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ABSTRACT OF DISSERTATION

SYNERGISTIC INTERPLAY BETWEEN
MATH SEARCH AND HANDWRITTEN
MATHEMATICAL NOTATION
RECOGNITION

Typing mathematical queries, in general, can be a demanding task. Mathematical notation
is two dimensional and cannot be easily typed with a standard QWERTY keyboard. In order
to have an efficient math-aware search system that is capable of locating mathematical
expressions and formulas, users should be able to form their queries with the most intuitive
and natural method. Handwriting appears to be the most intuitive and promising method to
express mathematical queries. Recognition technology for handwritten mathematical notation
is far from mature and has never been applied to query generation in a mathematical
information retrieval system. Only few methods have been proposed to detect or recover the
recognition errors. Recognition techniques for mathematical handwritten notation produce
many misrecognized or completely unrecognized symbols. These lexical errors can
considerably reduce the performance of a math search system. The objective of this research is
to design, implement, and study an automated lexical error compensation system for the query
processing front-end of a mathematical IR system which receives pre-processed handwritten
mathematical queries. To achieve this objective, a query processing program has been
implemented which modifies and expands a handwritten query under different policies, in
order to reduce the effect of potential lexical errors on the performance of search.

Experiments conducted in this research have demonstrated that these policies can substantially

improve the performance of a handwritten-based math IR system.

vi
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1 Chapter One - Introduction
1.1  Summary

This dissertation presents a new paradigm for using handwriting as the modality of choice
to create math queries and submit them to a mathematical information retrieval system. Query
generation is a critical component of an information retrieval system because it should enable
the users to communicate their information need efficiently and with the least amount of
overhead. Recognition of handwritten mathematical notation has been researched for more
than a decade but this technology is far from mature and has never been applied to query

generation in a mathematical information retrieval system.

1.1.1 Problem Description

In comparison with other modes of communicating mathematics with a computer,
handwriting appears to be the most efficient and intuitive method to generate queries for a
math-aware search system. Users can write a mathematical formula or expression using a stylus
pen and submit it as a query to the search engine. Some of the existing handwritten
mathematical recognition systems have reported a relatively acceptable recognition rate but
none of them has ever been used for the query generation in a mathematical information

retrieval system.

No matter what type of recognition technique is used to recognize and process a
handwritten query, there will be misrecognized or completely unrecognized symbols as the
result of the recognition phase. Although manual correction of the symbol recognition errors

is an option, it will increase the overhead of the search system and decrease the user

1



satisfaction. There are also future possibilities for a math search system to receive handwritten
queries from another math-aware computer program instead of a human user. Automatic
compensation for recognition errors can dramatically reduce the overhead and enable the
search engine to communicate with other math aware systems with least amount of user

interaction.

Problem Statement:

4 )

Misrecognized or unrecognized math symbols
will decrease the overall performance of a
mathematical IR system which uses a
handwritten-based query generation front-end.
An automatic error compensation method
should be designed to handle the recognition
errors of a handwritten query before it is
submitted to the search engine.

o /

1.1.2 Related Work

The review of related work will look at the previous work done in mathematical
information retrieval, query operations, special characteristics of mathematical notation,
handwritten mathematical recognition both in terms of symbol recognition and structural

analysis, recognition errors and previous methods for error detection and correction. The



review, conducted in Chapter 2, will also include a comparison between handwriting and other

modes of interaction in order to be used in query generation for a mathematical IR system.

1.1.3 Research Objective

The objective of this dissertation is to design, implement and evaluate an automated
lexical-error compensation system for query processing in a handwritten-based mathematical
information retrieval system, subject to all of the performance criteria and assumptions listed

in section 2.7.

1.1.4 Proposed Solution

Four different error handling policies are proposed to compensate for lexical errors in
handwritten recognition. Mathematical queries will be modified and/or expanded before

submission to the search engine.

1.1.5 Research Goals

The research objective has been restated as a set of formal research goals. The main goal
and its tree of supporting goals are shown in chapter 4. Formal experiments are then designed

to determine whether or not the proposed policies can satisfy the goals in the goal tree.

1.1.6 Formal Experiments

The overall performance of the proposed error compensation system is measured using
the standard performance metrics of IR such as precision and recall and relevance metrics.
Validating the primary research goal required testing each possible combination of experiment

factors.



1.2 Original and Significant Contributions

The following ideas and methods are believed to be the major Original and Significant

Contributions of this dissertation:

1. Application of online handwritten mathematical recognition in the query generation of

a mathematical IR system

2. Automatic compensation for unrecovered lexical errors in symbol recognition by

transforming the math query with novel query operations

3. Creating a weighted-clause mathematical query based on the classification scores in the

symbol recognition phase to rank the search results

4. Using an iterative approach in order to generate the search results in Math IR

1.3 Document Organization

Chapter 2 reviews the related work, terminology and precedents that form the basis for
this research. The basics of query generation and previous methods for handwritten
mathematical notation recognition are discussed, as well as few techniques that have been
previously proposed for detection and recovery of symbol recognition errors in handwritten
mathematical recognition. In order to justify the use of handwriting as the preferred interaction
mode for math query generation, chapter 2 also includes a discussion of the different modes of
interaction in User Interfaces. The review of related work also includes a section on the related

issues of information retrieval evaluation of math search.



Chapter 3 describes the proposed solution in detail.

Chapter 4 reviews the primary and secondary goals, design factors and performance

metrics.

Chapter 5 explains the experiment design, experiment methods and results.

Chapter 6 summarizes the final conclusions in addition to recommendations for future

research.

Appendix section includes the project task tree, definitions, assumptions, and
implementation details, comparison of different user interface modes for mathematics, index

and Bibliography.

1.4 Notation Conventions

Keywords and phrases are printed in boldface for their first occurrence and sometimes
subsequently for emphasis. Words and phrases that are being defined are printed in boldface
and italics. Some of the images in this dissertation have been scaled up to show the details or
scaled down to fit in one page. Wherever possible, the author has done his best to
acknowledge the intellectual property of others and reference their work; this includes previous

publications, images, charts, tables and graphs.



2 Chapter Two - Problem Domain and Related Work

Typing mathematical queries, in general, can be a demanding task. Mathematical notation
is two dimensional and cannot be easily typed with a standard QWERTY keyboard. In order
to have an efficient math-aware search system that is capable of locating mathematical
expressions and formulas, users should be able to form their queries with the most intuitive

and natural method. [YOUSSEF '05]

Mathematics has been communicated for centuties with a formal and standard notation
written by hand. This pen-based paradigm of communication appears to be the most intuitive
and promising method to express mathematical queries. Providing a math-appropriate query
language and user interface that enable users to express their information needs, which often

involves math notation, is essential in a math-aware information retrieval system. [LORIGO

'04]

2.1 Mathematical Information Retrieval Systems

In order to create and codify effective and usable digital libraries of mathematical, scientific
and engineering contents, users need to be able to search them easily, not only for text but also
for mathematical expressions and equations. Full-scale and functional Information Retrieval
systems, capable of searching for fine grain mathematical content have started to appear; such
as DLMF [YOUSSEF '04], Mathdex from Design Science [MINER '04] and Mathematica’s

search from WOLFRAM Research [WOLFRAM '08].



The primary goal of an Information Retrieval and Storage system is to reduce the

overhead for users in locating the relevant information based on some information need.

[KOWALSKI '00]

Definition 1: An Information Retrieval and Storage system is a system that is capable

of storage, rettieval, and maintenance of information. [KOWALSKI '00]

Assumption 1: Information in this research is assumed to be composed of text and

mathematical notation (e.g. expressions and formulas).

Definition 2: Overhead can be expressed as the time a user spends in all of the steps
leading to read an item containing the relevant information. The steps
include query generation, query execution, scanning results to selects

items to read and reading non-relevant items [KOWALSKI '00].

The immediate research goals of a math IR system are: [YOUSSEF '05]

1-  Enable users to search for both text and mathematical expressions

2- Allow users to express math queries naturally and easily, using the notation and idiom

of mathematicians and scientists

In addition to the conventional search for documents, mathematical search can fulfill

higher-level and farther-reaching roles such as [YOUSSEF '06]:

- Discovery of similarities between fields

- Computer aided proving



- Learning aid

- Selective dissemination of information

Until recently, mathematical content has lagged behind many others in terms of
information retrieval due to the complexity of math notation. Much of the available online
information contains math notation. Examples are digital books, research abstracts, journal
articles, manuscripts, scanned pages of old documents in the form of digital images in different

formats and many others.

Almost all of the existing search engines are text-based. Text queries although possible, are
inherently ineffective when contents contain considerable amount of mathematical notation.
Challenges in implementing a math IR are:

e Making IR systems “understand” math symbols and structures

¢ Indexing mathematical expressions

e Being able to support different types of standards which are being used to save math

in digital format (LaTeX, MathML, etc.)

e Being able to generate and communicate an intuitive yet expressive query in

the form of a math expression and submitting it into the IR system

e Bridging the query language to the language of the content files

¢ Detection and support for mathematical equivalences

e Highlighting the matched equations



Two general solutions have been proposed to build such math IR systems [YOUSSEF
'05]: (1)- A text-based IR system with additional layers on top to make it math aware, and (2) -

A completely new search system based on XML and related technologies.

2.1.1 Digital Library of Mathematical Functions

One of the research projects to implement a full-scale math search is underway in the
Digital Library of Mathematical Functions (DLMF), at the National Institute of Standards
and Technology (NIST), to produce a digital successor to Abramowitz and Stegan Handbook of

Mathematical Functions ABRAMOWITZ '74].

This search system is taking the first approach and is built on top of a conventional and
powerful text-based IR system. The search system is able to understand math symbols and
structures, returns the equation in addition to the reference hit list, highlight the matched
equations and understand different dialects such as MathML, IaTeX, etc...

The DLMF search engine is completely text based. Users have to enter their queries in a
completely textual format by transforming the math equations into an equivalent textual form.
The following table shows a few equations both in the form of mathematical notation and the

transformed query syntax:



Rendered Form Query Syntax

integral_0"infinity

@ 1
: — +3
L sin (367 +x0) sin((1/3)t"3+xt)

[Ai? + Bi2 sqrt(Ai~2+Bi"2)

( )(x+2) Mx+2)
//(x+2) as an exponent
- )
(x+2)

//(x+2) as a denominator

Table 2-1- Sample of Math Queries in DLMF [YOUSSEF '05]

DLMF is based on a text-based intermediary language. Both queries and math content in

the library are converted to this language. This process involves three steps:

Definition 3: Textualization of math symbols - converting each of the non-

alphanumeric symbols into a unique alphanumeric word

Definition 4: Serialization and scoping of the various parts of the terms and expression

- stacking the structural parts of an equation into a linear sequence

Definition 5: Normalization of the orders of parts into a standard canonical form -

reordering the terms into some defined canonical order

10



Based on these three steps the intermediary language is called TexSN. [YOUSSEF '04]

The following figure is an example of TexSN:

integral
beginlowerlimit a endlowerlimit
beginupperlimit b endupperlimit
beginintegrand
x beginsuperscript 2 endsuperscript
plus
frac
beginnumerator x endnumerator
begindenominator 2 enddenominator
endintegrand
diff x

(b)

Figure 2-1 - TexSN, Part (a) Math Expression Part (b) same
expression after Textualization + Serialization + Normalization

TexSN achieves several objectives. First, it renders math expressions and equations
indexable and searchable with a standard text-based search engine. Second, it bridges the query
language with the language of math library and third it offers a good measure of specificity to
users about which part of structure of a mathematical expression the keywords must be in.
The text-based search system of DLMF delivered 100% recall on all of the tested queries and

precision was ranging from 60% to 100%, averaging 80%.

11



2.1.2 Wolfram Research

Another example of mathematical search is the Wolfram® Project. The Wolfram
Functions site was created as a resource for the educational, mathematical, and scientific
communities. The function library was produced by the Mathematica® software. In addition
to the current ability to search for functions and formulas by name, an enhanced semantic-
based search engine will allow formulas to be searched as easily as plain text, a functionality
previously unavailable anywhere. All formulas are available not only in Mathematica Standard
Form but also in MathML and ASCII form. The search system in the Wolfram project is
based on a menu-driven GUIL Users have to either pick the category of the function along
with the constants and operators or type a Mathematica pattern in a text filed which requires

the user to be familiar with the correct syntax of the Mathematica program.

2.1.3 Other Math Search Systems

MIZAR Mathematical Library (MML) is a semantic based tool for managing the
mathematical knowledge in MIZAR, including searching, browsing and presentation of the

evolving MML content [BANCEREK '06].

National Science Digital Library (NSDL) is an NSF funded digital library of exemplary
resource collection and services, organized in support of science education at all levels. NSDL
is trying to identify promising ways of better searching mathematical content [MINER '04].
Miner et al. [MINER '07] have recently proposed an approach for math query formulation and
data normalization. This technique which follows the model of mathematical search developed

for DLMF is based on mathematical n-grams.

12



2.2 Query Operations

Traditional text-based search systems use a variety of query operations in order to improve
their overall performance. Text-based search systems use Query Expansion and Temr
Reweighing based on the information in the database for higher recall and improved relevance

ranking.

Definition 6: Query is the expression of the user information need in the input language

provided by the Information Retrieval system. [BAEZA-YATES '99]

Definition 7: Query Expansion is the process of adding terms to a given user query in
an attempt to provide better contextualization and hopefully retrieve [more]

relevant documents. [BAEZA-YATES '99]

Query expansion in text-based systems is usually done through consulting a thesaurus to
add semantically similar terms or to use co-occurrence matrices to add terms that usually occur
with each other. The proposed solution in this research will use novel query operations to
expand a mathematical query in order to compensate for lexical handwritten recognition

€rrofrs.

2.2.1 Weighted and Boolean Queries

Boolean logic enables users to logically relate multiple terms or concepts in order to better
define their information need. Typical Boolean operators in query generation are AND, OR
and NOT. Combining additional terms with these operators usually leads to higher precision
and lower recall. Boolean operators have been used in the proposed solution of this research

to compensate for lexical errors.
13



Weighted queries are used to differentiate between terms in a given query. Weighting is the
process of assigning an importance factor to terms (either in the query or during the indexing
process). Policy three of the proposed solution in this research automatically assigns weights to
mathematical clauses. Very little attention has been focused on integrating the Boolean search

functions and weighted information retrieval systems. [KOWALSKI '00]

2.2.2 Wildcard Replacement

In traditional text-based IR systems, Wildcards or “don’t cares” are used in Term Masking

as a form of query expansion.

Definition 8: Term Masking is the ability to expand a query term by masking a portion
of the term and accepting as valid any processing token that maps to the

unmasked portion of the term. [KROWALSKI '00]

2.3  Special Characteristics of Mathematical Notation

Mathematical notation is very different from ordinary text. This notation uses a very large
set of symbols and characters that can be arranged in a two dimensional space with different
sizes and shapes and different semantics based on the context. This section reviews the special
characteristics of mathematical notation that are important to consider in designing a

handwritten-based query system for Math IR from the automatic recognition point of view.

Large number of symbols - Mathematical notation consists of a large number of
symbols and characters. In addition to the Latin and Greek alphabet, special characters and

operator symbols are used in math notation which will ultimately lead to a more complicated

14
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Figure 2-2 - The Unicode 5.0, Supplemental Mathematical Operators

[BEETON '03]
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Two dimensional arrangement — In math notation, symbols and characters are often
arranged in a two-dimensional space. The recognition system has to analyze this two-
dimensional structure in a phase called structural analysis. The relationship among the
symbols in a mathematical expression usually depends on their relative position. On the

average, more than 70% of mathematical expressions are two-dimensional [UCHIDA '05].

2
X,z VS xy> vs. x¥

Figure 2-3 - Importance of relative positioning in math expressions

Grouping of symbols - Grouping of mathematical symbols in an expression is not
obvious. Some symbols are simple while others are binding symbols (such as parenthesis,
braces, square roots or fraction lines) which group other symbols together. There are also
explicit and implicit groupings which introduce a great challenge to structural analysis phase.
Also several symbols together may form a special unit (such as trigonometric functions; sz, cos;
Limits; lim etc.). Figure 2-4 shows two forms of grouping math symbols. Integral operator is
an implicit grouping symbol which groups its lower bound, upper bound, integrand and the

differential variable; the brackets however, explicitly group their content together.

bya? + u? "1
Implicit:f —— du Explicit: A, llim (1 + E) l
n—-oo

2
a u

Figure 2-4 - Explicit vs. Implicit grouping of mathematical symbols

Context Dependent semantics - Some mathematical symbols have multiple meanings in

the standard math notation based on the context. For example "' can be a decimal point if it is

17



between digits or it can be a dot product operator; also "dx" can have different meanings as in
"o + dx" and "[ x dx". Some of the proposed recognition methods use this kind of

contextual information to improve the recognition.

Abnormal Characters and symbols - Due to the special nature of the handwritten
mathematical notation, symbols and characters might be broken or touching. Uchida
[UCHIDA '05] categorizes the abnormal characters as: fouching, self-touching, broken, touching and

broken and overlaid characters:

mw"k)esﬂ)
S B f f
=

-~

(b)

© “’S?' k\ 6 e

o S /(p
© §

Figure 2-5 — Abnormal Characters: (a) Touching, (b) Self-touching,
(c) Broken, (d) Touching and broken, (e) Overlaid. Broken points
are indicated by arrows. [UCHIDA '05]

These abnormal symbols are very challenging for the recognition phase and they are much
motre common in math notation than normal text due to the two dimensional structure of

math.

Non-Uniform frequency distribution of symbols - Frequency of appearance for each

category of math symbols varies drastically among documents [SO '05]. In an empirical study
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by So and Watt, more than 20000 document from the math arXiv ['06] server were analyzed.
They divided the documents to different categories based on subjects and counted all symbols
occurring in all of the expressions. The result indicated that in different subjects, different
math symbols occur much more frequently than others. The following tables summarize some
of their results. This non-uniform frequency distribution can be used in mathematical

handwritten recognition as a priori knowledge.

All 03 11 35

Ucode | Id | Freq. Ucode | Id | Freq. Ucode | Id [ Freqg. Ucode | Id | Freq.

006E n 48,150 0069 Id 51,565 006E n 58,186 0078 X 51,773
0069 i 43,280 006E n 48,239 0070 p 40,302 0074 t 49,859
0078 x 36,240 0078 X 41,042 006B  k 38,230 0075 u 39,841
006b k 32,060 0058 X 33,862 0078 X 35,294 006E n 35,705
0074 t 25,967 0041 A 29,845 0069 i 35,100 006B k 29,924
0058 X 23,369 0070 p 26,292 0061 a 25,301 0069 i 28,941
006A j 23,038 03B1 a 24,604 006D m 23,642 0073 s 25,234
0070 p 22,832 006B k 24,374 0064 d 22,302 006A j 24,968
0041 A 22,791 0066 f 22,671 0071 q 21,797 0064 d 24,095
0061 a 21,435 0061 a 22,030 0073 s 21,319 004C L 21,094
0064 d 19,457 0047 G 21,983 006A  j 21,153 03B5 ¢ 20,740
006D m 19,263 006D m 19,893 0072 r 19,695 03BB A 20,189
0066 f 18,235 006A j 18,062 0074 t 19,654 0070 p 19,107
004D M 18,135 03C9 w 18,015 0047 G 19,620 0043 C 17,450
0073 s 17,695 004D M 17,256 0058 X 19,535 03B1 a 17,087
0072 r 17,248 0053 S 16,896 0041 A 19,107 0072 r 16,834
0043 C 16,915 0043 C 17,107 004B K 18,905 0076 v 16,820
0053 S 16,487 0046 F 16,773 0066 f 18,126 0061 a 15,931
0047 G 16,074 0079 y 16,764 0046 F 16,524 0079 y 15,920
03B1 a 15,943 0074 t 15,693 004C L 15,921 0066 f 15,215

Table 2-2 - The most frequently used math identifiers (per million)
in all subject (ALL), Logic (03), Number Theory (11) and Partial
Differential Equation (35) [SO '05]
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All 03 11 35

Ucode | Id | Freg. Ucode | Id | Freq. Ucode [ Id | Freq. Ucode [ Id | Freg.

