

p cot(δ̄
(0)
0 ) + εp cot(δ̄

(1)
0 ) + ε2p cot(δ̄

(2)
0 )− ip

, (19)

the second definition of the phase shifts in the 3S1 partial waves is:

δ̄
(0)
0 + δ̄

(1)
0 = arccot

(
4π

M

1

ASS−1

− 4π

M

ASS0

(ASS−1)2
+ ik

)
, (20)

δ̄
(0)
0 + δ̄

(1)
0 + δ̄

(2)
0 = arccot

[
4π

M

1

ASS−1

− 4π

M

ASS0

(ASS−1)2

4π

M

(
−ASS1

(ASS−1)2
+

(ASS0 )2

(ASS−1)3

)
+
ikASD0

(ASS−1)2
+ ik

]
. (21)

The expression of the phase shifts via the amplitudesASS up to NLO appears to be the same

as in the 1S0 channel. However, an extra effect on the amplitude from 3S1 −3 D1 mixing

enters at N2LO in eq. (21). The resulting amplitudes from FMS [3] read:

9



(22)

Here, we also need the expression of the amplitude ASD. The NLO amplitude of

3S1 −3 D1 mixing from FMS [3] is:

(23)

The coefficients which are used to reproduce Fig. 4 in FMS [3] are provided here. In the 3S1

10



channel, γ → 45.7 MeV, and the coefficient values FMS used to get a best fit are:

NLO : ζ1 → 0.327 ζ2 → −0.0936 , (24)

N2LO : ζ1 → 0.432 ζ2 → −0.0818 ζ3 → 0.165 ζ4 → 0.399 . (25)

The result with those coefficients in Fig 2 is also identical to Fig. 4 in FMS [3]. This

comfirms again that we coded the amplitude correctly. To be more specific, FMS also

Figure 2 (a) FMS 3S1 result with their coefficient values, the Long-dashed line, short-dashed
line, dotted line and the sold line are the LO, NLO, N2LO and the Nijmegen PWA terms.
The dotted-dashed line is the N2LO+ζ5 6= 0 term. (b) The result with different phase shift
definition as described.

produce a fit with ζ5 → 0.26 instead of zero, to improve the fit quality. The dotted-dashed

lines in Fig. 2 are the phase shifts including the ζ5 effect. However, it is hard to justify

to use ζ5 since it is a higher order correction which should be smaller than the previous

order. We also provide the results of the second definition of the phase shifts, eq. (20) and

eq. (21), with the same coefficients in Fig 2, (b). This look similar as Fig. 2, (a) but again

the coefficients are optimised for the first definition of phase shifts.

3S1 −3 D1 Mixing

In this section, the mixing angle ε̄1 is discussed. Ref. [7] gives the phase shifts as:

11



(26)

Here we use the first definition of the mixing angle of both NLO and N2LO since these

square-root versions of phase shifts are directly derived from the S matrix in eq. (15). We

are not able to derive the phase shifts with absolute values of A(−1). We argue that there is a

sign error in the equality since a square-root of a function square
√
f(x)2 and a absolute

value of a function |f(x)| are different. The amplitudes in Fleming [7] are:

(27)

12



Here, α = p/mπ, and the functions, X (α),Y(α) andZ(α) can be found in the Appendix

of FMS (2000b)[7]. On the other hand, another coefficient ζ6 also enters at N2LO. The

coefficients used according to Fleming [7] are:

N2LO : ζ1 = 0.2345, ζ2 = 0.1038, ζ6 = 0.385. (28)

The result in Fig 3 is the same as Fig.5 in FMS [3]. So we coded the aplitudes correctly.

Figure 3 FMS mixed channel result with their coefficient values, the dotted line and the
dotted-dashed line are the NLO and N2LO terms. The solid line is the Nijmegan PWA
result.

However, we find a sign error which could be a typographical error in the 3S1−3 D1 mixing.