003D = 128,715 003D = 121,806 003D = 130,735 002D - 138,603
002D - 116,064 2061 115,262 002D - 128,330 002C , 111,176
002C , 112,818 002C , 100,880 2061 112,484 2061 103,527
2061 103,090 2208 > 77,021 002C , 104,964 003D = 103,376
002B + 79,404 002D - 60,732 002B + 94,172 002B + 97,579
2208 > 43,942 002B + 60,121 002F / 40,239 2208 E] 38,370
002A * 29,210 002A * 32,796 2208 > 39,319 2264 < 34,575
2192 - 23,818 003C < 28,345 2211 > 20,165 2202 0 28,815
002F /23,405 02C9 25,805 2264 < 19,574 002F / 25,985
2264 < 20,088 2192 - 24,370 2192 - 18,481 221E © 23,460
02DC ~ 16,875 2264 < 24,242 002A * 17,757 222B j 23,196
2297 ® 14,242 002F / 14,626 00AF B 14,708 02DC - 19,545
2211 > 13,560 2026 13,495 221E o 14,627 003C < 16,453
003E > 13,528 222A u 12,654 003E > 12,926 2207 \% 15,387
221E © 13,138 2229 n 12,483 22EF 12,358 003E > 15,256
00AF T 12,451 2286 c 12,330 02DC ~ 12,209 002A * 14,470
003C < 12,058 003E > 11,784 2265 > 11,963 2192 - 14,381
22EF -+ 12,005 2223 | 9,883 2113 ( 10,997 22C5 . 12,669
2202 o 11,940 22EF - 9,781 003C < 10,151 2211 > 12,394
00D7 X 11,294 02DC ~ 9,428 00D7 X 10,144 2265 > 11,531

Table 2-3 - The most frequently used mathematical operators (per
million) in all subject (ALL), Logic (03), Number Theory (11) and
Partial Differential Equation (35) [SO '05]

2.4 Handwritten Mathematical Recognition

This section reviews the previous research in the automatic recognition of the handwritten
mathematical expressions. Automatic recognition of handwritten mathematical expressions has
been extensively studied and different approaches have been proposed [CHAN '00].
Handwritten mathematical expression recognition usually includes two major phases: Symbol

Recognition and Structural Analysis.

Definition 9: Symbol Recognition is the process of identifying individual handwritten

math symbols from their ink data ([x,y,t]). Symbol recognition phase usually
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returns one or more codes (such as a UNICODE identifier) as possible

candidates for each recognized handwritten symbol.

Definition 10: Structural Analysis is the process of recognizing the two dimensional
relationship between the math symbols in a handwritten math expression.
Structural analysis phase usually returns a symbol relation tree (SRT) for the

whole expression.

Most of the proposed symbol recognition methods are based on the assumption that other
preliminary processing steps such as symbol segmentation and layout analysis have been

completed before the recognition phase begins.

Definition 11: Symbol Segmentation is the process of partitioning a handwritten
mathematical expression into its constituent individual mathematical
symbols. The results are typically a set of boundary boxes for each

segmented symbol.

Connected Component Analysis has been extensively used for symbol segmentation
[NOMURA '03]. Bounding box extraction, as well as horizontal and vertical projection has
been used to isolate the symbols and different components of a document from each other.
Dynamic programming has also been used for symbol segmentation by optimizing the

overall recognition [TOYOZUMI '04].
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2.4.1 On-Line and Off-Line mode

Handwritten mathematical recognition can also be divided to on-line and off-line modes

based on the data acquisition method.

Definition 12: On-line Recognition - Mathematical expression is retrieved from an on-
line source such as a tablet or a digitizer in the form of a series of pixel

locations along with temporal information (such as [x,y,t] triplets).

Definition 13: Off-line Recognition - Mathematical expression is retrieved in the form
of a scanned image from a printed document as a bitmap array of pixels

(such as [x,y]).

Due to the potential of the online recognition mode for pen-based computing, this mode
has been the focus of attention in most of the recent research projects. The proposed query
system for a mathematical search engine in this dissertation is also based on the online
recognition mode. Some of the previous research focuses on either symbol recognition or
structural analysis, while others focus on both. In the second group the final output of the

process can be produced in LaTeX or MathML [FUKUDA '99].

2.4.2 Symbol Recognition

Segmentation phase creates objects with some known attributes (such as bounding box
location, size and ratio) and an unknown attribute which is the identity of the symbol inside
the bounding box. Most of the techniques used in symbol recognition are optimization

techniques which try to minimize the distance or maximize the correlation of the unknown
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symbol to a set of reference symbols. Some of the major proposed techniques are mentioned

in a survey [CHAN '00]:

Data
Acquisition Major Method Example
Type
Structural feature extraction and decision Belaid and Haton
tree classification
Flexible structural matching [CHAN 99
Feature extraction and nearest neighbor Chen and Yin
On-line classification
ART-based neural architecture and elastic [DIMITRIADIS '95]
matching
Template Matching Nakayama
Symbol hypothesis classification through [WINKLER '97]
HMM approach
Template matching Chou, Okamoto et al.
Template matching based on Hausdorff Fateman et al. Mille and Viola
distance
. Feature extraction and classification through Ha et al.
Off-line
neural network approach
Feature extraction and neatrest neighbor Fateman and Tokuyasu, Lee et al
classification

Table 2-4 - Categorization of symbol recognition methods used in
different systems according to data type required [CHAN '00]

Definition 14: Elastic Matching is a method of pattern matching, which uses dynamic
programming as a means to calculate the minimum possible distance
between the test pattern and each of the a priori defined reference patterns.

[DIMITRIADIS '95]
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Definition 15: Template Matching is a method of pattern matching by searching a
predefined dictionary of patterns in order to maximize the correlation
between extracted features of the test pattern and the reference patterns.

[SUZUKI '00]

Structural and Neural Networks [KOSMALA '99], Statistical Classifiers such as
Hidden Markov Models (HMM) [KOSMALA '00] and Support Vector Machines (SVM)
[TAPIA '03] have also been used for mathematical symbol recognition. Among all of the
mentioned methods, the Hidden Markov Model method does not need a segmentation phase
before symbol recognition, which makes it a good candidate for a math search engine front-
end. HMMs have been extensively used for speech recognition and can also be used for
simultaneous segmentation and recognition of math symbols. The set of all of the possible
math symbols is very large [BEETON '03] and most of the proposed recognition methods
only focus on a subset of them [KOSMALA '00] [KOSMALA '99] or on expressions which
are limited to a certain level of math such as high school math [FUKUDA '99]. Different
models of combining classifiers, such as voting mechanisms, border count and logistic

regression, have also been proposed to better recognize math symbols [GARAIN '04].

2.4.2.1 Classification Score and Thresholds

A typical symbol recognizer assigns a classification score (cs) to each proposed
candidates for every handwritten symbol in a query. This value can be a probability value (as in
probabilistic classification methods such as HMM and SVM), a similarity metric (as in elastic

and template matching methods) or a distance metric. Different classifiers use different
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methods to assess the strength of classification for each handwritten symbol to different

candidate classes.

Definition 16: Classification Score is a measure of class membership, assigned by the
symbol recognition classifier to every candidate class for any of the
handwritten symbols in a query to assess the strength of symbol

recognition.

Classifiers also use a set of thresholds to differentiate between different levels of
membership strength. These levels are categorized as PASS, TIE & REJECT. Classifiers
compare the classification scores of different candidates to these thresholds. If the
classification score of a candidate is higher than the PASS threshold, the classifier has enough
confidence to assign that candidate as the recognized class for the handwritten symbol. If the
score is less than the REJECT threshold, the symbol remains unknown. It means that the
classifier does not have enough confidence to match the unknown symbol to any of the
reference classes, even with the minimum acceptable confidence. If none of the classification
scores is higher than the PASS threshold, but there are couples of candidates with
classification scores between the PASS and REJECT levels, these candidates are all in a TIE

position with each other.

Definition 17: A symbol is considered PASS by a classifier when the classification score of

at least one of its proposed candidates is higher than the PASS threshold.

Definition 18: A symbol is considered REJECTED by a classifier when the classification

score of all its proposed candidates are less than the REJECT threshold.
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Definition 19: A symbol is considered to be in the T1E state by the classifier when none
of the classification scores of its candidates are above the PASS threshold
and has at least two candidates with classification scores between the PASS

and the REJECT thresholds.

Assumption 2: Classification score in this research is an abstract value and is independent
of the specific type of the classifier. For each category of symbol

recognition classifiers, it can be substituted with the appropriate measure.

2.4.3 Structural Analysis

The major task of the structural analysis phase is to build a hierarchical structure of the
recognized symbols based on the semantics of the math expression. This structure is usually
represented by a tree (parse tree or relation tree) called the Symbol Relation Tree (SRT).
One of the major challenges in this phase is the identification of implicit operators which cause
the recognized tree to have missing nodes. Spatial operators are usually determined by
analyzing the relative locations of the bounding boxes around the symbols. This process can
also be very complicated since there might be more than two symbols with different relative

locations.
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Figure 2-6 - Relative Locations of Bounding Boxes [CHAN '00]

Most of the proposed methods for structural analysis are based on the assumption that all
of the symbols have been completely recognized and their solutions only focus on the
structural analysis phase. [CHAN '00] have summarized some of the proposed methods for

structural analysis.
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Parsing

Required Major Method Example
Procedurally coded rules for building a symbol [Chen and Yin, Lee and
relation tree Wang
Projection profile cutting for building a relation [Faure and Wang,
tree Okamoto et. Al
Recursive X-Y cut for building an expression Haetal.
tree
Simultaneous segmentation and recognition Kosmala and Rigoll

. through HMM approach
No Parsing Lee and Lee,
Procedurally-coded rules for converting 2-D Nakayama
sub-structures into corresponding linear form
Fundamental and specific structure processing [Twaakyondo and
for building a relation tree Okamoto
Procedurally -coded rules with some Winkler et al.
probabilistic measures for building a directed
graph
Coordinate Grammar Anderson
Top-down .
Patsing Stochas’glc contegt—free grammar Chou
Constrained Attribute Grammar Pagallo
Structure specification scheme Anderson
Attribute Grammar Dimitriadis et al.
Grbavec and Bolstein,
Bottom-up Lavirotte and Pottier
Parsing v ’
Graph Grammar Pfeiffer
Chart parsing associated with probability Miller and Viola
vectors
Description Grammar Belaid and Viola

Top-down and
Bottom-up
Parsing

Hierarchical decomposition parsing

Chan and Yeung

Converting 2-D sub-structure into
corresponding linear form before performing
recursive-descent parsing

Fateman et al.

Table 2-5 - Summary of structural analysis methods used in different
systems based on the type of parsing required [CHAN '00]
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2.4.4 Error Detection and Error Recovery

Error detection and recovery are essential steps in the design of the query generation
front-end for mathematical information retrieval. Only few researches have addressed error

detection or error recovery operations in handwritten mathematical recognition. [CHAN '01]

[KOSMALA '00] proposes a manual error cotrection through a GUI with five new error
correction operations: erase, substitute, insert, undo/redo and rewrite. User will write a special
symbol (gesture) for each of these operations on top of the handwritten mathematical
expression, and the recognition system reevaluates the expression after applying the error

correction operation.

The handwriting quality of mathematical expressions differs greatly among different
writers. [CHAN '01] postulated/hypothesized that it is easier to achieve higher recognition
results with neat handwriting and the longer a math expression is, the lower the overall

recognition rate becomes. The following figure is a summary of common error cases [CHAN

'01]:
Total Number
. Error
Error Case Type of unit number of error
. Rate
of units  cases
FELEIT O (R UL e expression | 600 196 | 32.67%
expressions
Incorrect grouping of strokes character 11190 534 4.77%
Missing part of paranthesis pair of 550 260 47.97%
symbols symbols
f ti
+' - like symbol in tan uncation 100 12 12.00%
name

Table 2-6 - Frequencies of occurrence of the common etror cases

[CHAN '01]
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Considering the higher number of characters and symbols in longer expressions, this
observation makes sense and there is a higher chance for misclassification of symbols. Usually
the total number of misrecognitions is normalized based on the total number of symbols in an
expression to reduce the effect of length, but as reported by [CHAN '01], the increasing

number of errors in longer expressions still exists even after normalization.

Mathematical expressions typically consist of special symbols and Greek letters in addition
to Latin letters and digits. These characters and symbols can appear in various positions and
different sizes, which make the recognition process very demanding. A good error handler

should not significantly slowdown the process of the IR system.

Existing mathematical recognition systems exhibit very different performance levels with
respect to the different aspects of error handling. There has been very little research in the
literature to address the error recovery or error correction and there is no previous work in

compensation for unrecovered errors in handwritten mathematical recognition.

2.4.4.1 Types of Errors in Handwritten Mathematical Expressions

In handwritten mathematical recognition, errors can be categorized as: [CHAN '01]

e Lexical Errors: misclassified symbols, due to poor handwriting, similarity between

mathematical symbols, or the imperfection of the recognition techniques

e Syntactic errors: Errors due to violating the correct syntax of mathematical notation.

Example: an arithmetic expression with an unbalanced number of parenthesis

e Semantics errors: Errors due to violating the semantics of different math operators.

Example: an operator applied to an incompatible operand
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e Logical errors: Errors in math expression that are syntactically and semantically
correct, but logically incorrect; Example: 1+1 =3
Assumption 3: In this dissertation, error is assumed to be lexical error, unless otherwise

specified.

In a math query system that is based on handwriting, the designer has two options to

handle the symbol recognition errors:

Definition 20: Manual Error Recovery - Asking the user to verify the results of the
recognition phase and to manually provide corrections for misrecognized

and/or untrecognized symbols

Definition 21: Automatic Error Recovery - Automatically handling the errors as much

as possible without user involvement

Hybrid approaches are also conceivable. In this research, lexical errors are not completely
recovered since without user participation, there is no way to be assured that the handwritten
symbol is an error or the automatic error handling system has corrected an error. The ultimate
judge for the correctness of the recognition results remains the user. The proposed policies of
this research increase the possibility of including the correct query phrase in the expanded
query before final submission to the search system. Therefore, the proposed automated error
handling system in this research has been labeled Error Compensation instead of Eror

Recovery.
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Automated Error Compensation — An automated method to compensate for the
negative effect of potential lexical errors on the performance of handwritten-based

mathematical search with the minimum amount of user interaction

2.4.4.2 Advantages and Disadvantages of Manual Error Recovery

e (1) Increase in the precision of the search system - Users will make sure that the
output of the recognition system is in fact the intended query. The IR system will not
return non-relevant documents due to a misrecognized query which will ultimately

result in higher precision

e (-) Increasing the overhead - The amount of time a user spends in generating the query
is included in the overbead of an IR system. Asking the user to verify the output of the

recognition phase and manually correct the recognition errors increase the overhead.

e (-) Patience threshold and user frustration - One of the major factors in the design
process of any interactive system is to consider the average patience threshold of
potential users. This factor for web-based systems is usually very small (almost in the
magnitude of seconds). Manual error handling in a mathematical handwritten
recognition system can easily become an interactive process. Fixing one error might
create other errors as the recognition system often reevaluates the modified query. This

iterative process could create substantial frustration for the users.
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2.4.4.3 Advantages and Disadvantages of Automatic Error Recovery

In this mode the query system has to handle the errors by itself. Since the query system has
no knowledge about the semantics of the expression at this time, this automatic process can be
very complicated. The main objective of this dissertation, as stated before, is to automatically handle the

lexczcal ervors and compensate for them in the query system.

e (+) Decreasing the overhead since the user is not involved in the error recovery

e (+) Possibility of handwritten queries being submitted by another computer system on
behalf of a human user, most likely without the latter’s knowledge. Other mathematical
systems such as computer algebra systems, automated mathematical proof systems,
etc. can benefit from mathematical search. A handwritten expression in another math-
aware computer system can be submitted to the search engine. For example in math
proof aid systems, a math expression can be send to the search engine to verify if such
an expression has been used by other mathematicians and so the search result can help
continuing the proof. Also in a pen-based computer algebra system, if a handwritten
math expression cannot be completely recognized by the system, instead of asking the
user to verify it, a math search engine can search for the partially recognized expression

and complete it based on the search result.

® (-) Decreasing the precision — Since users are not involved, the output of the automatic
error recovery system might still have errors and be different from what users really
intended as their query; which will lead to a decrease in the precision ONLY

comparing to a full manual error recovery. On the other hand, comparing to a math
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search engine without any support for lexical errors, the proposed compensation

system will substantially improve the recall.

2.4.4.4 Heuristic rules for Error Recovery

There has been some previous research to correct some of the recognition errors using

heuristic rules. Lee and Wang proposed some basic heuristics: [LEE '95]

e Fach binary operator must have two operands that are usually of the same typeface

and size

e Checking for special function names that usually appear in a math expression such as

n_ - s n nmn

sin”’, "cos" " tan' etc.

e There are no symbols at the subscript position of a numerical

e Symbols in the same operand usually posses the same properties

2.4.4.5 Critical Errors in Handwriting Recognition for Mathematical Search

Not all of the different types of the errors are equally critical in the performance of
mathematical IR systems. In fact, what appears to be a syntactic, semantic or logical error
might very well be the exact expression for which the user is searching. On the other hand,

lexical errors are not caused by the user but are due to the inefficacy of the recognition system.

2.4.4.6 Detection of Lexical Etrors

As mentioned in the previous chapters, no matter what type of symbol recognition
method is used, the recognizer will not be able to completely recognize all of the math

symbols. Based on classification scores, a classifier passes a symbol, rejects a symbol or
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considers a tie between two or more of its candidates. If a symbol has been rejected or itisin a
tie situation, then there is potential for a lexical error. It is also important to note that a symbol
might have been passed by the classifier but still be a lexical error. For example if a user writes
the alpha symbol very much like a lowercase x, there is a good chance that the symbol

recognizer classifies it as a lowercase x while the user really meant alpha.

Assumption 4: If a symbol is in the TIE category, it will be considered a potential lexical

Crrof.

Since the symbol recognition has been simulated in this research, symbols will be randomly
selected for reject or tie situations. Number of lexical errors introduced in each sample query is

a factor of the experiments.

2.5 Comparison of different Interaction Modalities

Based on the general objective of an IR system, the most desirable mode of interaction

between a user and an IR system is the one which minimizes the overhead.

Different modes of query input are in fact different ways of building an interface for the
query system. In user interface design, after the task analysis is complete and the user actions
are identified, the designer can choose from the primary modals of interaction; menu
selection, form filling (text input), command language, natural language, and direct

manipulation are among the main categories of interaction modals. [SHNEIDERMAN '92]
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“Users of math digital libraries must be able to express their search needs in the native,
concise language of math”. The major modals of interaction that have been proposed to

communicate mathematical content to a computer are: [ZHANG '03]

1. Text-based input forms using a QWERTY keyboard, such as LaTeX
2. Editor-like GUI programs, such as Microsoft equation editor
3. Handwriting a math equation using a tablet and a stylus
4. Voice-enabled user interface
5. Hybrid modes
Appendix 5 (Section 7.5) covers a detailed discussion and comparison of advantages and

disadvantages of each mode.
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2.6 Information Retrieval Evaluation
2.6.1 Evaluation of Text-based IR Systems

Evaluation techniques for text-based information retrieval systems have been the focus of
great research in the past decade. Evaluation of other search systems such as Multimedia
search (image, video, music, etc.) has recently received substantial attention. The process of
evaluating text-based search systems has been standardized by the creation of the annual Text
Retrieval Evaluation Conference (TREC) sponsored by DARPA and NIST. Introduction of a
large standardized test database along with the yearly TREC conference have provided a solid
background for performance evaluation in text-based IR systems. Different perspectives have
been considered in the selection of the suitable performance metrics. Academic perspective
focuses on the effectiveness of the system while commercial point of view favors availability
and reliability of the search system for the end users. However, the most important evaluation
metrics of information retrieval will always be biased by human subjectivity [KOWALSKI '00].
Although relevance is assessed as a binary function in TREC, in real world situations,
relevancy is very subjective and often not a completely binary decision. Many researchers have
tried to propose new methods and frameworks for defining relevancy and evaluating IR

systems [WU '99].

Evaluation measurements, including relevancy, are often considered from two
perspectives: User Perspective and System Perspective. Each user has its own criteria to decide what
is relevant and what is not; and even for one user, these criteria can change based on time or

situation. From a user perspective, relevance judgment is measurable at a point in time
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constrained by the particular users and their thresholds on acceptability of information

[KOWALSKI '00].

From a system point of view, relevancy depends on the degree of match between a query
and an item in the database. It can be objectively calculated without depending on end user’s
judgment. This form of relevance evaluation is mainly used in ranking the results of a search
before showing them to the user. Performance metrics for IR systems can be categorized as

Objective or Subjective [KOWALSKI '00]:

Definition 22: An Objective Measure is one that is well be defined and is based upon

numeric values derived from the system operation.

Definition 23: A Subjective Measure is based upon an individual user’s judgment. They

can also produce numeric values.

Standard time and space complexity of algorithms are two examples of objective measures
to evaluate the automatic indexing aspect of an IR system while complexity or accuracy of
manual indexing is an example of a subjective measure. Another example of an objective
measure is the time it takes for a user to create a query which will directly affect the overhead
of the system and is usually measured from the moment a user enters into an interface
allowing query input until the query is complete. Response time is another important objective

measure that indicates how quickly a system searches a database index and returns the results.
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2.6.1.1 The Cranfield Paradigm

The conventional methods of performance evaluation in text-based information retrieval

systems such as TREC, are mainly based on the Cranfield Paradigm. [VOORHEES '02]

Cranfield experiments were among the first laboratory experiments in IR which were to
compare the performance of different indexing languages. The experiments used a single zesz
collection and the same set of topics (queries) for all of the IR system. Precision and recall were

used to evaluate the effectiveness of search. A test collection in this paradigm consists of three

major COI’IlpOIlCI’ltSZ

o The documents

e The statements of information needs (Topics or Queries)

e Set of relevance judgment

The relevant judgments are a list of document which should be retrieved for each topic. The

Cranfield paradigm makes three major simplifying assumptions [VOORHEES '02]:
1. Relevance can be approximated by topical similarity.
2. A single set of judgments for a topic is representative of the user population.
3. All of the relevant documents in the test collection are known.

These simplifying assumptions are not free of complications. For example the first assumption

has several complications:
- All relevant documents are equally desirable

- Relevance of one document is independent of another
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- User information need is static

It is important to note that in general, these assumptions are not true even in the text-
based search systems and that’s why TREC has gone through many revisions to reduce the
error in the evaluation process. As discussed in the next section, these assumptions are even
less applicable in mathematical information retrieval and in order to come up with the right
measures for performance evaluation in math search, all of their complications should be
considered. A test collection, even moderately large in size, cannot possibly have complete
relevance judgments. In TREC and other modern test collections technique called Pooling is
used to create a subset of documents to be assessed for relevancy. All of the items that are not

in the pool are considered irrelevant.

2.6.1.2 Test Collections, Search Topics and Relevance Judgments in TREC
NIST provides a large test collection along with a set of topics to the TREC participants
and each participant returns to NIST a ranked list of the top 1000 hits per topic. A test
document set should reflect the diversity of:
- Subject matter
- Word choice

- Literary styles and formats

A topic statement generally consists of four sections: an identifier, a title, a description and
a narrative. Topics are created by the same person who performs the relevance assessments for

that topic. Relevance judgment in TREC is a binary process; a document is either relevant or
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not relevant. A document is assessed to be relevant regardless of other documents that contain

the exact same information.

2.6.1.3 Incompleteness and Inconsistency

It is not possible for judges to assess the relevancy of every single document in the set of
results from a particular search system. Since judges only assess those documents that are in
the constructed poo/, this process violates one of the assumptions of the Cranfield paradigm
because it does not produce complete judgments. Since everything that is not in the pool in
considered to be non-relevant, the evaluation score of the noncontributing methods is
deflated. Inconsistency, which refers to the fact that different judges produce different
relevance sets for the same topics, has been the main perceived problem with the test

collections. [VOORHEES '02]
2.6.1.4 Measures of Search Quality
Quality of search is measured by a different group of performance metrics. Precision,

Recall, Fallout and Unique Relevance Recall are among the most common used metrics.

Definition 24: Recall is the ratio of number of relevant retrieved documents to the total

number of relevant documents indexed in the IR system

Definition 25: Precision is the ratio of number of relevant retrieved documents to the

total number of retrieved documents

Definition 26: Fallout is the ratio of non-relevant retrieved documents to the total non-
relevant documents in the database

41



Definition 27: Unique Relevance Recall is the ratio of unique relevant documents
retrieved by an algorithm to the total number of relevant items in the

database.

Unique Relevance Recall is mainly used to compare different algorithms; it measures the

number of relevant items that were retrieved by one algorithm and not by the others.

Due to the denominator in the definition of recall, its calculation in operational systems is
often unrealistic since the total number of relevant items is not known. Two commonly used
approaches to solve this problem are sampling the database or applying different search
strategies to the same database with the same set of queries [KOWALSKI '00]. It is also not
practical to ask a user to go over all of the returned hits in order to calculate the precision.
Often an adjustment is made to the denominator and Total_Number_Reviewed is used

instead.

Other measures have also been proposed to measure the quality of search, such as Novelty

Ratio, Coverage Ratio and Sought Recall [ROWALSKI '00].

2.6.2 Math Search Evaluation

Although many of the performance metrics that are widely used in conventional text-based
search systems are also applicable in math search, there are substantial implications specific to

math IR systems that have to be addressed.
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First there is no standard database of math content to use in performance evaluation and
compare algorithms and results. The author has used the DLMF search system to conduct the

experiments in this dissertation. [YOUSSEF '05]

There is also no standard set of queries in math search such as those used in TREC
experiments. The set of test queries used in the experiments in this research are based on the
author’s judgment to be representative of different categories of math expressions and also
suitable for the DLMF search. Precision and Recall have been used as the primary metrics to
evaluate the effect of error compensation policies on the performance of math search. Other
metrics such as Satisfaction, Frustration and Total Relevance have also been used in

evaluating the relevance ranking (Section 4.6).
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2.7 Performance Criteria
Based on the discussions in the previous sections and the review of the related work, the

proposed solution for this research should satisfy all of the following performance criteria:

1- The solution method is applied to the query after the symbol recognition phase and

before the structural analysis phase.

2- 'The solution method should cause the minimum amount of interaction with the user

before the initial search results are ready to be reviewed.
3- The solution method will only deal with lexical errors.

4- The solution method should not significantly slowdown the overall performance of

the IR system.

5- Symbol recognition and structural analysis are both simulated and not implemented for

this research.

6- Lexical errors will be randomly generated in sample queries.

2.8 Research Objective

To design, implement and evaluate an automated lexical error
compensation system for the query processing front-end of a
mathematical IR system which receives pre-processed handwritten
mathematical queries (subject to all of the performance criteria listed in

section 2.7 and assumptions listed in section 7.2).
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3 Chapter Three - Proposed Research

This chapter explains the proposed solution for lexical error compensation for handwritten

mathematical queries.

3.1 Solution Description/Solution Method

The following diagram is an overview of the proposed math query processing pipeline.

Query expression is Segmentation and Symbol Recognition

handwritten on boundrybox Manual Simulation Random generation

SMARTBOARD extraction in Scribble Infty Editor of Lexical Errors

Structural Analysis Lexical Error

Manual Simulation Compensation
FFES/DRACULAE Operations

Submission to Math Text based Query
IR Generation

Figure 3-1 - Query Processing Pipeline

3.1.1 Query Entry

Sample handwritten queries are extracted from a SMARTBOARD® device. Queries ate
written by hand on the board and the pixel coordinates along with the timing information will
be generated in a log file. A Java application (Scribble) was implemented by the author to
extract the handwritten queries from the board. Users handwrite math equations on the board
symbol by symbol. This correct segmentation of symbols is obtained by user confirmation

after each complete symbol.
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Character segmentation and boundary box extraction are done through the scribble
program (Figure 3-2). Users push a button on the GUI right after writing each symbol and the
Scribble program will record the upper left and lower right corner of the bounding box of the

most recent group of strokes in the log file.

Beain End Biox it!

Figure 3-2 - Interface of the Scribble program in SMARTBOARD
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3.1.2 Symbol Recognition Simulation

Symbol Recognition for online handwritten mathematical notation has been studied before,
and many different approaches have been proposed. Design and implementation of a new
classifier for math symbols is outside the scope of this dissertation; therefore this research
project simulates the results of such a system, similar to the real results generated by the
previously proposed methods. The truth UNICODE value for each symbol has been manually
added to the input file. Table 3-1 is the output of the Scribble program for x% + y% = 0.

Symbol No. 1 2 3 4 5 6 7
# of strokes 1 1 1 1 1 2 2
UNICODE 0078 | 0032 | 002B [ 0079 | 0032 | 003D | 0030
Upper Left x 120 | 132 132 181 189 | 212 241
Upper Lefty 176 | 153 153 183 | 153 | 168 | 169
Lower Right x 91| 118 118 167 | 181 | 201 228
Lower Right y 153 142 142 153 144 162 153

Table 3-1 - Output text file from Scribble for a test query

3.1.3 Random Generation of Lexical Errors

Since the symbol recognition phase is simulated in this research, lexical errors are
randomly generated in the sample queries. Normalized number of randomly generated errors

in each query is defined as the error rate (g):

Number of introduced erroneous symbols

Definition 28: Error Rate (€) =

Total number of symbols in a query

The following figure is an example of a math query in which lexical errors have been

randomly introduced.
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—-b+Vb2Laac . —b+VbZl4ac
correct: X = T with two erros: X = T

Figure 3-3 - Quadratic equation solution, two symbols have been
randomly replaced with similar symbols, letter a and alpha, digit 2

and letter z; Number of symbols = 15, & = 2/15 = 13%
Based on the intended error ratio, some of the math symbols will be selected to be

replaced by similar symbols to simulate lexical errors due to similarity between math symbols.

3.1.4 Lexical Error Compensation Operations

After some of the symbols have been randomly selected for introducing lexical errors to
the query, four different approaches are proposed to compensate for the effect of lexical
errors. If one or more of the symbols in a handwritten query are in the Rejected or Tie category,
the query will be modified based on one of the proposed policies. It is important to note this

approach also applies to a symbol with two or more candidates in the PASS region.
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3.1.4.1 Policy One — Boolean Expansion Approach

If the classifier does not have enough confidence to reach the PASS threshold in
classifying a math symbol, the best it can do is to provide a list of most probable candidates for
the symbol. Policy one creates an expanded version of user’s query by applying the logical
disjunction operator and substituting the unknown symbol with the most probable proposed
candidates by the classifier. Only the top two candidates for each symbol will be used to

prevent the query from growing in size.

|

h—
h‘f'@n/\j/ S S OO

Handwritten Query:

Unrecognized Symbol: @ Proposed Candidates: (1) a (2) «
Expanded query:

(Apx™ + ap_1x™ 1+ -+ ag) <OR> (@, x™ + a1 x" 1+ +ag)

Figure 3-4 - Policy One - Creating an expanded query based on two
symbols proposed for the unknown symbol and applying Boolean
OR between math expressions

3.1.4.2 Policy Two — Iterative submission Approach

Policy two is based on an iterative approach. The sample query will be submitted to the
next phase iteratively and each time one of the candidates for the unknown symbol(s) will be
substituted in the expression. The motivation behind this approach is that the most probable
candidate will generate the largest hit result list by the search engine and will be selected as the

candidate of choice before the final hit results are shown to the user.
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The order of substitution is based on the classification score for each candidate («s) (See

section 2.4.2.1). Candidate with the highest ¢s will be submitted first.

( J b B b

— [\~ | {l > II'\l XL /,\. = 3.'.‘:;'.”'7.'\-"\ of-

o1

Handwritten Query:
Candidates for unknown symbol: 1% candidate: s (¢s;) , 2™ candidate: 5 (¢s;)

Assume: €S; > €S,

lteration 1: s Submit: - (coshx) =sinhx  number of hits: 110,000

Iteration 2: 5  Submit: % (coshx ) = 5inhx  number of hits: 2

Figure 3-5 - Policy Two, Math query is submitted to the search
engine multiple times and the query with the highest number of hits
is selected

3.1.4.3 Policy Three — Weighted Clause Approach

This policy creates weighted mathematical clauses for each possible combination of
candidates for unrecognized symbol(s). Policy three uses classification scores to calculate a
weight assigned to each math clause. The math search engine uses these weights for relevance
ranking of the search results. The following is an example of a query with one lexical error.

Weights are calculated based on as values by a Weight Caleulation Function.

50




Handwritten Query:

Candidates for unknown symbol: 1% candidate: 7 (¢s;) , 2™ candidate: 1 (cs;)

(limsin=) [W1] <OR> (limsin2) [W2]
x—0 X x—0 X

Figure 3-6 - Policy Four: creating an extended math query based on
weighted clauses. ¢Sy and ¢S, are the classification scores for m and 7
respectively. W7 and W2 are calculated weights of each clause.

3.1.4.4 Weight Calculation Function

Since the math search engine uses the weights only for the purpose of ranking the search
results before returning them to the user, only the order of the weights are important not their
actual values. Search results that have matched the math clause with higher weight will be
ranked higher in the hit list than those that have matched math clauses with lower weights. In
the case of one lexical error, weights are directly calculated from the classification scores of
proposed candidates. Most of the IR systems assign weights in the range of [0, 1], either in the
query generation phase or during the indexing phase. As an example, if a classifier returns
likeliness values from O to 100 (such as [ETO '01]), the following mapping function /* will

map them to [0,1] and use them directly as weights:
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Handwritten Query:

Proposed Candidates: 1% candidate: 7 (¢s; = 91) , 2™ candidate: 1 (cs, = 63)

Where fis a one-to-one mapping function to [0,1]

W= f(cs) = %
W1 =f(91) = 0.91 ., W2=f(63)=0.63

(limsin2) [0.91] <OR> (limsin-L) [0.63]
x—0 X x—0 X

Figure 3-7 - Calculation of Weights based on the classification
scotes, the classifier returns ¢s values from 0 to 100

3.1.4.5 Policy Four — Wildcard Replacement

If the classifier is unable to recognize a symbol and the highest classification score is less
than or equal to the REJECT threshold, that symbol is rejected by the classifier. In this case,
the classifier has failed to assign the symbol to any of the known classes with enough

confidence. The wildcard policy will replace such a symbol with a wildcard symbol. Any math

symbol can replace the wildcard symbol during the search.

Handwritten Query:

Submitted Query: A = f: %T‘ 2 d@

Figure 3-8 - Policy Four: Rejected symbol has been replaced by a
wildcard
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3.1.4.6 Multiple Lexical Errors

All of the examples in the previous sections had only one randomly introduced lexical
error. When the number of the lexical errors in a query is more than one, the policies should

be adjusted accordingly. The number of possible extended queries can grow up exponentially

as the number of lexical errors increases. If 7 symbols have been selected to represent lexical

errors and the classifier proposes 7 possible candidates for each symbol, a total number of "

different queries can be built. However, in order to prevent the exponential growth of query
size, the number of possible candidates for each symbol has been limited to at most two.
Figure 3-9 shows an example of weight assignhment to a mathematical query with two

randomly selected symbols as lexical errors.

As mentioned before, weights are only used for relevance ranking and their actual value
does not change the precision or the recall of the search. Higher weights should be assigned to
the most probable clauses which justifies adding the classification scores of candidates to get

the strongest guess of the classifier for the whole clause in the distance-based classifiers.

Assumption 5: The most probable clause is the one with the most probable individual

candidates.

Random selection of math symbols to simulate lexical errors, does not affect the
methodology proposed by the compensation policies. The effect of the random selection
method on the performance of math search has been measured in a formal experiment in
chapter 5. As shown in experiment 6, selection of different group of symbols as lexical errors

can potentially change the amount of improvement in precision and recall, but still leads to an
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improvement in the quality of search. The absolute values of change in precision or change in
recall might be different from one randomly selected group of symbols to another one, but the
overall effect of the expansion policies, which leads to an improvement in the search
performance, remains the same. Different groups of randomly generated lexical errors lead to
different sets of items matched to the wrong queries in the database and consequently
different values of precision and recall. The number of introduced lexical errors is a factor of

the experiments.
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Handwritten Query:

Candidates for first symbol:

Candidates for second symbol:

All possible combinations:

k;'s will be sorted in descending order, w;'s are assigned to sorted K;'s

ax+by =20
ax+bg =0
aa + by =0
ac+bg =0

(ax + by = 0)[0.3]

sy +cs3 = ky
cs1+csy = ky
€Sy +cs3 = ks
€Sy + sy = ky

<OR> (aa+by=0)[0.1] <OR> (aa+bg = 0)[0.2]

a
ax+by =20
ax+bg =0
aa +by =0
aa +bg =0

CS3
CSy

cS; +cs3 =
C51 + CS4_ ==
CSZ + CS3 =

cSy + csy

k4 W4 = 4
k1 W1 == 3
Sort — ks ws =2

kz W2=1

<OR> (ax+bg =10)[0.4]

Map to [0,1] 0

Figure 3-9 - Mathematical Weighted Clause, Weight calculations
with multiple lexical errors
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3.1.4.6.1 Weight Mapping for Multiple Lexical Errors

The proposed mapping model in Figure 3-9 is a special case of a mapping function which
takes multiple classification scores in a query and returns a weight for each of the mathematical
clauses. The definition of the weight mapping function for multiple lexical errors is directly
related to the nature of the classification scores that are generated by the recognition method.
Different types of classifiers use different type of metrics to measure the classification score of
each proposed candidate. Therefore, based on the specific type of the recognition method, the
weight mapping function should be modified. This section reviews the high-level requirements

for such a function.

1. The mapping function should be defined based on the specific nature of the

classification scores that are generated by the classifier.

2. 'The overall weight for a math clause is directly related to the classification scores
of proposed candidates for the lexical errors in that clause. The higher the

individual classification scores in a clause are, the greater the overall clause weight

should be.

In the previous section, the sum of the classification scores was used as the weight for the
math clauses. Adding the classification scores is a special case of the r-distance relationship

between them:
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Definition 29: The t-distance (D,.) for two classification scores ¢s; and cs, is defined

as:

D, = /cs] + csh

If there are n symbols that have been selected as lexical errors, then the r distance is

defined as:

D, =csl +csy + -+ cshy

The example shown in Figure 3-9 assumes only two lexical errors and 7 = 1. Therefore:

D = c¢s; + cs,
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3.1.4.6.2 Probabilistic Models

As mentioned in the review of the related work, some of the symbol recognition methods
are based on probabilistic models, where classifiers return a probability value for each of the
proposed candidates for a handwritten symbol. If the classifications of the symbols are
independent from each other, then instead of adding the classification scores, the probabilities
are multiplied to calculate the weights for each math clause. Among the probabilistic models of
mathematical handwritten recognition, HMM is an example of a non-independent model
where the probability of recognition for each symbol is dependent on at least one previous
symbol. The proposed method in this research for probabilistic-based multiple lexical errors

only apply to independent models.

Assumption 6: The probabilistic recognition system for the multiple-error experiments is
an independent model where the probability of recognition of each symbol

is independent of all of the other symbols in a mathematical expression.

Figure 3-10 shows an example of weight calculation in a math query with two lexical errors

which is based on an independent classification model.