The amplitude ASD0 of the NLO mixed channel that Fleming [7] provided has the opposite

sign of that given in KSW [1] which we reproduced. If we use the FMS definition of the

amplitude and phase shift,

ε̄
(1)
1 =

Mp

4π

ASD(0)[
1 + 2 ipM

4π
A(−1)

]1/2 ,
ε̄

(2)
1 =

Mp

4π

ASD(1)[
1 + 2 ipM

4π
A(−1)

]1/2 − iε̄(1)
1 [δ

(1)
0 + δ

(1)
2 ] , (29)

13



the mixing angle comes out with a negative sign i.e. the plot would be up-side-down in

Fig.3. We claim that FMS have the wrong plots in [7] since they use the form,

ε̄
(1)
1 =

Mp

4π

∣∣A(−1)
∣∣ ASD(0)

A(−1)
,

ε̄
(2)
1 =

Mp

4π

∣∣A(−1)
∣∣Re [ASD(1)

A(−1)

]
, (30)

to determine the results. The absolute value flips the overall sign of the phase shifts. Since

we cannot derive eq. (30) from eq. (29), we use the first definition, eq. (29), for the phase

shifts as the standard in the following work.

3D1 Channel

In the last channel, 3D1, no new coefficient enters up to N2LO. As long as the coefficient γ

in the 3S1 channel is fixed, the phase shifts in 3D1 are determined fully. The final results of

phase shift from [3] in the 3D1 channel are:

(31)

14



The amplitudes from FMS [3] are:

(32)

Using the same constants in eq. (6) and γ → 45.7 MeV in the 3S1 partial wave, the result in

Fig. 4 is identical to Fig.7 in FMS [3]. Since there is no new coefficient in the amplitudes the

result is actually similar to the result in the unitarity limit. We disscuss later these results.

This shows that in the 1S0 and 3S1 −3 D1 channels are coded correctly. Therefore, we

will use them as basis to take the unitarity limit and compare to the Nijmegen PWA in the

next chapter.

The Effective Range Expansion

In this section, we discuss the unitarity limit. Starting from this section, we replace the

symbol for the cm momentum from p to k. Here we present the corrections in the effective

range expansion up to N2LO, see e.g. [8],

k cot(δ) = −1

a
+
r0

2
k2 +

r1

2
k4 +O(k6) . (33)
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Figure 4 (a) FMS 3D1 result, the long-dashed line and the short-dashed line are the NLO
and N2LO terms The solid line is the Nijmegen term. (b) Different scaling of p in the 3D1

channel.

From eq. (1), the exponential term can be expressed as:

ei2δ = 1 +
2ik

k cot(δ)− ik
= 1 + i

kM

2π
A . (34)

We derive the relation between the effective range and the amplitude

A = −4π

M

1

ik − k cot(δ)
. (35)

Utilizing perturbation theory, one expands this equation in powers of ε, assuming that ε is a

small number. The amplitudes can be expanded in the form: A = A−1 + εA0 + ε2A1. At

leading order, the denominator of the right-hand-side of eq. (35) is set to the unitarity limit

i.e. k cot δ = 0. As a matter of fact, ik counts as ε0. We combine −1/a + r0k
2/2 so that

this gives a correction to unitarity at NLO. This means that it enters as a term with power of
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ε1. Furthermore, r1k
4/2 enters in a power of ε2:

ε0 : A−1 = −4π

M

1

ik
, (36)

ε1 : A0 = A−1

[
−1

ik

(
1

a
− r0

2
k2

)]
, (37)

ε2 : A1 = A−1

[
r1
2
k4

ik
+

( 1
a
− r0

2
k2

ik

)2
]
. (38)

With the expansion in ε, we therefore find the coefficients ζ1−5 and γ by matching them

to the effective range expansion at k → 0 in powers of k. This gives these coefficients a

connection to physical values, a, r0 and r1, in the unitarity limit. The relations are:

γ = 0 , (39)

ζ1 = − M

4am2
ππ

, (40)

ζ2 =
M(−16f 2g2

Aπ + ag4
AMm2

π ln 2)

512af 4mππ3
, (41)

ζ3 =
M(−g2

AM + 8f 2πr0)

64f 2π2
, (42)

ζ4 =
g2
AM

2(256f 2π + am2
π(96f 2πr0 + g2

A(M − 16M ln 2)))

6144af 4mππ3
, (43)

ζ5 =
1

61440af 4mππ3

[
M(−6144f 2g2

AMπ+ (44)

am2
π(−1280f 2g2

AMπr0 + 7680f 4mππ
2r1 + g4

AM
2(−227 + 384 ln 2)))

]
.

Notice that ζ5 is strickly speaking a N3LO parameter. We will test how important it is later.

These analytic expressions are the same in both the 1S0 channel and the 3S1 −3 D1 channel.

However, the physical values, a, r0 and r1, are different in the singlet and the triplet channel.

We present our results in the following chapter and compare it with the Nijmegen PWA [6].
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Chapter 3: Results

By matching the coefficients to the effective range expansion,they can be related to the

physical values that are determined by data. The next important question is how the phase

shifts perform in different channels in the unitarity limit. First, the data of those physical

values should be presented. At LO, γ = 1/a in both channels (different values), and we

force γ(1S0) = γ(3S1) = 0 in the unitarity limit by the expansion from eq. (40). As we

calculate the unitarity limit to N2LO, there are three physical values, a, r0, r1 that are used

in our fitting. Those parameters have different values in the 1S0 channel and the 3S1 channel,

see ref. [6]. The subscripts S and T indicate the different channels. The physical values of the

NN scattering length and effective range in the singlet channel, 1S0, are aS = −23.714 fm

and r0S = 2.73 fm [6]. The physical values of the NN scattering length and effective range

in the triplet channel, 3S
1, are aT = 5.42 fm and r0T = 1.764 fm [6]. Another parameter

r1T is used in order to improve the 3S1 prediction at N2LO. The performance of this next

order shape parameter is disscussed in the following section. Its value is r1T = 2×0.046fm3

[9]. The constants provided here are the nucleon mass M = (938.27231 + 939.56563)/2

MeV, pion nucleon coupling constant gA = 1.267, pion mass (average mass of π± and π0)

mπ = (2 ∗ 139.5675 + 134.976)/3 and the pion decay constant fπ = f/
√

2 = 92.42 MeV

[10]. We are using the modern value of the pion decay constant instead the value of f = 131

MeV in eq. (6). We have inserted the
√

2 coming from different definition of the constant.

We start with the singlet channel, and then the results of the mixed channel are presented.
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Unitarity Limit in The 1S0 Channel

Starting with the unitarity limit in the singlet channel, the results are in Fig. 5. The

coefficients are found from the physical values as:

LO : γ = 0 ,

NLO : ζ1 = 0.2546, ζ2 = 0.0326 ,

N2LO : ζ3 = 0.2078, ζ4 = 0.2450 ,

N3LO : ζ5 = 0 . (45)

We first set ζ5 = 0 because it enters the phase shifts at higher than N2LO. In Fig. 5, the
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Figure 5 (a) 1S
0 channel in unitarity limit up to N2LO result, the blue-dashed line and the

red-solid line are the phase shift up to NLO and N2LO. The green-dotted line is the result at
LO. The black-dotted line is the Nijmegen experimental result. (b) The second definition of
phase shift in 1S

0 channel.

phase shifts in both (a) and (b) fit decently with the data in window kcm ∈ [30, 150] MeV.

Here we discuss the convergence of the expansion, namely the differences between N2LO

and NLO and the differences between NLO and LO. As we defined in the previous chapter,

Fig. 5 shows the phase shift results of the first definition from eq. (5) in (a), and from the

second definition from eq. (10) and eq. (11) in (b).