58



Handwritten Query:

x ¢s; =p; =01

Candidates for first symbol: @ csy,=p, =09

y c¢s3 = p3; =0.89

Candidates for second symbol: g csy= p, =011

Independent Classification = P(A N B) = P(A4).P(B)

ax+by=0 p.p; Kk
ax+bg=0 pi.ps k,
ac+by=0 p,.p3 ks
ac+bg =0 pyp, k,

Possible combinations:

k;'s will be sorted in descending order, w;'s are assigned to sorted K;'s

ax + by = O pl'p3 == 0.089 k1 k3 W3 == 0.801
ax+bg=0 p;.pys=0.011 £k, Sort — ky, wy,=0.099
at+by =0 pyps=0801 ks °"7 k, w, =0.089

ac +bg =0 p,.p, =0.099 k, k, w,=0.011

(ax + by = 0)[0.089] < OR > (ax+ bg =0)[0.011] < OR

> (aa + by =0)[0.801] < OR > (aa+ bg = 0)[(0.099)]

Figure 3-10 - Mathematical Weighted Clause, Weight calculations
with multiple lexical errors for Independent Probabilistic
Classification
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3.1.5 Structural Analysis

As mentioned in section 2.4.3, Structural Analysis in handwritten mathematical recognition
has been extensively studied and numerous methods have been proposed. However, most of
these techniques are still far from mature and very limited in terms of recognition capability
and accuracy. Additionally, they are not easily portable to other systems or even publicly
available to be embedded in other programs. In order to have full control over the design of
the performance experiments in this research, two different methods for structural analysis are
used: (1) Manual Simulation- Similar to the symbol recognition phase, the structural analysis
phase has also been simulated and the grand truth of the symbol relation trees for the entire
sample queries have been manually built-in for the experiments. (2) Porting an Existing Structural
Abnalysis Program - The Freehand Formula Entry System (FFES)/DRACULAE [ZANIBBI '00,
ZANIBBI '04] is an open-source handwritten mathematical recognition program.
DRACULAE produces symbol relation trees from a list of symbols with bounding boxes,
which makes it a perfect fit for the proposed query processing pipeline in this research. Figure
3-11 shows the symbol relation tree for a sample query generated by the query processing
pipeline. The query processing pipeline program replaces the randomly selected symbols with

their similar alternatives in the symbol relation tree of each query.
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3.1.6 Text-Based Query Generation

Last stage of the proposed solution for the query processing pipeline, converts the symbol
relation tree of each query to a text-based query which is appropriate to be submitted to the
search engine in DLMF. A recursive algorithm was designed and implemented that converts
the SRT to text. Figure 3-11 and Figure 3-12 are examples of a sample query that has been
processed by the query processing pipeline, converted to SRT and finally converted to the

DILMF format.
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Xg +yeth =0 ?i%rﬂ, — IE n B
C ¥

@) (b) ©

C)

x beginsub {a} endsub beginsuper 2 endsuper + y beginsub {c} endsub beginsuper {t + 1} endsuper = 0

©

x a™2+y_c”(t+l) =0

()

Figure 3-11 - Sample Query without lexical error: (a) Rendered form,
(b) Handwritten, (c) Symbol Recognition and Boundary Box
Detection, (d) Symbol Relation Tree, (¢) Text-based query (f) DLMF

query style
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x2+yttl=0
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S
B
C‘“Q\g
|
©
|- 3 I
]

d

(@)

C)

x beginsub {a} endsub beginsuper 2 endsuper + y beginsub {c} endsub beginsuper {t + 1} endsuper = 0
<OR>

x beginsub {alpha} endsub beginsuper 2 endsuper + y beginsub {c} endsub beginsuper {t + 1} endsuper = 0

©

x a’™2+y c”(tt])=0 <OR> x_alpha™2+y c” (t+1)=0

®

Figure 3-12 - Sample Query with one randomly introduced lexical

error and compensated with Policy One: (a) Rendered form, (b)

Handwritten, (c) Symbol Recognition and Boundary Box Detection,
(d) Symbol Relation Tree, (¢) Text-based query (f) DLMF query
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4 Chapter Four - Research Goals

This chapter describes the primary and secondary goals of this research. The stated goals
are to demonstrate the performance of the proposed query processing pipeline under various
compensation policies. The main goal and its tree of supporting goals are shown in Figure 4-1,
Figure 4-2, Figure 4-3 and Figure 4-4. The leaf nodes in the goal trees correspond to each of

the formal experiments in chapter 5.

4.1 Primary Research Goal

[ Primary Research Goal ]

To measure the effect of lexical error
compensation policies on the performance of a
handwritten-based math IR system

Figure 4-1- Primary Research Goal

The performance of the math IR system is measured using the performance metrics in
section 4.6. Validating the Primary Research Goal requires testing each possible combination

of experiment factors for different error-compensation policies.

)
Operative Point
Pilots

Primary ‘ —
Research Goal J . 3

Secondary
Research Goals
N —

Figure 4-2 - High level categories of supporting goals
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4.2 Secondary Research Goals

The supporting goals are divided into two groups (Figure 4-2). First group are the
operating-point pilot experiments to find the appropriate values for conditions and
parameters. The second group looks at the effect of various lexical error-compensation
policies on the performance of math search. Figure 4-3 and Figure 4-4 summarize the Goals,

Factors and Performance Metrics for this research.
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4 )

Goal 1.1

Set fixed parameters and conditions
for Query Capturing

Factors: Experiment 1

Sampling Rate, Resolution
Performance Metrics:

Handwriting Quality

\ /
4 )

Goal 1.2
Measure realistic lexical error rate
Factors:
Expression Complexity, Expression Experiment 2

Length, Recognition Engine
Performance Metrics:

Error Rate (g)

Operative

\
( Goal 1.3 )

Find proposed candidates for math
symbols by a classifier

Factors: Experiment 3

Math symbols, Recognition Engine
Performance Metrics:

list of proposed candidates

( Goal 1.4 I

Determine the feasibility of
performane improvement on short
queries

Experiment 4

Factors:
Sample queries, Compensation Policy
Performance Metrics:

\_ Precsion, Recall )

Figure 4-3 - Secondary Goal Tree, Operative Point Pilots
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Goal 1.5

Measuer the
performance of

math search under

o

different
compensation
policies

Goal 1.5.1
Measure the effect of
compensation policies on math
search quality

Factors:
Error Rate (&)
Performance Metrics:

Precision, Recall

4 Goal 1.5.2 I
Measure the effect of lexical
error randomization on the

performance of compensation
policies

Experiment
5

Factors:
Error Rate

Performance Metrics:

\\ Precision, Recall /
a I
Goal 1.5.3

Measure the effect of weighted
math clause policy on math
search perofrmance

Factors:

Experiment
6

Error Rate, Weight Calculation
Function

Performance Metrics:

Satisfaction, Frustration and
Total Releavnce

o /

Figure 4-4 - Secondary Goal Tree (continued)
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4.2.1 Global Conditions and Parameters

The handwritten-based query front-end and its operating environment have parameters

and conditions respectively, and either one can be fixed or varied as a factor.

Definition 30: A condition is a specification of the experiment’s environment, whose

value is either fixed or varied as a factor of the experiment [BOCK '01].

Definition 31: A parameter is a specification of the experiment’s system, whose value is

cither fixed or varied as factor of the experiment [BOCK '01].

Definition 32: A factor is a condition or parameter of an experiment whose value is
intentionally varied to measure its impact on the result of the experiment

[BOCK '01].

Definition 33: A governing proposition is a condition or a parameter of an experiment

whose value is fixed during the experiment [BOCK '01].

Definition 34: A treatment is a combination of one level or setting for every factor.

[BOCK '01]

In this section the conditions and parameters are explicitly listed. Some will be fixed and
some will be variable in some experiments and fixed in others. The settings or levels for the
governing propositions and factors will be determined by assumptions or the results of the

operating-point pilot experiments (Section 5.2).
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Conditions:

e Test query creation
0 Math query set — specific math queries used in the experiments
o Query capture - query capture settings

e Secarch engine — DLMF search system settings

e Set of indexed material in DLMF

e Recognition settings — Infty and DRACULAE settings

Parameters:

e Recognition method

e Ratio of lexical errors

o Classifier Pass/ TIE/Reject thresholds

e Number of suggested candidates for each lexical error
e Weight mapping function
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4.3 Precision and Recall (Goal 1.5.1)

The goal of this experiment is to demonstrate that the lexical error compensation can

improve the quality of handwritten-based math search by increasing the precision and recall.

4.4 Lexical Error Randomization (Goal 1.5.2)

The goal of this experiment is to evaluate the effect of lexical error randomization in
handwritten math queries on the performance of math search. As discussed in the previous
chapter, recognition methods for handwritten mathematical notation have been extensively
researched in the past, and for the purpose of testing the effect of lexical error compensation
policies on the performance of math search in this research, the lexical errors are randomly
introduced in sample queries. Experiment 6 was designed and conducted to verify this goal
and measure the effect of changing the randomly selected group of symbols (as lexical errors)

with a new group on math search performance.

4.5 Relevance Ranking (1.5.3)

The goal of these experiments is to demonstrate that the weighted-clause lexical error
compensation (Policy Three), can improve the performance of handwritten-based math search

by improving the relevance ranking.

4.6 Performance Metrics

As discussed in section 2.6, Information Retrieval evaluation mainly uses Precision and
Recall as standard performance metrics. In this research, Precision and Recall have been used
to measure the effect of compensation policies on math search performance. However these

metrics fail to take into account the order in which the search results are presented to the user.
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Policy three (Section 3.1.4.3) is concerned with the relevance ranking of the search results.
Using mathematical weight clauses does not change the precision or the recall of the search
results, but only the order in which the results are presented to the user. In other words,
calculating Precision and Recall for all of the three compensation policies results in the exact
same values. What differentiates them from each other is the order in which the tresults are

presented to the user.

Definition 35: Relevance Ranking is the ranking of the search results based on their
degree of relevance to the query. This metric is generally considered a

subjective metric.

It is important to note that any performance metric for relevance ranking is inherently
subjective and its calculation requires human judgment. The following section explains the

performance metrics used to evaluate the ranking,.

4.6.1 Sliding Ratio

Sliding Ratio compares the ranking of an existing IR system to an Ideal one.
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Definition 36: An Ideal IR system is defined as one in which all of the relevant items are

retrieved before any non-relevant ones [RORFHAGE '97].

Assumption 7: An Ideal IR system retrieves the items in the order of decreasing relevance

weights.

Assuming that # items have been retrieved with weights Wy, ..., Wy, in sequence; in an ideal
IR system, these weights would have been in decreasing order, but in an actual system they

most likely are not. Let Wy, ..., W}, be the same set of weights, sorted in decreasing order.
Definition 37: Sliding Ratio is defined as [KORFHAGE '97]:

n
i=1 Wi
n

74

i=1

SR(n) =

Sliding Ratio is developed on the basis of weighted relevance judgments and it is calculated
after the retrieval of 7 items for some specific value of #, rather than the full set of relevant
items. Sliding Ratio takes into account the position in which the relevant and non-relevant
items occur in the sequence of retrieved items. The following is an example of SR calculation

for 10 items retrieved by a search system.
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Relevance
weights Relevance
n e weights, Z Wi Z W; SR(n)
current
Ideal system
system
1 7.0 8.2 7.0 8.2 0.85
2 5.0 7.0 12.0 15.2 0.79
3 0.0 5.2 12.0 20.4 0.59
4 2.5 5.0 14.5 25.4 0.57
5 8.2 4.5 22.7 29.9 0.76
6 4.5 3.7 27.2 33.6 0.81
7 3.7 3.1 30.9 36.7 0.84
8 1.1 2.5 32.0 39.2 0.82
9 5.2 1.1 37.2 40.3 0.92
10 3.1 0.0 40.3 40.3 1.00

Table 4-1 - Sliding Ratio Calculation for 10 retrieved items

Low values of the sliding ratio for n=3, 4 reflect the low relevance weights of the third and
fourth items. Although sliding ratio is only dependant on the retrieved items, it also has the
disadvantage of considering both the relevant and non-relevant items as a single group. Next

section introduces relevance ranking performance metrics which are based on the concept of

sliding ratio but separate out the relevant and non-relevant items.

4.6.2 Satisfaction, Frustration, Total Relevance

In order to differentiate between relevant and non-relevant items in the calculation of

relevance ranking performance metrics, three different metrics similar to the sliding ratio have

been proposed: [KORFHAGE '97]
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Definition 38: Satisfaction is defined as the cumulative sum of relevance weights, but it
only considers the relevant items; substituting relevance weights that are

less than the relevance threshold with O:

n
S(n) = Z w;, Yw; <R —> w; =0  R;:Relevance Threshold
i=1
Definition 39: Frustration is defined as the cumulative sum of relevance weights, but it
only considers the non-relevant items, substituting relevance weights equal
or greater than the relevance threshold with 0, and relevance weights less

than the threshold with relevance threshold minus the non-relevant weight:

n

_ Vw; =Ry > w; =0 _
F(n) = Z w; ’{Vwi <R > w, = R, —w, R.: Relevance Threshold
i=1

Definition 40: Total Relevance is defined as a weighted combination of Satisfaction and

Frustration:
T(n) = aS(n) — BF(n) , a,p:Adjustment Weights

The following example shows the calculation of Sazsfaction, Frustration and Total Relevance

for two search systems (A and B) and compares them with an Ideal IR system. Number of

retrieved items, n=10. The items are judged in a five-point scale; with 0 and 1 representing

non-relevant items and 2, 3 and 4 representing relevant ones. Relevance Threshold (Ry) = 2

anda = = 1.
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weights IDEAL System A System B

Retrieval | Retrieval
n |lIdeal| order for | order for S(n) F(n) T(n) S(n) F(n) T(n) S(n) F(n) T(n)

system A | system B
1 4 3 0 4 0 4 3 0 3 0 2 -2
2 4 4 4 8 (o) 8 7 (o) 7 4 2 2
3 3 2 2 11 (o) 11 9 (o) 9 6 2 4
4 3 0 3 14 (0] 14 9 2 7 9 2 7
5 3 2 2 17 (0] 17 11 2 9 11 2 9
6 2 3 0 19 0 19 14 2 12 11 4 7
7 2 3 1 21 (o) 21 17| 2 15 11 5 6
8 1 4 3 21 1 20 21 2 19 14 5 9
9 0 1 3 21 3 18 21 3 18 17 5 12
10 0 0 4 21 5 16 21 5 16 21 5 16!

Table 4-2 - Computation for Satisfaction, Frustration and Total,
Ideal system, System A and System B

AS AF AT

n A A B A B

1 1 4 0 2 1 6
2 1 4 0 2 1 6
3 2 5 0 2 2 7
4 5 5 2 2 7 7
5 6 6 2 2 8 8
6 5 8 2 4 7 12
7 4 10 2 5 6 15
8 0 7 1 4 1 11
9 0 4 0 2 0 6
10 0 0 0 0 0 0

Table 4-3- Difference between the Ideal system and Systems A and

Satisfaction Comparison between the Ideal

c
.0
=]
o
@
)
=4
]
[
0

B

System and Systems A and B
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Frustration Comparison between the Ideal
Systemand Systems A and B

c
=
-
©
—
e}
12
=]
F=
w

Total Comparison between the Ideal System
and Systems A and B

Figure 4-5 - Comparison between the Ideal System and Systems A
and B, Satisfaction (a), Frustration (b) and Total (c)

Figure 4-5 shows an overall comparison of the performance of Systems A and B with an
Ideal system in respect to relevance ranking. In this example, System A consistently performs

closer to the Ideal system and is superior to system B.

These three performance metrics, (Satisfaction, Frustration and Total Relevance) have
been used in the relevance ranking experiment to measure the effect of weighted math clauses

on the performance of math search (Experiment 7 - Relevance Ranking).

76



5 Chapter Five - Formal Experiments

This chapter describes the experiments used to demonstrate how well the proposed query

operations satisfy the goals asserted in previous chapter.

5.1 Solution Implementation

The proposed solution in chapter 3 was implemented by the author in Java 6 SE on a
standard PC platform under windows XP. Most of the coding was done in Eclipse®. In
addition to wusing two existing recognition systems (Infty and DRACULAE), the

implementation is using the following third party Java packages:

e Colt 1.0.3 (http://dsd.Ibl.gov/~hoschek/colt/)

e Commons-collections 3.2 (http://commons.apache.org/collections/)

e Jung 1.7.6 (http://jung.sourceforge.net/)

e Xerces 2.9.0 (http://xerces.apache.org/xerces-|/)

The implementation details are explained in appendix section Error! Reference source not
found..

5.2  Operating-point Pilot Experiments

This section details the analysis and experiments used to determine the value or range of
values used for the conditions and parameters in the formal experiments. Some parameters
and conditions will be fixed during the experiments to keep the scope of the formal

experiments practical. Different types of mathematical expressions are used as test queries and

2 http:/ /www.eclipse.otg
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without reasonable constraints the condition and parameter space of these experiments would

be infinite.

5.2.1 Experiment 1 - Query Capturing

The goal of this experiment is to establish a standard protocol for capturing handwritten
mathematical expressions and acquiring a set of sample queries to conduct the rest of the
experiments. Although the recognition phase has been simulated in this research, it is
important to collect the hand-stroke ink data for each query. The emerging standard in Ink
Markup Languages, InkML, enables different applications to share their ink data [WATT '07].
Recording the handwritten ink data for sample queries provides an opportunity to use the
same exact handwritten data with different classifiers. Handwritten queries that were used in
this research were captured on a 600 series front-projection Smartboard interactive

whiteboard. [SMARTTECHNOLOGY '07]

Smartboard was chosen over normal tablets for two reasons:

1. Some math expressions are considerably long for a small size tablet and it is much

easier for a user to write the long math expression on a Smartboard.

2. Smartboard provides a much higher resolution in capturing handwriting.

5.2.1.1 Procedure

The query capturing process includes capturing the [x,y,zt] of pixels, segmenting each

math symbol and extracting the boundary box around each symbol.
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JxZ+u

D= (it + Wk

x4+ttt =0 x+171—y+3z=0

ax?+bx+c#0 x¢ + (y — x29)

sin(x + km) — cos(x —km) =0

ax? + bx, —«a

e (e® —1)

Table 5-1 — Some of the Sample Queries used in Experiment 1;
Sample mathematical expressions were written on the Smartboard
and Ink data for every query was recorded in a text file.
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Some of the queries used in this experiment are listed in Table 5-1. Different types of
mathematical expressions were selected to include a wide range of math notation; such as
fractions, scripts, integral, summation, brackets, square roots, trigonometric functions and their

combinations.

Unlike the text-based search systems, mathematical information retrieval lacks a standard
and canonical query set to be used in the rest of the experiments. The math queries which have
been used in this research are selected by the author and are based on the previous work of

classification of mathematical expressions.

5.2.1.2 Results

Experiment 1 determined the values for some of the conditions and parameters for the

rest of the experiments. Figure 5-7 lists the summary of governing propositions.

5.2.2 Experiment 2 - Lexical Error Ratio

The goal of this experiment is to determine the realistic ratio of lexical errors in an
operational symbol recognition system for mathematical expressions. Realistic lexical error rate
ratio gives a close upper bound estimate to the number of randomly generated lexical errors in
the other experiments. Two existing mathematical recognition systems, Irffy and DRACUILAE

were used to conduct this experiment.

5.2.2.1 Procedure

Sample queries were handwritten in the Infty Editor using the Handwriting Math Input Pad.

Sample queries were selected to include only those math symbols that are currently
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Similarly, the exact same set of queries was handwritten by the same individuals on the
Smartboard and the query files were submitted to DRACULAE. Number of recognition

errors was recorded for each query. The detailed protocol for these experiments is listed in

appendix Error! Reference source not found
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Figure 5-1 - Set of Recognizable Math Symbols in Infty
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As mentioned in the section 2.4.2, most of the existing symbol recognition methods for
mathematical content are limited to a small set of symbols. Figure 5-2 and Figure 5-3 show the

results of this experiment for five users and 15 different math queries.
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5.2.2.2 Results

Error Ratio Experiment with Infty

Query |# errors |Error Ratio |# errors |Error Ratio |# errors |Error Ratio |# errors |Error Ratio |# errors |Error Ratio
size Userl [(g)Userl |User2 |(g)User2 |User3 [(c)User3 [User4 |[(e)Userd4 |User5 |(g)User5

Q1 5 0 0.00 1 0.20 2 0.40 1 0.20 1 0.20
Q2 7 1 0.14 1 0.14 1 0.14 1 0.14 0 0.00
Q3 11 1 0.09 2 0.18 2 0.18 1 0.09 1 0.09
Q4 10 1 0.10 2 0.20 2 0.20 0 0.00 0 0.00
Q5 17 3 0.18 4 0.24 6 0.35 4 0.24 3 0.18
o Q6 7 1 0.14 0 0.00 0 0.00 2 0.29 1 0.14
5 |Q7 12 2 0.17 1 0.08 3 0.25 2 0.17 1 0.08
g |as 7 0 0.00 0 0.00 2 0.29 0 0.00 0 0.00
%’_ Q9 4 0 0.00 0 0.00 2 0.50 0 0.00 0 0.00
é Q10 21 2 0.10 4 0.19 5 0.24 2 0.10 1 0.05
“ Q11 12 1 0.08 2 0.17 4 0.33 3 0.25 3 0.25
Q12 12 2 0.17 1 0.08 3 0.25 3 0.25 2 0.17
Q13 19 1 0.05 1 0.05 3 0.16 2 0.11 2 0.11
Q14 8 0 0.00 0 0.00 2 0.25 2 0.25 0 0.00
Q15 10 1 0.10 2 0.20 0 0.00 2 0.20 0 0.00
AVE (%) = 8.78 11.58 23.62 15.15 8.42
Average (%) = 13.51

Error Ratio

Error Ratio Experiment with Infty

Error Ratio (e) User 1 M Error Ratio (e) User 2 M Error Ratio (e) User 3 ¥ Error Ratio (e) User 4 ® Error Ratio (e) User 5

0.60

Q1 Q2 Q3 Q4 Q5

Figure 5-2 - Error Ratio Experiment with Infty

Q6 Q7 Q38 Qs

Sample Query
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Error Ratio Experiment with DRACULAE
Query [# errors |Error Ratio |# errors |Error Ratio |# errors |Error Ratio [# errors |Error Ratio [# errors |Error Ratio
size User1l |(g)User1l |[User2 |[(g)User2 |User3 |(g)User3 |Userd |(g)Userd [User5 |[(g)User5
Q1 5 0 0.00 1 0.20 2 0.40 2 0.40 0 0.00]
Q2 7 1 0.14 2 0.29 1 0.14 2 0.29 0 0.00]
Q3 11 2 0.18 2 0.18 1 0.09 1 0.09 1 0.09
Q4 10 2 0.20 2 0.20 2 0.20 1 0.10 0 0.00
Q5 17 1 0.06 4 0.24 5 0.29 3 0.18 2 0.12
2 Q6 7 0 0.00 1 0.14 1 0.14 2 0.29 1 0.14
'E Q7 12 1 0.08 1 0.08 4 0.33 2 0.17 0 0.00]
g Q8 7 1 0.14 1 0.14 2 0.29 1 0.14 1 0.14
% Q9 4 1 0.25 0 0.00 1 0.25 0 0.00 0 0.00]
g Q1o 21 3 0.14 5 0.24 3 0.14 1 0.05 1 0.05
v la11 12 2 0.17 1 0.08 3 0.25 2 0.17 0 0.00
Qi2 12 2 0.17 2 0.17 2 0.17 2 0.17 1 0.08]
Q13 19 2 0.11 1 0.05 3 0.16 3 0.16 1 0.05
Qis 8 0 0.00 0 0.00 2 0.25 1 0.13 2 0.25
Q15 10 0 0.00 1 0.10 1 0.10 1 0.10 1 0.10]
AVE (%) = 10.94 14.08 21.38 16.08 6.85
Average (%) = 13.87

Error Ratio Experiment with DRACULAE

Error Ratio (e) User 1 M Error Ratio (e) User 2 M Error Ratio (e) User 3 I Error Ratio (e) User 4 B Error Ratio (e) User 5

0.45

Error Ratio

| | il |’|'
Q6 Q7 Q8 Qs Q

10 Q11 Q12 Q13 Q14

Q2 Q3 Q4 Qs
Sample Query

Figure 5-3 - Error Ratio Experiment with DRACULAE
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Lexical Error Histogram

Infty M DRACULAE

Number of Lexical Errors

Figure 5-4 - Lexical Error Histogram for Infty and DRACULAE
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Figure 5-5 - Relative Frequency of Lexical Errors for Infty and
DRACULAE
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Figure 5-4 shows the histogram of lexical error occurrences in both the Infty and the
DRACULAE recognition systems. In most of the trials (84% of trials) with sample queries,

both systems had 0, 1 or 2 lexical errors.