First, based on the idea of an Effective Field Theory, order-by-order convergence needs
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to be checked. The N2LO correction from NLO should be smaller than the NLO correction

from LO. The order-by-order convergence seems to work in both Fig. 5, (a) and (b) up to

kcm > 250 MeV. Furthermore, the results should converge to the data once the higher-order-

terms are included. In the first definition, N2LO performs worse than the NLO result. It

drops expeditiously for momentum higher than 50 MeV. However, in the second variant,

the N2LO result becomes much better than the NLO result, and even better than the NLO

in the first definition of phase shifts. The window that could be considered as a good fit is

now improved up to 150 MeV which is around the pion mass mπ. The window can even be

pushed to 250 MeV since the correction in N2LO is still a half of the correction from NLO.

However, we see that δ(k → 0) 6= 0 in the first definition of phase shifts. The expansion

becomes inapplicable when γ is set to zero in the unitarity limit. Due to the reasons we

provided in chapter 2, the results of the second definition are therefore trusted. In the

following section, the results of phase shifts by the first definition in the 3S1 channel are still

provided, but the discussions and conclusions rely on the second definition.

The Effective Range Expasion can be performed about any momentum at which phase

shifts are real. At any critical momentum point k0, the expansion is:

k cot(δ) = −1

a
+
r0

2
(k2 − k2

0) +
r1

2
(k2 − k2

0)2 + · · · (46)

Those parameters, a, r0 and r1 are now different values since the expasion are not done at

zero momentum. By adjusting the physical values of a and r0, the slope and the value of the

phase shift at k0 = mπ/2 are set to the slope and value of the Nijmegen PWA. The reason

we pick mπ/2 as our critical momentum is that this must be in the range of applicability

kcm ≤ 250 MeV. Also, mπ is a natual scale but fitting at mπ is too likely too high and leaves

little room to see possible discrepancies to the Nijmegen PWA in a region where the theory

applies. That is the reason we pick mπ/2 to do the fitting. This gives us another way to

examine the convergence of the theory. The results for fitting at mπ/2 are provided in Fig. 6.
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The physical values aS and r0S are:

(a),NLO : aS(k0 =
mπ

2
) = −32.1247 fm, r0S(k0 =

mπ

2
) = 2.9204 fm ,

N2LO : aS(k0 =
mπ

2
) = −23.7383 fm, r0S(k0 =

mπ

2
) = 2.42711 fm , (47)

(b),NLO : aS(k0 =
mπ

2
) = −38.9916 fm, r0S(k0 =

mπ

2
) = 3.3348 fm ,

N2LO : aS(k0 =
mπ

2
) = −25.4353 fm, r0S(k0 =

mπ

2
) = 2.7231 fm . (48)

The convergence is not only determined by how close the phase shift is to the data. The
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Figure 6 (a) 1S0 channel in mπ/2 fitting up to N2LO result, the blue-dashed line and the
red-sold line are the phase shift up to NLO and N2LO. The black-dotted-dashed line is the
Nijmegen experimental result. (b) The second definition of phase shifts in 1S0 channel.

higher order terms should be closer to the data, and the correction should be smaller. We

can see from Fig 6, (a) and (b) that the order-by-order convergence works up to kcm > 300

MeV in both cases. In fig 6, (a) the N2LO phase shift is not closer to the data compared

to NLO phase shift above about 180 MeV. However, In fig 6, (b) the N2LO phase shift is

always closer to the data compared to NLO phase shift. As a matter of fact, the phase shifts

by second definition have a better convergence than the phase shifts by first definition up to