5.2.3 Experiment 3 — Set of Proposed Candidates

The goal of this experiment is to determine the alternative candidates that are proposed by
a classifier for symbols that are in the T7 category. The set of proposed candidates will be used

in the simulation process for symbol recognition in the rest of the experiments.

5.2.3.1 Procedure

Single math symbols were handwritten by five different individuals using both the Infty
editor and the DRACULAE recognition system. Alternative proposed candidates for each
handwritten symbol were recorded and the most frequently proposed alternative symbols for
each handwritten symbol were selected. Since these recognition systems are limited, only those

symbols that are currently recognizable by them have been used in the experiment.

5.2.3.2 Results

Table 5-2 lists the results of this experiment. For each handwritten math symbol, the two
most frequent alternative candidates that were proposed by the two classifiers are listed. For
some of the math symbols, only one alternative was proposed (such as ‘[%). As indicated in
Figure 5-1, Infty recognition system has special stroke guidelines for some of the trigonometric
and special function names such as s, cos and /Zim. The classifier proposed these names for

some of the handwritten symbols listed in Table 5-2 (such as ‘o").
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C 1 JunicopE] C2 Junicobe] C 3 JuNicobe

C 1 J unicope | €2 Junicobe] C3 [ uNicopbe

N< X £ <E€E 0 30T 033 —x—=JQ 0200 O0N<S<XS<CHAHOWIODUVOZErXcec—IOTMOUO®>

A 0041 H 0048 ™ 03C0
B 0042 D 0044 R 0052
(e} 0043 c 0063 q 0071
D 0044 p 0070 b 0062
E 0045 * 2260 + 00B1
F 0046 E 0045 m 00C0
G 0047 A 0041 ¢ 2209
H 0048 N 004E A 0041
| 0049 + 00B1 ¥ 2213
J 004A j 006A | 0049
K 004B R 0052 N 004E
L 004C 2 0032 | 0049
M 004D N 004E m 006D
N 004E M 004D y 0079
(0] 004F 0 0030 Q 0051
P 0050 p 0070 R 0052
Q 0051 q 0071 q 0071
R 0052 B 0042 X 0078
S 0053 s 0073 | 2228
T 0054 J 004A | 0049
U 0055 \% 0056 w 0057
\ 0056 U 0055 w 0057
W 0057 tan lim
X 0058 W 03A8 E 4445
Y 0059 y 0079 X 0078
z 005A z 007A S 2208
a 0061 q 0071 n 006E
b 0062 3 0033 g 0067
c 0063 C 0043 ( 0028
d 0064 a 0061 r 0072
e 0065 h 0068 | 0049
f 0066 j 006A J 004A
g 0067 s 0073 9 0039
h 0068 n 006E k 0068
i 0069 1 0031 > 2211
j 006A J 004A 7 0037
k 006B y 0079 a 03B1
| 006C b 0062 h 0068
m 006D w 0077 n 006E
n 006E h 0068 u 0075
o 006F 0 0030 q 0071
p 0070 D 0044 R 0052
q 0071 g 0067 a 0061
r 0072 n 006E \Y 0076
s 0073 S 0053 | 2228
t 0074 i 0069 U1} 03C8
u 0075 w 0077 m 006D
v 0076 u 0075 N 221A
w 0077 v 0076 u 0075
X 0078 k 006B 4 0034
y 0079 S 0053 b 0062
z 007A 3 0033 0 2202

2—=8 MODHBEBId<T>Dm I<®Q

+

WU NHUWUMH N #DCDH +H

v

© O NDABEWN O o m— —~

a 03B1 a 0061 k 006B
B 03B2 6 0036 p 0070
Y 03B3 y 0079 Y 0059
o) 03B4 8 0038 q 0071
€ 03B5 { 007B c 0063
<] 03B8 q 0071 e 2208
A 03BB X 0078 X 0058
u 03BC r 0072 u 0075
v 03BD v 0076 w 0077
™ 03C0 A 0041 r 0072
() 03C6 q 0071 Q 0051
w 03C9 w 0077 w 0057
[ 03A6 9 0039 a 0061
Q 03A9 r 0072 s 0073
> 2211 e 0065 E 0045
© 221E cos log

] 2228 s 0073 s 0053
N 221A v 0076 Y 0056
+' 002B f 0066 F 0046
F 2213 * 2260 m 03C0
@ 2295 G 0047 (0] 004F
u 22C3 v 0076 r 0072
n 22C2 Q 03A9 n 006E
* 2260 ¢ 2209

= 2261 E 0045 F 2213
S 2262 X 0058 E 0045
€ 2208 f 0066 t 0074
> 220B 7 0037 5 0035
¢ 2209 G 0047 A 0041
c 2282 ( 0028 C 0043
=] 2283 ] 005D ) 0029
< 2264 S 2208

> 2265 = 003D ] 005D
( 0028 { 007B [ 005B
) 0029 } 007D ] 005D
{ 007B € 03B5 e 0065
} 007D ] 2228 ) 0029
[ 0058 ( 0028

] 005D ) 0029

0 0030 q 0071 8 0038
1 0031 | 007C | 006C
2 0032 { 007B < 003C
3 0033 s 0073 8 0038
4 0034 U] 03C8 A 03BB
5 0035 j 006A s 0073
6 0036 c 0063 s 0073
7 0037 p 0070 D 0044
8 0038 k 006B e 0065
9 0039 g 0067 q 0071

Table 5-2 - Set of similar symbols for handwritten math symbols;
C1, C2 and C3 are the three most frequently proposed candidates
for each handwritten math symbol
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This set of similar symbols, are used to generate random lexical errors in the rest of the

experiments.

5.2.4 Experiment 4 - Improvement Feasibility Tests

The goal of this experiment is to test the feasibility of improving the precision and recall of

math search by applying the compensation policies on short queries.

5.2.4.1 Procedure

Short sample queries were submitted to the search engine in DLMF. One random lexical
error was inserted in the queries and each query was submitted twice, with and without error
compensation. Precision and Recall were calculated after each submission and the results were

compared.
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5.2.4.2 Results and Conclusions

Figure 5-6 shows the improvement in precision and recall after applying the policy one on
a set of handwritten math queries with one randomly introduced lexical error. Although recall

improvement was always higher rate, the precision of search was also improved in every query.

Lexical Error Compensation - Policy One

¥ Change in Precision

™ Change in Recall
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(7]
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Sample Queries

Figure 5-6 - Lexical Error Compensation — Precision and Recall in
DLMF, with and without compensation policies

Ql]Q2|Q3|Q4]Q5]Q6| Q7] Q8| Q9|Q10{Q11]Q12|Q13|Ql14|Q15|Ql6|Ql7

Table 5-3 - Similar Math symbols used in sample queries
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Query Correct Query with # matched # matched # matched
: rle S0 items items items
Q2 Q1 Q2 Q1<OR> Q2

(a+b)" (a—-b)" 18 117 135
a1a2 ann an ocl a2 ann a3 3 O 3
Vx Vx 70 9 78

sinh x sinb x 172 7 179
] f(2) s f(2) 6 2 g
Z Z 2 8 10

Table 5-4 - Lexical Errors in sample queries generated by Infty and
tested in DLMF search with and without error compensation

Table 5-3 lists the randomly selected math symbols that were
replaced with a similar symbol to simulate lexical errors in the test
queries.

Table 5-4 shows the effect of applying the first policy on a couple of short queries with
one lexical error. Q7 are the intended queries that were handwritten by the users. (2 are the
same queries with one randomly added lexical error. For each query, the number of matched

equations in DMLF has been recorded for O7, 02 and Q7 <OR> Q2.
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5.3.1 Governing Propositions

Query Capture device

5.3 Summary of Governing Propositions and Factors

SMARTBOARD FP 630

Smart Board Resolution 4000*4000
Smart Board Sampling Rate 200 pps

Symbol Code Standard UNICODE 5.0
Math Symbol Set Infty, DRACULAE
Search Engine DLMF search
Maximum Query Size 25

Minimum Query Size 1

Pass Threshold cs#0.95

Tie 0.95>cs>0.5
Reject cs<0.5

Relevance Threshold

Classification Score (cs) generation
Total Adjustment Weights (o, B) 1
Relevance Judgment Scale

Pseudo Random

0-4
2

Figure 5-7 - Governing Propositions Summary

5.3.2 Factors

Error Rate

Number of Proposed Candidates for

0,5, 10 and 15%

Precision
each symbol land2 Rrecall
Recognition Method
Simulation

Error Rate 0,5, 10 and 15%

Number of Proposed Candidates for

each symbol land2 Precision

(n) Recall

Set of random selected errors T

Error Rate 0,5, 10 and 15%

Number of Proposed Candidates for

each symbol land2 Satisfaction

Frustration

First-Order Distance based, Second- Adjusted Satisfaction

Weight Calculation Function

Order Distance based, Independent
Probability based

Figure 5-8 - Factor Summary
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5.4 Experiment 5 - Precision and Recall

The goal of this experiment is to measure the effect of query expansion policy on the
precision and recall of math search for sample math queries with multiple lexical errors.

Experiments in this section are designed to satisfy goal 1.5.1.

* Goal 1.5.1 To measure the effect of compensation policy one on the performance

of math search with queries with multiple lexical errors.

Performance of the search is measured with the standard precision and recall metrics.

5.4.1 Procedure

Handwritten mathematical queries were submitted to the query processing pipeline.
Lexical errors were randomly introduced in the queries by substituting the randomly selected
symbols with their sizilar symbols (based on the results of pilot experiment 3). The error Rate
for each math query is a factor of the experiment. Each flawed query was submitted to the
DMLF search with and without query expansion. Precision and recall were calculated based on

the search results of each submission.

Table 5-5 shows the set of the sample queries that were used for this experiment. It is
important to mention that since the DLMF has a limited number of math equations and
expressions, the set of the test queries had to be carefully chosen so that the search system

would be able to return a meaningful set of results and precision and recall could be calculated.
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No. Query No. Query
1 [n(a+k) 2 y+v+%(m+1)
3 YE) (x,y,2) 4 3t%(z + 5t?)
5 x + u? 6 cos (6 + ¢)
7 p(n+10) 8 Mk Ik
9 d*w 10 40+ 2a+1

dz?

11 0, + oo 12 Neq” + 00q — 1o
13 t(t—1)(t — z) 14 z3+(A+3a+3)z+a
15 tY(t — 1Dt — a)® 16 Sm (21) Sm (22)
17 Am 18 Qsy (x,0)
19 P 20 c2(&% +1n?)
21 ¢ =p(,92 95 22 g1 (2 k?)
23 Z + smi 24 Vaxx » Uxxx
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25 2ih coshz cosht

Table 5-5 - Sample Queries used in Experiment 5

5.4.2 Results

Table 5-6 shows the lexical errors in some of the sample queries that were used for this
experiment. Error Rate is a factor of the experiment and its selected range is based on an
operating point pilot conducted in experiment 2. Sample queries with three different levels of

Error Rate () were tested for this experiment: 5%, 10% and 15%.

Table 5-7 shows the number of matched items in DLMF for a sample math query with
and without lexical errors and after expanding the query. All of the sample queries were
submitted to DLMF search engine and the numbers of the matched items were recorded for

different error Rates.
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Error ratio (g) =15 %

Errorratio (g) = 5% Error ratio () =10 %
Correct Query Q0
a1 Q2 Qa3
T, (a+k) [m(a +a) T (a+k) T (a+k)

1 1 . . 1 .
jx—",-'—E(m—l) ?_U_E(m_;) ¢ + —EI\?'-_—l’I 'y—|-p+5['m—|-aj
Wi (y,y, 2) ¥ & (x,y, 2) ®* (x,,2) v (x,y,2
3t2(z + 5t2) 3t%(2 + 5t%) 3t3(z + 5i2) 3t2(2 4 5i%)

x +ut x +v? o 4+ ul x +u’
cos (8 + @) cos (q+ ¢) cos (8 + Q) cos (g + Q)
p(n+9) p(n+1) p(n+1i) p(n+10)
o G "k B By ¥y ety
d?w d*v d=w d2v
dz? z? z? dt?
40+ 2a+1 40 +2a+1 40+ 2a+1 40+ 2a+1
8, + 6. g, +8, 6, +6 8, +6,
Newa® + 859 — Mz

N’ + 83 — 1o

Neg” + 89 — 05

Neq’ + Boq — 1gd

tHt—1)(t—z)

t(t —1)(i—2)

t(t —1)(i—2)

t(t—D(t—2)

234+ (x+3a+3)2+a

i (A+3a+3)z+a

+(x+3a+3)z+a

-

-3

+(x+3a+3)z4a

t(t— 1)t — a)f

t(t— 1)°(t— a)*

t¥(t — D)3(t - a)*

t¥(t — 1)°(t — a)°

Sm (—_1) S!.". E:E:I

Sm (:1:] S E:Ej

sm (:} Sm [:2:'

Sm (tlj Sm (zz]

Table 5-6 - Sample queries with different errors Rates; Q0: Correct
Query; O1: Error Rate (¢) = 5 %, Q2: Error Rate (¢) = 10 %, Q3:
Error Rate (¢) = 15 %. Math symbols in red represent the lexical

errors.
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S Number of
Mathced Items
Correct Query Tnla+k) 5
Qo Gamma_m (a + kappa)
I (a+a)
Ql(==5%) 67
Gamma_m (a + alpha)
T, (a+k)
Q2 (= =10%) 9
T m (a + kappa)
[ (x+k)
Q3 (£ =15%) z 6
Gamma_n (alpha + kappa)
Q0 <0OR>Ql 69
Q0 <AND> Q1 23
Q0 <0R>Q2 10
Q0 <AND> Q2 g
Q0 <OR> Q3 8
Q0 <AND> Q3 o

Table 5-7 - Example of a query with and without lexical errors and
number of matched items for each combination in DMLF

The following chart summarizes the results for experiment 5. The effect of expanding the
queries under policy one, on the quality of search, has been shown by measuring the change in

precision and recall for each sample query and under different error Rates.
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Improvementin Precision and Recall - Error Rate 5%

25.00

15.00

™ Recall Change

10.00 " Pre n Change

Ratio of Preckion and Recall with and without Query Expansion

0.00
10 11 12 13 14 15 16 17 18

sample Queries

Improvementin Precision and Recall - Errors Rate 10%

w

25.00

15.00 ® Recall Change

10.00

Ratio of Preckion and Recall with and without Query Expansion

0.00
11 12 13 14 15 16 17 18 15 20 2]

sample Queries
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Improvementin Precision and Recall - ErrorsRate 15%
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Figure 5-9 - Improvement in Precision and Recall for expanded
queries with multiple lexical errors, Pareto Chart, sorted based on
decreasing amount of change in recall (a) error rate 5% (b) error

rate 10% (c) error rate 15%

Figure 5-9 compares the improvement of precision and recall in expanded queries with
multiple lexical errors. In most of the experiments, recall was improves in a higher rate than
precision. Table 5-8 summarizes the average improvement of precision and recall for test
queries in this experiment. The 95% confidence intervals for the mean of Precision and Recall

improvement with queries with different error rates are calculated in Table 5-8.
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Average Ratio of Improvement in Precision and Recall
Error Rate 5% 10% 15%
Performance . . .
i Recall Precision Recall Precision Recall Precision
Metric
Mean 8.51 3.22 10.36 3.01 B8.76 2501
Standard
L 7.299 2.784 7.389 2.928 5.742 2.331
Deviation
95%
Confidence 8.51+2.861  3.2241.091 | 10.36+2.897 3.01%1.148 | 8.76+2.251  2.5110.914
Interval

Table 5-8 - Average improvement of pre9cision and recall in test
queries with multiple lexical errors

In traditional text-based search systems, increasing the error Rate creates queries that are
further from the intended query and are more likely to produce results with very low precision
and recall. Such queries are expected to gain a better improvement in performance by an error
handling system. In contrast, as shown in Table 5-8, the rate of improvement in precision and
recall - for the selected set of math queries - is not directly proportional to the error rate. Due
to the specific nature of math search engine and its proximity algorithms, a single lexical error
might create a query with zero results whereas another query with two or even three lexical
errors might return many matched items and even related ones relative to the intended query.
A combination of other factors - such as the role of the symbol in the expression (operator,
digit, special symbol, etc.), its location in the query (superscript, subscript, accent, etc.) and the
set of alternative candidates proposed by the classifier - have a higher effect on the search

quality in comparison with error rate as a single factor.

For the queries that were tested in this experiment, the amount of improvement in search

quality for math queries with less number of lexical errors is not necessarily less than queries
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with higher error rates. Experiment 6 in the next section provides more details about this

observation.
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5.5  Experiment 6 — Verification of Error Randomization

Since the mathematical symbol recognition has been simulated in this research, a random
set of symbols have been selected and replaced with sizzlar ones to simulate lexical errors in
each query. Experiment 5 showed that the amount of improvement in search quality gained by
applying the expansion policy is not directly correlated with the error rate. The results from the
queries with multiple errors showed that a query with a single error might benefit from the
expansion policy in higher rates than a query with multiple errors. Some symbols, when
selected to be replaced with sizilar symbols had a higher effect on precision and recall than

others.

Selection of different symbol(s) as errors, while keeping the level of error rate fixed, can
change the performance of the error compensation policy one. Experiment 6 is designed and
conducted to measure this effect. The goal of this experiment is to measure the effect of the
random selection of lexical errors on the performance of the expansion policy by measuring
the change in the amount of precision and recall improvement. This experiment satisfies Goal

1.5.2.

Goal 1.5.2: To measure the effect of error randomization on the performance of error

compensation policies.

5.5.1 Procedure

A set of sample math queries with randomly generated lexical errors at various levels of

error rate were submitted to the query processing pipeline. Similar to experiment 5, the
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amount of improvement in precision and recall after applying the expansion policy was

calculated for each query.

In order to measure the effect of randomization, the experiment was repeated for each
query with a different set of randomly selected symbols as errors. The error rate was kept
constant in-between the submissions of various possible combinations. Table 5-9 shows two
sample queries with one and two lexical errors. For each query, four of the possible

combinations for random selection of symbols as lexical errors, are shown as an example.

One error
Correct Query
case 1 case 2 case 3 case 4
3t3(z + 5t%) 8t*(z + 5t%) 3t7(z + 5t%) 3t3(2+ 5t%) 3t3(z + st%)
Two errors
Correct Query
case 1 case 2 case 3 case 4
M. g7+ 659 — Mo Mo ® + 8y — 1gg 0,97+ 8oq — Mg Nea® +6yq — oz N:.q° +8pa —ny¢

Table 5-9 — Two sample queries with one and two lexical errors;
Four possible combinations for random selection of symbols as
lexical errors have been shown

If a query has # mathematical symbols and » symbols are to be randomly selected to
generate lexical errors, there are (Trl) possible combinations to select. The DLMF database
consists of a limited number of equations and math expressions. This experience shows that in

many of these possible combinations for a given query, replacing the selected symbol(s) with

their similar ones leads to zero-result queries.

Definition 41: Zero-result query is a math query that does not return any results after

searching in the DLMF database.
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Table 5-10 shows an example of a zero-result query after selecting a different symbol to

generate a lexical error.

Query with one lexical erroe
Carrect Query
Case 1 Case 2
2j,+1 2i,+1 2j.+1
™ X
atched Items in Yes Yes No
DLMF

Table 5-10 — Example of a zero-result query due to randomization
of lexical errors; case 2 is a zero-result query

5.5.2 Results

Table 5-11 shows the test queries that were used for this experiment. The total number of
possible combinations for generating lexical errors at each error rate level and the number of

zero-result queries have been shown.
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Total Possible L Average Change in )
L . Zero-result Combinations . Average Change in Recall
#of Combinations (njr) Precision
No.| Correct Query Q0
symbols
£=5% |£=10%|==15%| £=5% | £=10%|==15%| £=5% |==10%|=15%| ==5% | ==10% | ==15%
1 I, (a + k) 7 7 7 21 3 4 15 6.75 10.50 6.25 24,38 44.75 12.10
2 y+v+=-(m+1) 12 12 66 66 3 42 42 3.80 1.30 1.40 5.33 4.75 4.33
3 LIJ':E-" (x, v, :) 11 11 55 55 7 31 31 2.56 1.78 1.11 11.00 10.50 10.00
4 3¢2 (: + 51‘:) 10 10 10 45 4 4 39 1.75 1.72 1.38 4.75 9.33 4.86
5 X+ u 4 4 4 4 2 2 2 4.24 1.15 1.06 16.00 11.63 18.00
6 cos (6 + @) g g g 28 3 3 12 130 200 120 | 475 650  6.00
7 P(?? + E) 7] 7] 7] 7] 3 3 3 2,20 2,43 3.13 4.29 4.83 4.52
8 Hy Gy 4 4 4 4 2 2 2 3.83 1.75 8.00 8.50 3.91 13.38
d*w
9 = 7 7 7 21 4 4 15 4.13 1.52 1.78 8.10 7.17 10.50
10 dg+2a+1 7 7 7 21 2 2 10 4.30 2.00 1.20 6.25 6.50 6.00
11 ll9& + 6., 5 5 5 5 3 3 3 2.67 1.78 2.56 8.00 10.50 11.00
12| Sp(z) 5, (2) 12 12 66 66 6 37 37 | 190 200 200 | 375 650 650
13 A: 3 3 3 3 1 1 1 6.34 1.81 11.00 8.25 9.50 14.00
14 Qe,.“ (x: O) 9 9 9 36 3 3 12 1.50 3.25 1.50 3.00 5.25 3.00
15 ) ™ 4 4 4 4 1 1 1 3.20 2,58 3.13 448 3.33 5.53
16 c? (‘f: L ??:) 9 9 9 36 4 4 18 2,83 3.33 1.33 4.06 6.39 4.00
17 z +smi 5 5 5 5 2 2 2 1.33 2,33 4.50 4.00 4.50 6.00
18 Vawx +Vxzex 9 9 9 36 7 7 32 2.67 4.33 2,33 3.06 5.92 4.50
Table 5-11 - Average improvement in precision and recall for

smaple queires with levels of error rate
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Error Randomization- Average Precision Improvement - Query Expansion
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Figure 5-10 - Effect of error randomization on the Precision
improvement of sample queries with different levels of error rate;
the standard deviation for the average values of queries with 5%
error rate have are marked in the chart
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Error Randomization - Average Recall Improvement- Query Expansion
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Figure 5-11 - Effect of error randomization on the Recall
improvement of sample queries with different levels of error rate;
the standard deviation for the average values of queries with 5%
error rate have are marked in the chart

Figure 5-11 and Figure 5-12 show the effect of lexical error randomization method on the
improvement of precision and recall in sample queries with various levels of error rate. For
each test query in the Table 5-11 the amount of improvement in precision and recall after
applying the expansion policy was measured and the experiment was repeated for all of the
possible random combinations of symbols. The averages of these values are shown in the
Figure 5-11 and Figure 5-12. The charts also show the variation of the improvements in

precision and recall for the queries with 5% error rate.
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The experiment shows that even at a fixed error rate, selection of a different set of
symbols for lexical errors, substantially changes the performance of the compensation policy.
It also confirms that although the amount of improvement changes, the precision and recall

increase in all of the cases.

A quick comparison between Figure 5-11 and Figure 5-12 also indicated that the
randomization method causes a higher variation in precision in comparison to recall. Results
from this experiment confirms the observations from experiment 5 that different symbols in a
math query have very different effects on the performance of the math search and therefore
the compensation policy when chosen as lexical errors. Even between two queries with the
same size (and therefore the same number of possible combinations to select errors) the
average improvement of precision and recall is different. For example, query 1 and query 7 in
Table 5-11 both have 7 symbols, but a different number of zero-result queries and different

values for average improvement in precision and recall.
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5.6 Experiment 7 - Relevance Ranking

The goal of this experiment is to measure the effect of applying the weighted clause
compensation policy (policy number III) on the relevance ranking in handwritten-based math

search. This experiment satisfies Goal 1.5.2:

Goal 1.5.2:  To measure the effect of weighted math clauses on the relevance ranking in

handwritten-based math search

5.6.1 Procedure

Sample mathematical queries, with randomly introduced lexical errors, were expanded by
the third compensation policy before submission to the DLMF search system. Sazisfaction,
Frustration and Total Relevance were measured for each sample query, with and without applying

weights to math clauses.

As defined in section 4.6.2, the three performance metrics used to measure the relevance
ranking are inherently subjective. Similar to the existing IR evaluation experiments, the set of
relevance weights for each retrieved item (W;) was determined by a human evaluator. The
example given in section 4.6.2 is based on a set of relevance judgments on a five-point scale,
with 0 indicating a completely non-relevant item and 4 indicating the most relevant one, and a
relevance threshold of 2 (R = 2). The same relevance scale and relevance threshold were

used for Experiment 7. Figure 5-13 shows the pipeline used for this experiment.

It is important to note that both paths produce the exact same set of results and identical

precision and recall but in different order.
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Expand a sample
query with Policy 3

Obtain Relevance
Judgments

Calculate and apply
weights for each
math clause

Set all of the weights
tol

Structural Analysis
Manual Simulation
FFES/DRACULAE

Structural Analysis
Manual Simulation
FFES/DRACULAE

Text based Query

Text based Query

Generation Generation

Submission to Math Submission to Math
IR IR

Calculate Relevance
Ranking Metrics

Calculate Relevance
Ranking Metrics

Figure 5-12 - Query Processing Pipeline for Experiment 6

The syntax of the DLMF search system was modified in order to accept weighted queries.

The following syntax rules apply to the weighted math queries in DLMF search:

1. A weighted clause has to be enclosed with a pair of parentheses, even if the clause

is a single term.
2. The weight operator is the back quote symbol ().

3. The weight comes right after the back quote symbol. Weights can be any positive

number, such as 1, 0.2, 0.567, etc. If there is no weight specified for a math clause

in the query, the default is 1.
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4. Users of the search system have the choice to specify weights for some clauses and

leave other clauses with the default weight of 1. Example:

((x +y)20R (a+ g)‘3) + (4y — 62)sinf + (sinx)'1.5

5.6.2 Results
5.6.2.1 Group I - Single Lexical Error

The first group of experiments was conducted on a sample set of math queries with one
lexical error. Satisfaction, Frustration and Total Relevance were calculated for each expanded query
with and without applying the clause weights. In the case of a single lexical error in each query,
the classification scores of each proposed candidate for the unknown symbol are directly used
as weights for the math clauses. Classification scores for each candidate are recorded from the

FFES recognition system.

One lexical Error Lexical Error 1 Classification Scores Weights
Correct Query
Qo
Candidate | Candidate
a1 cs csl Wo w1
0 1
T, (a+k) T, (a+a) kappa alpha 74 52 74 52
1 1 }

.P._..,.-_E(m_ 1) “‘/—",-'—E(m +1) 1 | 54 55 54 95
wplE) (x,v,2) wE) (x,5,2) 7 2 82 a7 82 a7
31‘:(:—51‘:) 3f:£:_5t:) z 2 32 60 82 60

xd? £z db u v g3 80 83 80

(@)
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Q0 <0R>Q1 Q0'WO0 <OR>Q1'W1

(Gamma_m (a + kappa)) OR (Gamma_m (a + alpha)) (Gamma_m (a + kappa))'74 OR (Gamma_m (a +alpha))'52
(gamma + nu + (1)/(2) * (m+1)} OR (gamma + nu + (1)/(2) * (m+)) (gamma +nu + (1)/(2) * (m+1})"95 OR (gamma + nu + (1)/(2) * (m+})"94
(Psi"E (x.y.z)) OR (Psi*E (x.y.2)) (Psi“E (x,y,2)) 87 OR (Psi*E (x,y,2)) 82
(3t12 (z+5t12)) OR (3t2 (245t"2)) (3tA2 (24542} '82 OR (312 (245t42)) 60
(x+ur2) OR (x+v2) (x+u*2)"83 OR (x+v"2)"80

(b)

Figure 5-13 - Mathematical weighted clauses; Sample queries with
one lexical etror; (a) classification scores have been directly used as
weights (b) sample queries converted to DLMF syntax, with and

Figure 5-14 shows a set of math queries with a single lexical error which have been
expanded with and without weights and have been converted to the DLMF syntax. Relevance
ranking metrics were measured after each submission to the search engine. For each sample
query, Satisfaction, Frustration and Total Relevance was calculated with and without applying the

weights and the results were compared.
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One lexical Error

Lexical Error 1

Classification Scores

Weights

Correct Query
Qo
Candidate | Candidate
a1 cs csl Wo w1
0 1
B, + 6. 6, +6. 0 o 86 74 26 74
@
Q0 <0OR=>Ql Q0'WO0 <OR> Q1'W1
(theta_0 + theta_infty) OR (theta_o + theta_infty) (theta_0 +theta_infty)"86 OR (theta_o + theta_infty) 74
®)
Relevance Scores IDEAL Unweighted Weighted AS with AF with AT with
Weighte
Unweigh | “OETS Tl |l 3|
w = = 2
IDEAL | ted QO 12l 5| 2] %] 2
n - <OR> | S(n) | F(n) | T(n) | S{n) | F(n}) | T(n) | S(n) (F(n} | T(n})| & | = [ @ | ® | @ | ™
Ranking | <OR>Q1 . z 7] z T z a
Ranking at w2 5 3 5 = 5 3
Ranking > = =
1 4 4 4 4 0 4 ] 4 0 4 0 0 ] 0 ] 0
2 4 4 4 8 0 8 8 0 8 8 0 8 ] 0 0 1] 0 0
3 4 2 3 12 0 12 10 ] 10 11 0 11 2 1 ] 1] 2 1
4 3 2 3 15 0 15 12 1] 12 14 0 14 3 1 1] 1] 3 1
5 3 3 2 18 0 18 15 1] 15 16 0 16 3 2 1] 1] 3 2
6 2 3 2 20 0 20 18 1] 18 18 0 18 2 2 1] 1] 2 2
7 2 1 1 22 0 22 18 1 17 18 1 17 4 4 1 1 5 5
8 1 4 4 22 1 21 22 1 21 22 1 21 o 0 1] 1] 1] 0
9 0 0 0 22 3 19 22 3 19 22 3 19 o 0 1] 1] 1] 0
Average = 1.56 | L.11 | 0.11 | 0.11 | 1.67 | 1.22
Improvement (%) = 29 27
©

Figure 5-14 - Relevance Ranking calculation for a math query with
one lexical error; (a) Classification scores and weights; (b) Expanded
query converted to DLMF format (c) Satisfaction, Frustration and Total
Relevance calculation

112




Relevance Ranking - Satisfaction

Ideal Ranking Unweighted =——Weighted

Relevance Ranking - Frustration

Ideal Ranking Unweighted == Weighted

(b)
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Relevance Ranking - Total Relevance

Ideal Ranking Unweighted Weighted

©

Figure 5-15 -Relevance Ranking Comparison between ideal,
unweighted and weighted approaches (a) Satisfaction; (b) Frustration;
(c) Total Relevance

Figure 5-15 and Figure 5-16 show the relevance ranking calculation for a math query with
a single lexical error. Applying the weights to math clauses improved the relevance ranking of
the results for this query by increasing the Sazsfaction by 29%. As shown in the section (b) of
the chart, the Frustration of the weighted and unweighted approach is exactly the same which
ultimately lead to 27% improvement in Tozal Relevance. Similatly, relevance ranking for all of the

queries with single lexical error was calculated.
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Across all of the sample queries with one error, applying the weighted clauses, improved

the Satisfaction by 34%, Frustration by 5% and Total Relevance by 29% on the average.

5.6.2.2 Group II - Multiple Lexical Errors

The second group of experiments was conducted on a set of sample math queries with
multiple lexical errors. Similar to Group I, each sample query was expanded with and without
applying weights and the relevance ranking metrics were compared to measure the effect of
clause weights on the performance of math search. In the presence of multiple lexical errors,
(section 3.1.4.6.1) a weight mapping function is required to calculate the weights. For this
experiment, both distance-based (section 3.1.4.6.1) and probability-based (section 3.1.4.6.2)

weight mapping functions were used.

Figure 5-17 shows a set of sample queries with two lexical errors where two candidates are
proposed for each error. Figure 5-18 shows the calculation of clause weights for these queries

based on the distance based model and using the first distance (Section 3.1.4.6.1)r = 1:

D, =3csi +csy - D= cs; + cs,
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Lexical Error 1 Lexical Error 2
Query Correct Query Q0 #of Query with Two lexical Errors

No. b symbols b Candidate | Candidate | Candidate | Candidate
1] 1 2 3

12 N’ + 6830 — 0ol 12 Nwd® +6pq —1pz q a { z

16 Sm (21) S (22) 12 S (t1) S, (22) 7 t 2 7

18 Q7 (x,0) 9 Q7 (2, 0) X a 0 0

20 (& + ) 9 c2(z2 + n?) £ z n n

21 ¢ =p(n.9:97) 12 { =p(n 9.7:) 2 z g y

2 €Efnsq (2,k%) 13 CEfns1(2.5%) m n z 2

Figure 5-16 - Mathematical Weighted Queries; sample math queries
with multiple lexical errors and proposed candidates for each error

Classification Scores First Distance Clause Weights - Distance Based - First
Distance
Query
No. wo wl w2 w3
cs0 csl cs2 cs3 C5y+ €52 |cSp+ 5y | 051 + 051 | 651 + ¢S5
c0,c2 c0,c3 cl,c2 cl,c3
12 59 82 59 59 118 118 141 141 2 2 4 a4
16 89 76 50 86 179 175 166 162 4 3 2 1
18 67 67 63 63 130 130 130 130 4 4 4 4
20 91 61 69 53 160 144 130 114 a4 3 2 1
21 66 79 64 95 130 161 143 174 1 3 2 4
22 82 68 61 58 143 140 129 126 4 3 2 1

Figure 5-17 — Weight calculation for math queries with two lexical
errors; distance-based clause weights, first distance (r=1)
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Classification Scores Second Distance e e =
Second Distance
Query
ne- cs0 csl cs2 cs3 \lcs: + ¢ Iluss2 + 52 Ilu::.'2 tosE | [os2 +cs? wo i w2 wa
A0 R 341 : £ TESE | g, c0,c3 c1,c2 c1,c3
12 59 82 59 59 0.83 0.83 1.01 1.01 2 2 4 4
16 89 76 50 86 1.27 1.24 1.18 1.15 4 3 2 1
18 67 67 63 63 0.92 0.92 0.92 0.92 4 4 4 4
20 91 61 69 53 1.14 1.05 0.92 0.81 4 3 2 1
21 66 79 64 95 0.92 1.16 1.02 1.24 1 3 2 4
22 82 638 61 58 1.02 1.00 0.91 0.89 4 3 2 1
Figure 5-18 — Weight calculation for math queries with two lexical
errors; distance-based clause weights, second distance (r=2)
Classification Scores Probability Distance Clause Weights - Probability Distance
Query
ne- cs0 csl cs2 cs3 C5y.CS C54.C5. C54.C8 wa wi w2 w3
-5 orfha ) TR R 0 | o2 | eLe2 | cles
12 39 82 59 59 0.3481 0.3481 0.4838 0.4838 2 2 4 4
16 89 76 90 86 0.801 0.7654 0.684 0.6536 4 3 2 1
18 67 67 63 63 0.4221 0.4221 0.4221 0.4221 4 4 4 4
20 91 61 69 53 0.6279 0.4823 0.4209 0.3233 4 3 2 1
21 66 79 64 95 0.4224 0.627 0.5056 0.7505 1 3 2 4
22 82 68 61 58 0.5002 0.4756 0.4148 0.3544 4 3 2 1

Figure 5-19 — Weight calculation for math queries with two lexical
errors; probability-based clause weights
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Figure 5-19 shows the calculation of weights for these queries based on the second

distance (Section 3.1.4.6.1)(r = 2):

2
D, =/cs] +csy — D, = "|cst+ cs?

Figure 5-20 shows the calculation of weights for these queries based on the independent
probability model in which the classification scores are probability values returned by the

recognition system for each unknown symbol.

ue
& - v Query E ion, All possibl binations without weights

12 |(eta_infty g*2 +theta 0q- eta_0zeta) OR (eta_infty g*2 +theta_0q- eta_0z) OR (eta_infty a"2 +theta_0q- eta_0zeta) OR (eta_infty a*2 +theta 0q- eta_0z)

16 (S boldm{z_1)S boldm {z_2)) OR(S _boldm (z_1} S boldm (z_z}} OR(S_bold m(t_1) S_bold m{z_2)) OR(S_boldm (t 1) S bold m (z_z))
18 {Qs_n*m (x, 0)}) OR {Qs_n*m (x, O)} OR (Qs_n"m (alpha, 0}) OR {Qs_n*m (alpha, O))

20 {ch2 (xi*2 + eta”2)) OR (c”2 (xi*2 +n*2)) OR (c"2 (z°2 + eta”2)) OR (c"2 (242 + n*2))

21 (zeta=wp (eta; g 2;g 3) =wp(eta)) OR (zeta=wp (eta;g 2;y 3)) OR(zeta=wp (eta;g z;g 3)) OR (zeta=wp (eta; g z;y 3} =wp(eta))
22 [cE*m _2n+1 (2,k*2)) OR (cE*m_2n+1(2,k"2)} OR {cE*n 2n+1 (z,k"2)) OR [cE*n  2n+1(2,k"2)}

Figure 5-20 - Expanded math queries without weights, converted to
DLMF syntax

ﬂ”:“’ Query Expansion, All possible combinations with weights - Probability Model

12 | (eta_infty g*2 + theta_0q- eta_0zeta)’ 2 OR (eta_infty q*2 + theta_0q- eta_02) 2 OR (eta_infty a*2 + theta_0 q- eta_0 zeta) 4 OR (eta_infty a*2 +theta_0qg-eta_0z)' 4

16 (S_bold m (z_1) S_bold m (z_2))" 4 OR (S_bold m {z_1) S_bold m {z_z))" 3 OR (S_bold m {t_1) S_bold m (z_2)) 2 OR (S_bold m (t_1) S_bold m (z_z)} 1
18 {Qs_n*m (x, 0})"4 OR (Qs_n*m (x, O})" 4 OR {Qs_n"m (alpha, 0)} 4 OR {Qs_n*m (alpha, O}) 4

20 (A2 (xiA2 + eta”2)) 4 OR [cA2 (xiA2 +nA2)) 3 OR (A2 (272 + etat2)) 2 OR (cA2 (272 +n2)) 1

21 (zeta=wp (eta; g 2;g 3)=wp(eta)) 1 OR (zeta=wp(eta;g 2;y 3))" 3 OR (zeta=wp(eta;g z;g 3)) 20R (zeta=wp (eta;g z;y 3})=wp(eta)) 4
22 (cEAm_2n+1 (z,k*2)) 40R (cEm  2n+1 (2,kA2))" 3 OR [cEAn  2n+1(z,k*2)) 2 OR (cEn _2n+1 (2,k"2)) 1

Figure 5-21 -Expanded math queries with clause weights converted
to DLMF format; Weights are based on the independent probability
model

Figure 5-21 and Figure 5-22 show the expanded queries with and without weights and

converted to the DLMF syntax.
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Figure 5-23 shows two sample queries with three lexical errors where two candidates are

proposed for each error. Figure 5-24 shows the calculation of clause weights for these queries

based on the distance-based model and using the first distance (Section 3.1.4.6.1)(r = 1):

D, =3csi +csy - D= cs; + cs,

: Lexical Error 1 Lexical Error 2 Lexical Error 3
#o
Query Query with Three lexical
e Correct Query Q0 symbaol Errors Candidate | Candidate| Candidate | Candidate | Candidate | Candidate
. 5 1]} 1 2 3 4 5
14 22+ (A+3a+3)z+a 14 28+ (x+3a+3)2+a A x a o z 2
15 TE-DE-a)F v | -1 -a) Y ¥ 3 s a o

proposed candidates for each error
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Query No. 14 15
Correct Query Q0 z*+(A+3a+3)z+a t(t—1)°(t—a)*
# of symbols 14 14
Query with Three lexical Errors 22+ (x+3a+3)2+a (Lt — 1y (t —a)*
Candidate 0 A Y
Lexical Error 1
Candidate 1 X W
Candidate 2 a 0
Lexical Error 2
Candidate 3 a 5
Candidate 4 z a
Lexical Error 3
Candidate 5 2 o
cs0 93 95
csl 56 91
I cs2 83 95
Classification Scores
cs3 83 95
csd 90 73
cs3 82 61
€5y + 5, + €5, 2.68 2.63
csy + €5, + 8¢ 2.6 2,51
€5y + €55 + e85, 7.66 2.63
csy + €55 + 55 2.58 2.51
First Distance
csy +¢5; + s, 2.31 2.59
cs; +cs; + cs¢ 2.23 2.47
cs; tcsg + csy 2.29 2,59
cs, +csq + cs5g 2.21 2.47
w0 8 2
wl il a
2 7 2
Clause Weights - W
. ) w3 5 4
Distance Based - First
N wd 4 5
Distance
W3 2 2
wo 3 6
W7 1 2

Figure 5-23 - Weight calculation for math queries with three lexical
errors; distance-based clause weights, first distance (r=1)
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Query No.