150 MeV.

21



Unitarity Limit in The 3S1 Channel

The 3S1 −3 D1 coupled channel is more complicated since the S matrix becomes a mixture

of the phase shifts in two different partial waves. The 3S1 phase shifts up to NLO are

actually the same combination of amplitude as in the 1S0 channel. They have the same

formulas as eq. (39) to eq. (45). However, the 3S1 −3 D1 channel has different physical

vaules, and therefore different coefficients. The phase shifts up to NLO for two channels are

still different. In addition, the contribution of the mixed channel, ASD0 , comes into the phase

shifts at N2LO. As a matter of fact, the phase shifts are much harder to predict. The results

are provided in the following. The first definition of phase shifts in the 3S1 channel from

eq. (18) are in Fig. 7. The values of the parameters are:
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Figure 7 (a) 3S1 channel in unitarity limit up to N2LO results by first definition of phase
shifts. The blue-dashed line and the red-sold line are the phase shift up to NLO and
N2LO. The green-dotted line is the result at LO. And the black-dotted line is the Nijmegen
experimental result. (b) 3S1 channel in unitarity limit up to N3LO result. All the line is the
same as (a) except the red-solid line is the N2LO result plus the ζ5 effect.

LO : γ = 0 ,

NLO : ζ1 = 0.0717, ζ2 = −0.1428 ,

N2LO : ζ3 = 0.1164, ζ4 = 6.3965 ,

N3LO : ζ5 = −4.1594 . (49)
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The parameter ζ5 enters the amplitude only at N3LO. However, in FMS’s argument, the

involvement of ζ5 solves the discrepancy between the N2LO phase shifts and the Nijmegen

results. In Fig. 7, the N2LO term are the red wiggles in the plot. This happens because the

phase shifts can only be between the angles 0 to π. As pointed out in chapter 2, this is a

fault of the first definition, eq. (18).

The second definition of phase shifts from eq. (20) and eq. (21) is therefore now an

important tool to check the results; see Fig. 8. It gives indeed δ̄0(k → 0) = 0 at NLO and

N2LO. Here, the parameters are the same in eq. (49). Although the results are improved
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Figure 8 (a) 3S1 channel in unitarity limit up to N2LO result in second definition of the
phase shifts, the blue-dashed line and the red-sold line are the phase shift up to NLO and
N2LO. The green-dotted line is the result at LO. And the black-dotted line is the Nijmegen
experimental result. (b) 3S1 channel in unitarity limit up to N3LO result. All the line is the
same as (a) except the red-solid line is the N2LO result plus the ζ5 effect.

from the first definition, they are still problematic. First, in Fig 8, (a), the N2LO phase shift

does not converge to the data above 20 MeV. Furthermore, the correction from NLO to

N2LO is larger than the correction from LO to NLO above 30 MeV where the N2LO phase

shift passes the LO phase shift. Even when we include the N3LO ζ5 term, the red-solid line

in Fig. 8, (b) shows no convergence at all. The results of a fit at mπ/2 are in Fig. 9. Using

the same strategy as in the 1S0 channel, the physical values are fixed by the following values
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Figure 9 (a) 3S1 channel in mπ/2 fitting up to N2LO results in first definition of the phase
shifts, the blue-dashed line and the red-sold line are the phase shift up to NLO and N2LO.
The green-dotted line is the result at LO. And the black-dotted-dashed line is the Nijmegen
experimental result. (b) 3S1 channel in mπ/2 fitting results in the second definition of phase
shifts. The violet-solid line is result with r1T fitting.

to fit the slope and the value of the Nijmegen PWA [6] at k0 = mπ/2:

(a) NLO : aT (k0 =
mπ

2
) = 5.1107 fm, r0T (k0 =

mπ

2
) = 2.3876 fm , (50)

N2LO : aT (k0 =
mπ

2
) = 2.7034 fm, r0T (k0 =

mπ

2
) = −18.8249 fm , (51)

(b) NLO : aT (k0 =
mπ

2
) = 4.9332 fm, r0T (k0 =

mπ

2
) = 2.5060 fm , (52)

N2LO : aT (k0 =
mπ

2
) = 2.6442 fm, r0T (k0 =

mπ

2
) = −18.7657 fm , (53)

N2LO + ζ5 : aT (k0 =
mπ

2
) = 4.0649 fm, r0T (k0 =

mπ

2
) = −22.6728 fm ,

r1T (k0 =
mπ

2
) = 5.21072 fm3 . (54)

The coefficient ζ5 contains the shape parameter r1T . We fit to the curvature of the Nijmegen

PWA result to find r1T . The results of the mπ/2 fitting show that there is no convergence

in the 3S1 channel. Both the N2LO phase shifts of the first and second definition perform

badly in Fig. 9. On the other hand, the N2LO fitting plus the ζ5 effect (violet-solid line)

seems to reconcile the tension in N2LO (red-solid line). However, the N2LO result with ζ5

effect is still not better than the NLO result. Furthermore, since ζ5 is a N3LO parameter, the

24



correction from it should be smaller than the lower order correction. There is no justification

for the use of ζ5 if it comes with such a large correction.

Let’s come back to the N2LO results. The results of the phase shifts in the 3S1 channel seem

to be worse. The convergence of the N2LO phase shifts is worse than the NLO phase shifts,

and the N2LO phase shift is not closer to the data compared to NLO. We will provide a

discussion that this could come from a mixed channel effect in the conclusion part.

Unitarity Limit in 3S1 −3 D1 Mixing

There is only one definition of the phase shift in the 3S1−3D1 mixing, eq. (26), so the result

is simpler than in the 3S1 channel. The result is in Fig. 10. There is no LO in the mixed
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Figure 10 (a) The 3S1 −3 D1 mixing in unitarity limit up to N2LO result, the blue-dashed
line and the red-sold line are the phase shift up to NLO and N2LO. And the black-dotted
line is the Nijmegen experimental result. The violet-solid line is result with ζ6 effect.

channel. New parameter ζ6 enters at N2LO. Here are the value:

N2LO : ζ6 = 0.285 . (55)

The values of γ, ζ1 and ζ2 are the same as the values in 3S1 channel in eq. (49). We can

see from Fig. 10 that the N2LO phase shift crosses the NLO phase shift around 70 MeV.

The order-by-order convergence is broken above about kcm > 130 MeV. We have to be
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aware that at momenta around kcm = mπ = 140 MeV, the mixing angle ε1 can no longer be

consider as small. There is no particular reason to choose ζ6 as 0.285. By tuning the value

of ζ6, the phase shift of N2LO can be made to approach the Nijmegen result. We see that

both the 3S1 and the 3S1 −3 D1 mixing converge better in a larger window at N2LO with

higher order parameters corrections, ζ5 and ζ6. However, there is no justification to include

these parameters in the amplitudes. The higher-order corrections should be smaller than the

previous corrections. It could be a mixing effect on both channels since the phase shift and

the mixing angle are combined in the S matrix.

Unitarity Limit in The 3D1 Channel

Finally, as last result, the 3D1 channel, is presented in this section. Since all the amplitude

in this channel have no parameters except γ, the results are similar to Fig. 4 in FMS [3]. By

setting γ = 0, the results of the unitarity limit of the 3D1 channel are found in Fig. 11. The
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Figure 11 (a) 3D1 channel in unitarity limit up to N2LO result, the blue-dashed line and
the red-sold line are the phase shift up to NLO and N2LO. And the black-dotted line is the
Nijmegen experimental result. (b) Same result with different scaling

NLO terms are the same in the two figures but the N2LO term drops faster in the unitarity

limit. The N2LO correction is larger than the NLO correction above 30 MeV. The problem

appears again in the 3D1 channel that the phase shifts up to N2LO is not better than at NLO.
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Furthermore, there is no further parameter to adjust in the 3D1 channel. In order to see the

influence of higher orders, the higher order amplitude in this channel must be considered.
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Chapter 4: Conclusions