14

15

Correct Query Q0

z2+(A+3a+3)z+a

t(t—1%(t —a)®

# of symbols

14

14

Query with Three lexical Errors

23+ (x+3a+3)2+a

t¥(t — 1)°(t — @)

Candidate 0 A Y
Lexical Error 1
Candidate 1 X A4
Candidate 2 a 0
Lexical Error 2
Candidate 3 v g
Candidate 4 z a
Lexical Error 3
Candidate 5
cs0 93 95
csl 56 91
L cs2 85 95
Classification Scores
cs3 83 95
csd 90 73
cs5 82 61
—
*\,II cst +cs? + es? 1.55 1.53
S
~\|| cs; + csi + est 1.50 1.48
—_—
_J csi + css +cst 1.54 1.53
—_—
*\,II csy + cs3 + st 1.49 1.48
Second Distance
S
~\|| cst + cs? + st 1.36 1.50
—_—
_'J cs; + cs3 + csz 131 1.45
—_—
_\Il cst +cs? +est 1.35 1.50
S
ﬂl cst + csi +cst 1.29 1.45
wi ) )
wl ] 4
w2 7 )
Clause Weights - 3 - 1
Distance Based - W4 1 .
W
Second Distance
W5 2 2
wo 3 ]
w7 1 2
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Figure 5-24 - Weight calculation for math queries with three lexical
errors; distance-based clause weights, second distance (r=2)




Query No. 14 15
Correct Query Q0 2+ (A+3a+3)z+a t(t -1t - a)
# of symbaols 14 14

Query with Three lexical Errors

23+ (x+3a+3)2+a

£ (t — 1)°(t — @)

Candidate 0 A Y
Lexical Error 1
Candidate 1 X v
Candidate 2 a o
Lexical Error 2
Candidate 3 o =
Candidate 4 z a
Lexical Error 3
Candidate 5
cs0 93 95
csl 56 91
e cs2 85 95
Classification Scores
cs3 83 95
csd 90 73
€55 82 61
CSp.C55.€5, 0.71 0.66
CSp.C55. €5 0.65 0.55
C5q.C55. €8, 0.69 0.66
C5q.C55. CSg 0.63 0.35
Probability Distance
C54.CS5.C8, 0.43 0.63
C54.C5,.C5g 0.39 0.23
C54.C55.C5, 0.38 0.23
C54.C55.C5g 0.38 0.23
w0 8 8
wl 6 5
W2 7 8
Clause Weights - w3 5 5
Probability Based wed 4 B
W5 3 3
wE 2 3
W7 2 3
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Figure 5-25 - Weight calculation for math queries with three lexical
errors; independent probability-based clause weights




Figure 5-25 shows the calculation of weights for these queries based on the second

distance formula (Section 3.1.4.6.1)(r = 2):

2
D, =/cs] +csy - D, = /csl2 + cs3

Figure 5-26 shows the calculation of weights for these queries based on the independent
probability model in which the classification scores are probability values returned by the

recognition system for each candidate.

Que
& Query Exapnsion, All possible combinations without weights

1 (z*3 + (lambda + 3a + 3) z+a) OR (z"3 +(lambda + 3a + 3) 2 + a) OR (23 + (lambda + 3alpha + 3) z+ a) OR (z*3 + (lambda + 3alpha + 3) 2 +a) OR (z*3
+(x+3a+3)z+a) OR(z"3+(x+3a+3)2+a) OR (z"3 +(x + 3alpha +3) z+a) OR (z"3 +(x + 3alpha+3) 2 +a)

(t"gamma (t-1)~delta (t-a)*epsilon) OR (t"gamma (t-1)~delta (t-alpha)~epsilon) OR (t"gamma (t-1)"s (t-a)*epsilon) OR (t*gamma (t-1)"s (t-

15 alpha)*epsilon) OR (t"y (t-1)*delta (t-a)*epsilon) OR (t*y (t-1)*delta (t-alpha)*epsilon) OR (thy (t-1)4s (t-a)*epsilon) OR (thy (t-1)"s (t-

alpha)*epsilon)

Figure 5-26 - Expanded math queries without weights (three lexical
errors), converted to DLMF syntax

Que
& & Query Exapnsion, All possible combinations with weights
1 (273 +(lambda + 3a +3) z +a) '8 OR (z*3 + (lambda + 3a + 3) 2+a) 6 OR (z*3 + (lambda + 3alpha + 3) z +a)'7 OR (z3 + (lambda + 3alpha + 3) 2 +a)'5

OR(z"3+(x+3a+3)z+a)40R(z"3+(x+3a+3)2+a),30R(z"3 +(x+3alpha+3)z+a)20R(z*3 +(x +3alpha+3)2+a)2

(t*gamma (t-1)*delta (t-a)*epsilon) 8 OR (t*"gamma (t-1)*delta (t-alpha)*epsilon)’s OR (t*gamma (t-1)*s (t-a}*epsilon)’8 OR (t*gamma (t-1)*s (t-
15 alpha)*epsilon)’s OR (thy (t-1)delta (t-a)*epsilon)’6 OR (thy (t-1)~delta (t-alpha)tepsilon)’,3 OR (thy (t-1)"s (t-a)~epsilon) ™3 OR (thy (t-1)%s (t-
alpha)*epsilon)’3

Figure 5-27 - Expanded math queries with clause weights (three
lexical errors) converted to DLMF format; Weights are based on the
independent probability-based model
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Figure 5-27 and Figure 5-28 show the result of converting the sample queries with multiple
errors into DLMF format with and without applying the clause weights respectively. Similatly,
the clause weights were calculated for the rest of the queries using different mapping
functions. Expanded queries were then converted to the DLMF format and submitted to the

search engine and the relevance ranking metrics were measured.

Table 5-12 shows the calculation of clause weights for a sample query (query # 23) with
multiple lexical errors. Query # 23 is one of the rare cases in which the first-order and the
second-order distance based mapping functions produced a different set of weights and
therefore different relevance rankings. Table 5-13 shows the calculation of relevance ranking
metrics for query # 23 and Figure 5-29 compares the Satisfaction, Frustration and Total Relevance
of unweighted, first-order distance based weighted, second-order distance based weighted
approaches. Applying weights to the clauses of query #23 improved the relevance ranking of
the results by improving the total relevance 25% and 45% for first-order and second-order

distance based approached respectively.

A comparison between Figure 5-18, Figure 5-19 and Figure 5-20 for sample queries with
two errors and Figure 5-24, Figure 5-25 and Figure 5-26 for sample queries with three errors,
indicates that for the majority the queries, the three different mapping functions (distance
based both first-distance and second-distance and probability based mapping) generate the
same set of weights. In other words, although these three methods generate different values,
but the value of the weights, which is based on the order of the mapping function results,
remains the same. Since the search system only uses the weights, all of the three mapping

functions have the same relevance ranking for most of the queries.
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Query No. 23
Correct Query Q0 z + s
# of symbols 5
Query with Two lexical Error 2+ sl
) Candidate 0 z
Lexical Error 1 )
Candidate 1 2
Candidate 2 i
Lexical Error 2 )
Candidate 3 |
cs 72
Classification csl 50
Scores cs2? 94
cs3 73
€5y + €54 166
€55+ €55 145
First Distance
€5, + €57 144
€51 + €53 123
wi .|
Clause Weights -
) € w1 3
Distance Based -
First Distance i 2
w3 1
= =
‘\Jl c5y +c55 1.18
1,I| csy + o5 1.03
Second Distance T
\,' cs; + 655 1.06
= =
lcs] + 53 0.88
.\I
w a4
Clause Weights -
- S wil 2
Distance Based -
Second Distance R e
w3 1
C5p.C55 0.6768
Probability 5p- €53 0.5256
Distance CSy. €5, 0.47
C5y.CS
1 0.265
w a4
Clause Weights - wil 3
Probability Based w2 2
w3 1

Table 5-12 - Query # 23; First-order distance based; second-order
distance based and probability based weight mapping functions
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Table 5-13 - Relevance Ranking calculation for query # 23;

Unweighted, First distance and second-distance weighted

approaches have been compared
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Relevance Ranking - Satisfaction

5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39

Ideal Unweighted Weighted (r=1) Weighted (r=2)

Relevance Ranking - Frustration

o~

5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39

Ideal Unweighted Weighted (r=1) Weighted (r=2)
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(b)

Relevance Ranking - Total Relevance

5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37

Unweighted Weighted (r=1) Weighted (r=2)

©

Figure 5-28 -Relevance Ranking comparison between Ideal,
Unweighted, First distance Weighted and Second distance Weighted
approaches for Query # 23;(a) Satisfaction; (b) Frustration; (c) Total
Relevance
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Table 5-14 shows the summary of the results for relevance ranking improvement in sample
queries with multiple lexical errors. The average improvements for the three mapping
functions are very close (in fact equal for queries with three errors), because in 21 out of the
total 30 queries that were tested in this experiment, the three mapping functions generated the
same set of weights and therefore the same ranking of the search results. Section 5.6.2.2.1

explains this behavior in more details.

Weight Mapping Functions
# of Queries First-order Distance | Second-order Distance Probability based
#of #of with similar z ey 7 z 7 ey 7 ey 7
Sample | Lexical results for = o = = o = = o =
. i B =3 =] =1 =] =] <] =] =
Queries | Errors mapping v m v o v @ v @ @
- o {+11] o [+11] o [+11] [27] [+74] [+1]
functions o o o o o z ] z d
il il i i i it} il it} a
= = = = = > = > =
< < < << < < < < <
24 2 19 22 8 28 21 3 30 22 7 29
] 3 ] 31 ] 35 31 6 35 31 B 35

Table 5-14 — Relevance ranking results summary for sample queries
with multiple errors

5.6.2.2.1 Effect of Weight Mapping Functions

As mentioned in the previous section, the three used weight mapping functions produced
the same weights for the majority of the sample queries with multiple lexical errors. There were
only a small percentage of the queries in which replacing the mapping function changed the
weights assigned to the clauses and consequently changed the relevance ranking of the search
results. The explanation of this behavior lies in the nature and range of the classification scores

and the mathematical relationship between the proposed mapping functions.
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For a math query with two lexical errors, let’s assume that the classification scores assigned

to the candidates for the first and second error are (X1, X,) , (X3, X4) respectively, we have:

X
Classification scores for Symbol 1: {x; Assume: x; <x, (1)

X
Classification scores for Symbol 2: {xi Assume: x3 <x, (2)

wy = x1 + X3
Wy = X1 + X4
W3 = Xy + X3
Wy = Xy + X4

The four possible combinations for first — distance mapping:

Based on (1) and (2), there are only two possible ways to rank the weights:

X1+ X3 <Xy +x3 <X +x, <Xy 42Xy

Two possible ordering for the combinations: {xl b Xy <X+ Xy <X+ X3 < Xy F Xy

The results of experiment 7 showed that the relative relation between the weights for the
first-order and the second-order mapping weights stayed the same for the majority of sample
queries. Assuming one of the possible cases for ranking of the weights in the first-distance
mappings, we are interested to know under what conditions the weights remain in the same

ranking in the second-distance mappings. In other words:
Assume: x; +x3 < Xy +x3 < X1 +x, <Xy +x5, (3)
and (1)and (2)

Under what conditions can we cocnlude:
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Va2 +x2 < xZ+x2 < x2+x2<x2+x2 (a)

(1) - \/xlz +x2 < \/x% +x2  (4)

2) - \/x% +x2 < \/x% +x2 (5)

(4) and (5) - \/xlz + x5 < \/x% + x5 < \/x% +xz  (6)

Similarly we have: \/xlz +x2 < \/xlz +xZ < \/xzz +xZ (7)

3) - \/xﬁ + x2 + 2x,%3 < \/xlz + x2 + 2x,x4  (8)

in order for (a) to be true we need: x,.x; < x;.X,

In other words, in order for first-distance and second-distance mapping functions to

produce different ranking results we need:
Xy +x3 <x1+ x4 and x,.%3 > x1.%4 (9)

For the majority of the sample queries that were used for the experiment 7, this relation
does not hold. The classification scores for the candidates of the symbols that are in the Tie
category (lexical errors) are in the range of [50,95[. In order for (9) to be true in this range, two

of the scores should be close to each other while the other two are close to the boundaries of
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For the majority of the classification scores generated by the FFES, these conditions do
not exist. The candidates’ scores do not satisfy (9); #herefore the relevance ranking results for the first-

order and second-order mapping functions were the same.
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6 Chapter Six — Conclusions

The primary research goal of this research is to measure the effect of lexical error
compensation on the performance of a handwritten-based math IR system. The formal
experiments have demonstrated the capabilities of the proposed error compensation methods

through various compensation policies.

The error compensation policies have been shown to:

e [Fnable the use of handwritten recognition technology for the front-end of a

mathematical IR system;

e Improve the performance of a handwritten-based math IR system by increasing

the precision, recall and improving the relevance ranking;

e Be applicable in conjunction with a variety of symbol recognition techniques for
handwritten mathematical expressions and independent of the structural

recognition;

e Be fast enough not to increase the overhead of the search by increasing the que
g y g query

processing time substantially
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6.1 Discussion and Validation of Research Goals
6.11 Goall5.1

Experiment 5 was designed and conducted to measure the effect of policy one (the

expansion policy) on sample math queries with multiple lexical errors.

Based on the results of an earlier operating point pilot, three levels of lexical errors (5%,
10% and 15%) were used as a factor for this experiment which created queries with one, two
and three lexical errors. For all of the queries and error rate levels, the expansion policy
improved the performance of math search by increasing the precision and recall. Although the
increase in Precision for some cases was very small (with a rate of 1.2), the performance was
improved. In almost all of the queries, Recall was increased in higher rates in comparison with

Precision.

The results show that the amount of performance improvement in math queries is not
directly proportional to the error rate. Increasing the error rate did not necessarily increase the
amount of performance improvement and other factors other than the error rate can change

the performance improvement gained by policy one.

6.1.2 Goall.5.2

Experiment 6 was designed and conducted to measure the effect of the randomization
method on the performance of the compensation policy 1. The results of the experiment
verified that in fixed error rates, the amount of change in precision and recall substantially

varies based on the specific randomly selected group of symbols.
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Hand-written math search, as demonstrated by this experiment, is more sensitive to which
symbol(s) is unknown to the recognition system than how many unknown symbols there are
in a query. Even in small error rate (e=5%), and among the sample queries with the same size,

the amount of change in precision and recall, due to the compensation policy, was substantial.

Although the randomization method in lexical error generation was shown to substantially
change the amount of improvement in precision and recall, no matter what set of symbols
were randomly selected as lexical errors, precision and recall were improved after applying the
compensation policy. For some of the possible combinations this improvement was very small

and for some other cases substantial.

The amount of improvement in precision and recall for different sets of lexical errors in a
query is dependent on the content of the indexed database and the number of items that will

match the wrong queries in each case.

6.1.3 Goall1.5.3

Experiment 7 was designed and conducted to measure the effect of the third
compensation policy (weighted clause approach) on the relevance ranking of math search. In
order to measure this effect, three relevance ranking metrics were calculated for the results of
each sample query in the experiment. The experiment was conducted in two parts. First,
sample queries with single lexical error were tested. On the average, applying the third
compensation policy on this group of queries, improved the Satisfaction by 34%, Frustration by

5% and Total Relevance by 29%. There were some instances that Frustration did not improve for
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a query after applying the weighted approach, but even for those cases, the Tofa/ Relevance of

the results was improved.

The second part of the experiment was conducted on queries with multiple lexical errors.
For this group of queries three different weight mapping functions were used as a second
factor of the experiment in addition to the error rate. First-order distance based, second-order
distance based and independent probability based mapping functions were used to calculate
the weights for each query. Although in comparison to the unweighted approach, applying the
weights improved the relevance ranking in all of the sample queries, in the majority of the
cases, the three mapping functions generated the same weights and same relevance ranking. In
other words, the amount of relevance ranking improvement for all three mapping functions

was the same.

Due to the specific range of the classification scores and the nature of the mathematical
formulas used to calculate the first-order and the second-order distance based and probability
based weights, in most of the sample queries, the mapping functions generated the same set of
weights and did not changing the mapping function did not have any effect on the
performance. There were a small number of cases among the tested queries (9 out of 30) in

which the mapping functions produced different weights.

In the nine instances of sample queries in which the mapping functions generated different
weights, none of the mapping functions was superior to the other two in terms of

performance.
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6.2 Recommendation for Future Research

As math search engines become more advanced and more users start searching for real

math queries, the effect of an intuitive and easy to use interface becomes more evident.

Similar to other Information Retrieval systems, math search will not succeed in satisfying
users information needs, unless users are able to learn and use the query interface quickly and
effectively. Although this is very well known in the web search community, it is even more

critical for math search.

This research is an early attempt to use handwriting recognition for query entry in math
search. The proposed error compensation policies were shown to be effective in improving
the performance of a handwritten-based mathematical IR system in the presence of lexical
errors. As computers get more powerful and recognition algorithms become more efficient,
handwriting recognition becomes more ubiquitous and the recognition accuracy improves.
Nevertheless, due to the complexities of math notation, the lexical error problem is likely to be
always present in handwritten recognition. An automated error handling system which can
compensate for the effect of these lexical errors and improve the results of the search with the

least amount of increase in search overbead is essential for handwritten based math search.