Summary

The goal of this work is to see if an expansion around the unitarity limit with perturbative

pions can increase the radius of convergence. We found conflicting results. One sees from

Fig. 5 of the result chapter that the unitarity limit of the 1S0 channel actually works quite

well for kcm . 250 MeV. The N2LO phase shift is closer to the Nijmegen experimantal

result than the NLO term. Furthermore, the correction from NLO to N2LO is smaller than

the correction from LO to NLO. However, the results in the 3S1 −3 D1 channel are less

convincing. In Fig 8, 10 and 11, the N2LO phase shifts have a large discrepancy from

the data. In the 3S1 channel, N2LO corrections become larger than NLO corrections for

kcm & 30 MeV. In 3S1 −3 D1 mixing, the N2LO phase shift diverge from the data after

kcm & 70 MeV compared to the NLO phase shift. In the 3D1 channel, this happens at

kcm & 70 MeV. All the partial waves in the 3S1 −3 D1 channel quickly diverge at N2LO

from the data. Also, the corrections from NLO to N2LO quickly become larger than the

corrections from LO to NLO. This leaves only a small window kcm . 30 MeV in which

the expansion about the unitarity limit is applicable in the T channel. This indicates that

the unitarity limit does not work in the T channel directly. However, we recently found that

the effective range expansion for two coupled channels is actually more complicated. The

relation between the phase shifts and the effective range expansion is [11]:

kli+lj+1cij = − 1

aij
+
r0ij

2
k2 +

r1ij

2
k4 + · · · . (56)
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Here i and j stand for the in and out channels, and li, lj are the angular momenta. cij are the

coefficients of the inverse of the K matrix,

K−1 =

c11 c12

c21 c22

 , (57)

which can be derived from the S matix,

K−1 = i(S + 1)(S − 1)−1 . (58)

Those coefficients can be derived from eq. (15):

c11 = − sin(δ̄0 + δ̄2)− cos 2ε̄1 sin(δ̄0 − δ̄2)

cos(δ̄0 + δ̄2)− cos 2ε̄1 cos(δ̄0 − δ̄2)
, (59)

c22 = − sin(δ̄0 + δ̄2) + cos 2ε̄1 sin(δ̄0 − δ̄2)

cos(δ̄0 + δ̄2)− cos 2ε̄1 cos(δ̄0 − δ̄2)
, (60)

c12 = c21 =
sin 2ε̄1

cos(δ̄0 + δ̄2)− cos 2ε̄1 cos(δ̄0 − δ̄2)
. (61)

Those parameters, aij , r0ij and r1ij are the analogs of the scattering length, effective range

and the shape parameters in different partial waves. The coefficients cij are the generalization

of the quantity cot δ. They are complex combinations of the phase shifts in the two coupled

channels. Only when the mixing angle ε1 is small in the 3S1 −3 D1 channel, does the

coefficient of the 3S1 channel c11 reduce to cot δ̄0, and the expansion coverts to the normal

effective range expansion used in the previous chapter. For the unitarity limit in the T

channel, the mixing angle ε1 is at kcm & 100 MeV no longer small enough to do the

approximation. Therefore, the physical values aT , r0T and r1T enter the phase shifts in a

mixed way. This is perphaps why our results of the unitarity limit in the T channel do not

perform as well as in the S channel.
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Future Work

We are going to study the phase shifts of the T channel using the effective range expansion

in two coupled channels. The connection of the coefficients c12, c22 to the amplitude is

clear. Eq. (15) relates δ̄0, δ̄2, ε̄1 and ASS , ASD, ADD. By utilizing the relation, we can

seperate the results in different partial waves via eq. (59) to eq. (61). We would like to find

out the modified phase shifts in all the partial waves in the T channel in the unitarity limit.

Hopefully, the result will be more reasonable. Finally, we expect to submit an article for

peer-review by the end of summer 2023.
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