Given the current state of the mathematical recognition systems and the mathematical IR
systems, most of the recommendations relate to these issues. Since the lexical error
compensation policies were defined using the abstract concept of classification scores, they can
be easily applied to different recognition systems. Some of the directions that can be taken in

future research are:
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Experimenting with other forms of mapping functions for multiple lexical errors

Applying other existing handwritten mathematical recognition systems to the query

processing pipeline

Creating a set of canonical math queries based on the real users’ information need

to be used in other experiments

Application of a multimodal interface to the DLMF search system so that users

can enter their queries either by typing, using a GUI, or handwriting
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7 Appendix

7.1 Project Task Tree

Primary Task 1

To design and implement an
automated lexical error
compensation in handwritten-
based math search

1
| | 1 1 1
Task 1.1 (A) Task 1.2(H) Task 1.3(H) Task 14 (5) Task 1.5(V)
Investigate Related Work| Specify Solution Set Research Goals coUlclieionance VaIldaFe P_ropect
Measurements Objective

Figure 7-1 - Primary Task 1 and High-level Tasks

Task 1.1(A)
Investigate Related Work

Task 1.1.2(S)

Review existing mathematical
handwritten recognition
systems

Task 1.1.1(S)

Reviwe Existing math search
systems

Task 1.1.3 (S)

Review Query Operations in
Text-based search

Task 1.1.4(S)

Compare user interface modals
for Mathematics

Task 1.1.2.1 (A)

Determine previous error
handling techniques in
mathematical symbol
recognition

Figure 7-2 - Task 1.1, Investigate Related Work and its subtasks
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Task 1.2 (H)
Specify Solution

Task 1.2.1 (S)

Design Error
Compensation Software

Task 1.2.1.1 (S)

Design Query Exapnasion
Policies

Task 1.2.1.2 (A)

Ascertian Appropriate
Software packages for
Query Processing

Design Query Capturing

Task 1.2.1.3 (S)

Software
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Task 1.2.1.3.1 (A)
Compare and select
Handwritten Device for
Query Input

Task 1.2.1.3.2 (S)

=] Conduct QD Pilots on

Query Input Software

Task 1.22 (V)

=1 Conduct QD Pilots on

Sample Queries

Figure 7-3 - Task 1.2, Specify Solution and its Subtasks



Task 1.3(H)
Set Research Goals

Task 1.3.1 (S)

Define Factors and
Performance Metrics

Task 1.3.1.1 (A)

Ascertian Appropriate
Performance Metrics for
Relevance Ranking

Task 1.3.1.1.1 (A)
Conduct Relevance
Ranking OP Pilot

Figure 7-4 - Task 1.3, Set Research Goals and its subtasks
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Task 1.4(s)
Acquire Performance

Measurements
l
| l
Task 1.4.1(S) Task 1.4.1 (S)
Build and test Query Mount Performance
Processing Software Experiments

Task 1.4.1.1 (H)

1 Design Average Precision
and Recall Experiments

Task 1.4.1.2 (S)

Conduct Average
Precisiona and Recall
Experiments

Task 1.4.1.3 (H)

~Design Relevance Ranking
Experiments

Task 1.4.1.4 (S)

= Conduct Relevance
Ranking Experiments

Figure 7-5 - Task 1.4, Acquire Performance Measurements and its
Subtasks
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Task 1.5(V)

Validate Project
Objective

Task 1.5.1 (A)

Computer Performance
Statistics

Task 1.5.2 (H)
Draw Conclusions

Task 1.5.3 (S)

Document Project

Task 1.5.4 (V)
Submit for Peer Review
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Figure 7-6 - Task 1.5, Validate Project Objectives and its subtasks




7.2  Assumptions

Assumption 1: Information in this research is assumed to be composed of text and

mathematical notation (e.g. expressions and formulas).

Assumption 2: Classification score in this research is an abstract value, independent of the
specific type of the classifier. For each category of symbol recognition

classifiers, it can be substituted with the appropriate measure.

Assumption 3: In this dissertation, error is assumed to be lexical error, unless otherwise

specified.

Assumption 4: If a symbol in the TIE category, it will be considered a potential lexical

€rror.

Assumption 5: The most probable clause is the one with most probable individual

candidates.

Assumption 6: An Ideal IR system retrieves the items in the order of decreasing relevance

weights.

Assumption 7: Users of a mathematical Information Retrieval system are knowledgeable

about mathematical notation.
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7.3 Definitions

Definition 1: An Information Retrieval and Storage system is a system that is capable

of storage, retrieval, and maintenance of information. [KOWALSKI '00]

Definition 2: Overhead can be expressed as the time a user spends in all of the steps
leading to read an item containing the relevant information. (query
generation, query execution, scanning results to selects items to read and

reading non-relevant items) [KOWALSKI '00]

Definition 3: Textualization of math symbols - converting each of the non-

alphanumeric symbols into a unique alphanumeric word

Definition 4: Serialization and scoping of the various parts of the terms and expression

- stacking the structural parts of an equation in a linear sequence

Definition 5: Normalization of the orders of parts into a standard canonical form -

reordering the terms into some defined canonical order

Definition 6: Query is the expression of the user information need in the input language

provided by the Information Retrieval system. [BAEZA-YATES '99]

Definition 7: Query Expansion is the process of adding terms to a given user query in
an attempt to provide better contextualization and hopefully retrieve

relevant documents. [BAEZA-YATES '99]
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Definition 8: Term Masking is the ability to expand a query term by masking a portion
of the term and accepting as valid any processing token that maps to the

unmasked portion of the term. [KOWALSKI '00]

Definition 9: Symbol Recognition is the process of identifying individual handwritten
symbols from their ink data. Symbol recognition phase usually returns a

code (such as a UNICODE identifier) for each handwritten symbol.

Definition 10: Structural Analysis is the process of recognizing the two dimensional
relationship between math symbols in a handwritten math expression.
Structural analysis phase usually returns a symbol relation tree (SRT) for the

whole expression.

Definition 11: Symbol Segmentation is the process of partitioning a handwritten
mathematical expression into its constituent individual mathematical
symbols. The results are typically a set of boundary boxes for each

segmented symbol.

Definition 12: On-Iine Recognition - Mathematical expression is retrieved from an on-
line source such as a tablet or a digitizer in the form of a series of pixel

locations along with temporal information (such as [x,y,t] triplets).

Definition 13: Off-line Recognition - Mathematical expression is retrieved in the form
of a scanned image from a printed document as a bitmap array of pixels

(such as [x,y]).
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Definition 14: Elastic Matching is a method of pattern matching, which uses dynamic
programming as a means to calculate the minimum possible distance
between the test pattern and each of the a priori defined reference patterns.

[DIMITRIADIS '95]

Definition 15: Template Matching is a method of pattern matching by searching a
predefined dictionary of patterns in order to maximize the correlation

between extracted features of the test pattern and the reference patterns.

[SUZUKI '00]

Definition 16: Classification Score is a measure of class membership, assigned by the
symbol recognition classifier to every candidate class for any of the
handwritten symbols in a query to assess the strength of symbol

membership to candidate classes.

Definition 17: A symbol is considered PPASS by a classifier when the classification score

of at least one of its candidates is higher than the PASS threshold.

Definition 18: A symbol in considered a REJECT by a classifier when the classification

score of all of its candidates are less than the Reject threshold.

Definition 19: A symbol is considered to be in the TIE state by the classifier when none
of the classification scores of its candidates are above the PASS threshold
and has at least two candidates with classification scores between PASS and

REJECT.
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Definition 20: Manual Error Recovery - Asking the user to verify the results of the
recognition phase and to manually provide corrections for misrecognized

and/or unrecognized symbols

Definition 21: Automatic Error Recovery - Automatically handling the errors as much

as possible without user interaction

Definition 22: An Objective Measure is one that is well be defined and is based upon

numeric values derived from the system operation.

Definition 23: A Subjective Measure is based upon an individual uset’s judgment. They

can also produce numeric values.

Definition 24: Recall is the ratio of number of relevant retrieved documents to the total

number of relevant documents indexed in the IR system

Definition 25: Precision is the ratio of number of relevant retrieved documents to the

total number of retrieved documents

Definition 26: Fallout is the ratio of non-relevant retrieved documents to the total non-

relevant documents in the database

Definition 27: Unique Relevance Recall is the ratio of unique relevant documents
retrieved by an algorithm to the total number of relevant items in the

database.

Number of introduced erroneous symbols

Definition 28: Etror Rate (€): e= ,
Total number of symbols in a query
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Definition 29: A condition is a specification of the experiment’s environment, whose

value is either fixed or varied as a factor of the experiment [BOCK '01].

Definition 30: A parameter is a specification of the experiment’s system, whose value is

cither fixed or varied as factor of the experiment [BOCK '01].

Definition 31: A factor is a condition or parameter of an experiment whose value is
intentionally varied to measure its impact on the result of the experiment

[BOCK '01].

Definition 32: A governing proposition is a condition or a parameter of an experiment

whose value is fixed during the experiment [BOCK '01].

Definition 33: A treatment is a combination of one level or setting for every factor.

[BOCK '01]

Definition 34: Relevance Ranking is the ranking of the search results based on their

relevance degree. This metric is generally considered a subjective metric.

Definition 35: An Ideal IR system is defined as one in which all of the relevant items are

retrieved before any non-relevant ones [RORFHAGE '97].

Definition 36: Sliding Ratio is defined as [RORFHAGE '97]:

Z?=1 w;

SR(n) =
= Wi
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Definition 37: Satisfaction is defined as the cumulative sum of relevance weights, but it
only considers the relevant items; substituting relevance weights less than

the relevance threshold with O:

n
S(n) = Z w;, Yw; <R —> w; =0  R;:Relevance Threshold
i=1
Definition 38: Frustration is defined as the cumulative sum of relevance weights, but it
only considers the non-relevant items, substituting relevance weights equal
or greater than the relevance threshold with 0, and relevance weights less

than the threshold with relevance threshold minus the non-relevant weight:

n

_ Vw; =Ry > w; =0 _
F(n) = Z w; ’{Vwi <R > w, = R, —w, R.: Relevance Threshold
i=1

Definition 39: Totalis defined as a weighted combination of Sazsfaction and Frustration:
T(n) = aS(n) — BF(n) , a,f:Adjustment Weights

Definition 41: Zero-result query is a math query that does not return any results after

searching in the DLMF database.
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7.4 Comparison of different Interaction Modalities

Based on the general objective of an IR system, the most desirable mode of interaction
between the end user and an IR system is the one which minimizes the overhead. Different
modes of query input are in fact different ways of building an interface for the query system.
In user interface design, after the task analysis is complete and the user actions are identified,
the designer can choose from the primary modals of interaction. Menu selection, form
filling (text input), command language, natural language, and direct manipulation are

among the main categories of interaction modals.

“Users of math digital libraries must be able to express their search needs in the native,
concise language of math”. The major modals of interaction that have been proposed to

communicate mathematical content to a computer system are:

1. Text-based input forms using a QWERTY keyboard

2. Editor-like GUI programs, such as Microsoft equation editor, using drop-

down menus and buttons

3. Handwriting a math equation using a tablet and a stylus pen

4, Voice-enabled user interface

5. Hybrid modes

The following discussion compares the modals in terms of desirability for query

generation.
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7.4.1 Mode 1- Keyboard Data Entry

In this mode everything has to be typed and only the typical characters of a QWERTY
keyboard are used. Although it is possible to express a mathematical query in this mode (as it
has been proposed for the current DLMF search engine), it causes a great amount of extra
overhead for users to convert an equation to a completely textual expression. The DLMF
search engine will actually be based on an intermediate text-based language. Every
mathematical equation will be transformed to a completely textual from in a language called
TexSN both from the query side and from the database side. But this transformation is a
complicated process and expecting a user to perform this before typing the query is very
undesirable and will increase the overhead. In this mode users must understand the format,
know the permissible values and operators and be capable of responding to errors. There is a

steep learning curve for users to be able to enter all of their queries in this mode.

7.4.2 Mode 2 - Menu Selection Graphical User Interfaces

Most of the today's interactive programs are based on menu selection Graphical User
Interfaces. Users typically interact with the program by selecting options from drop-down
menus, choosing radio buttons, selecting check boxes and dragging-and-dropping objects
around the screen. Modern programming languages and IDEs provide an extensive set of

GUI widgets in order to design and implement such GUIs.

Similarly, almost all of the current math editors are based on this mode. Programs such as
Microsoft Equation Editor ®, MathType ®, etc. let users create and display math equations by

selecting math symbols and operators from menus using a mouse.
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In this mode, users look for a list of items and select the most appropriate command to
their task, and observe the effect. For example, if a user wants to write a summation using the
Microsoft Equation Editor, he selects the ) symbol from a pull down menu and the effect of
this selection will be immediately shown on the screen. If the terminology and meaning of
items are understandable and distinct, then users can accomplish their task with little learning
and with a few actions. The greatest benefit may be that there is a clear structure of decision

making since all possible choices are presented at one time.

But there are too many mathematical operations and symbols which will lead to a
complicated interface. Current GUI driven systems such as MathType or Microsoft Equation
Editor are using palettes of functions and symbols to cope with the diversity of math symbols.
Beginners and intermediate users can benefit from this mode of interaction and if the display
and selection mechanism are rapid, then it can be appealing to the frequent and advanced users
as well. Due to the complexity of math expressions however, in the mathematical search
domain, this mode is always a hybrid with mode 1 (data entry with keyboard). Users select the
appropriate operator but still need to type the actual equation and/or the operands. In order to

input the following math expression:

i(xi +y)!
=0

Users select the ) operator from a pull down menu and type the rest of the equation

through the keyboard. Although it is also possible to enter the entire expression using a mouse,
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it would be much faster to type some portions of the expression, such as lower and upper

bound and the integrand, using the keyboard.

From a design point of view, a designer has to be careful to ensure that all of the
mathematical functions are supported and the terminology and selection formats are

consistent.

7.4.3 Mode 3 - Handwriting

The most natural method to communicate a mathematical concept is using the
mathematical notation. For decades, mathematics has been communicated through
handwriting with a specific notation. If users are able to write a query by hand, they do not
have to spend an extensive amount of time learning the User Interface; in fact the UI can be
designed as simple as a piece of paper and a pen. In this mode the interface is virtually
invisible, the learning curve is minimized and users can concentrate on their query instead of

learning how to use the search interface.

7.4.4 Mode 5 - Hybrid Modes

There have been some previous proposals regarding a combination of different interaction
modes to communicate mathematical expressions with a computer system. Although none of
these hybrid approaches have been designed for mathematical search and entering a math
query, their functionality is very similar. Zhang and Fateman (Zhang & Fateman, 2003)

proposed a couple of hybrid approaches:
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e Tapping and dragging + Handwriting

e Colored ink + Handwriting

e Handwriting + GUI templates

e Handwriting + Voice

7.4.5 Cognitive Process of Query Generation

When a user is searching for mathematical expressions and is trying to communicate the
query to the IR system, the major concentration is on forming the correct information need.
The conversion of information needs, from a specific task domain (such as mathematics), into
interface actions is a cognitive process. Desirability and goodness of the query interface of the
mathematical search system mainly depends on the degree to which user frustration and

confusion are reduced.

Any kind of interaction that diverts the user’s cognitive process, from forming the query
into using the search interface, is undesirable and can potentially lead to higher error rates,
bigger overhead and lower retrieval performance. Users would be distracted if they had to

learn complex query languages or elaborate shape-coding rules.

In mode 1, users have to translate a math expression to a pure textual format that can be
typed on a keyboard. In mode 2 users have to look up the correct menu item to and often use

the keyboard and special command keys (such as tab key in Microsoft Math Editor) to enter
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the query expression. In both cases there is a clear shift in terms of cognitive process of the

end user from forming mathematical content to using the query interface which is undesirable.

7.4.6 Diversity of Users

A cleverly designed user interface for a specific group of users may be extremely unsuitable
for another group. Accessibility is a major design principle for almost all of the web-based
systems, including digital libraries. Although handwriting can be argued as the most intuitive
mode for communicating mathematics with a computer, it is useless for users with hand
motion disability. Voice enabled interfaces (Mode 4) is the mode of choice for this group of

users.

Other demographic information about the users of math search should also be considered
before making the final design decisions. It is a safe assumption to make that most of the users
of the math search engine such as DLMF are scientist or mathematicians and are familiar with

the standard mathematical notation.

Assumption 7:  Users of a mathematical Information Retrieval system are knowledgeable

about mathematical notation.
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7.4.7 Performance Metrics

The different methods of entering math queries into a math search system are in fact
different models of user interfaces. There are a number of widely used performance metrics
for evaluation of user interfaces in the Ul design literatures. These metrics are not specific to
the query generation and are used extensively in most of the current interface designs and can

be very well used for the math query interface (Shneiderman, 1992):

Time to learn: Amount of time it takes for typical users of the math search system to
learn how to use the interface in order to form their queried and communicate them with math

search engine

Speed of Performance: Considering a canonical set of different math queries, this
metric is the amount of time it take for a user to enter the queries into the search engine. The

experiment can be repeated using different cohorts and different interaction modes.

Rate of errors: Number and type of errors a user make carrying out the benchmark task;

Error handling is a critical component of the query system and it deserves an extensive study.

Retention over time: How well do users maintain their knowledge after a certain period
of time? This metric can be closely related to the first one (time to learn). Frequency of use

also plays an important role in retention over time.

Subjective Satisfaction: This is the most subjective metric to evaluate a GUI system. It

is often defined as how much do users like the various aspects of the system? Usually this
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question can be assessed by interviews or written surveys and usability. User satisfaction

surveys include approval scales and space for free-from comments.

Each of these metrics has a series of advantages and disadvantages to evaluate a specific
interactive system. For a particular system, Subjective Satisfaction might be the key factor while
for another system; Rate of Errors is the most important metric to consider. Designer has to

choose between different metrics those that are critical to the objectives of a particular system.

As mentioned before, mathematical search is in its early stages and except for text-based
query generation (such as in DMLF search), other modes have not been used to form queries
in math search. The following discussion is a summary of reviewing these metrics for each of

the modals to be used in math query system.

7.4.7.1 Time to Learn

Mode 1 - Text Based, Keyboard Data Entry: The worst among all of the modes; users
have to learn how to convert a math expression into a pure textual format. They also have to

learn the grammar and all of the transformation rules.

Mode 2 - Menu Selection GUI: Depending on how much a person is used to a menu
driven interface; Time to Learn can range from a few hours to many days. Users have to learn
where each math function is located and how to use the widgets of the interface to form

special math expressions.

Mode 3 - Handwriting: Almost nothing; users have used the exact same method for

communicating mathematical concepts for decades. It is important to note that in all of the
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handwriting systems such as Tablet PCs or PDAs; there is still learning curve for inexperienced
users to learn how to write with a digital pen. Some systems also have special stroke motion

for specific characters.

7.4.7.2 Speed of Performance

Mode 1 - Text Based, Keyboard Data Entry: Every single one of the math symbols
should be replaced with one or more characters that need to be typed. User also have to add
additional scoping characters and operators and converting the two dimensional information

into a sequential text-based query.

Mode 2 - Menu Selection GUI: Depends on how inexperienced or advanced users are in
terms of using GUI systems. Frequency of use also plays an important role. Users need to

remember where to look for all of the different math functions and symbols.

Mode 3 - Handwriting: Due to the minimal cognitive distraction, users are able to

complete their math queries in less amount of time.

7.4.7.3 Rate of Errors

Mode 1 - Text Based, Keyboard Data Entry: Since there are many rules that have to be
remembered in order to transform a math expression into text, there is higher probability for
users to make errors in the text-based entry mode. There is also no immediate feedback from

the system to help avoiding these errors.

Mode 2 - Menu Selection GUI: Users might select the wrong math function from the
drop down menus or pick the wrong operators. They might not be able to find a specific math
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function. Since in the menu driven mode there is an immediate response to their actions (user

sees the immediate result on the screen), they have a better chance to avoid making errors.

Mode 3 - Handwriting: In this mode the system has to process the query in terms of
symbol recognition and structural analysis before it can send any feed back to the user in case
of errors. Therefore, there is no immediate feedback after user actions (at least not as quick as
mode 2). There are probably more errors from the recognition engine than from the users.
Users are writing a math expression with a stylus pen and they don’t need to think about any
component of the GUI system. User errors can still happen such as semantic errors or
incomplete math expressions. Error recovery in this mode is a great challenge and has to be

covered in details when this system is implemented.

7.4.7.4 Retention over Time

Mode 1 - Text Based, Keyboard Data Entry: Worst among the three different modes;
as stated before, math search users are from different demographic backgrounds and unless
they are using the text-based math search very often, there is a high probability that they forget

much of the details of the text-based query language.

Mode 2 - Menu Selection GUI: Users who are frequently working with the GUI systems
are less likely to forget how to navigate through different menus and options. They might
however forget where to find a specific math function or a symbols or how to input a

parameter or special short-cut key to jump from a field to another one.

Mode 3 - Handwriting: There is really nothing to forget; users simply pick up a stylus

pen and start writing, very similar to writing a math expression on paper.
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7.4.7.5 Subjective Satisfaction

Mode 1- Text Based, Keyboard Data Entry: Most of the text-based interaction systems
have been replaced over the years with some form of graphical interface. Communicating

search queries is still mainly text-based.

Mode 2- Menu Selection GUI: The satisfaction of the users of a GUI based interface
has been studied extensively in the usability studies. Currently, this mode along with mode 1,

form the major methods of communicating math with a compute.

Mode 3 - Handwriting: It can be hypothesized that this will be the most satisfactory
mode among all of the three modes since it resembles the familiar metaphor of pen-and-paper,
requires the least amount of learning and provokes the least amount of cognitive distraction as

well.
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