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Abstract

Analysis of the Long Range Interaction

in the Ternary System

In this dissertation, we show that a core-shell structure is a stable solution of the free

energy problem for a particular ternary system. The free energy of this ternary system

includes an interface energy and a long range interaction energy. This model is derived

from a density functional theory for triblock copolymers proposed by Nakazawa and Ohta.

We prove the existence of a core-shell solution by reducing the free energy problem to a finite

dimensional problem. The finite dimensional problem is then solved explicitly. Finally, we

demonstrate that a stability criterion on the parameters determines whether or not the

core-shell solution is stable.
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Chapter 1

Introduction

Different patterns may form as orderly outcomes of self-organization principles in multi-

constituent systems. Examples include morphological phases in block copolymers, animal

coats and skin pigmentation.

Binary systems, a special case of multi-constituent systems, have been studied exten-

sively. Let D be an open and bounded set in Rn. The set D is partitioned into two subsets:

Ω, occupied by one constituent, and D\Ω, occupied by the other constituent. These sets

may or may not be connected, but here we consider the two constituents to be completely

separated.

The free energy of the binary system is composed of two parts. First, there is the

energy coming from the interface separating Ω and D\Ω. In other words, this energy is

the perimeter of Ω in D. We denote this perimeter by PD(Ω), and will give the precise

definition later in this chapter. If Ω is bounded by a smooth boundary ∂Ω, then PD(Ω) is

the length of ∂Ω ∩D when D ⊂ R2, and, is the area of ∂Ω ∩D when D ⊂ R3. Note that

∂D stands for the boundary of Ω in Rn not the boundary of Ω in D. The latter is ∂Ω∩D.

The second part of the free energy in the self-assembling system is a longer ranging,

inhibitory term. It is not difficult to imagine that two different constituents will have a long

range interaction before the patterns form. One example concerning the Ohta-Kawasaki

density functional theory for diblock copolymers may be found in [8] where the long range

term is
∫
D |(−∆)−1/2(χΩ−w)|2dx. The function χΩ is the characteristic function of Ω, that
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is, χΩ = 1 if x ∈ Ω and χΩ = 0 if x ∈ D\Ω. The positive constant w ∈ (0, 1) satisfies

|Ω| = w|D|, where |Ω| is the Lebesgue measure of Ω and |D|, the Lebesgue measure of D.

The free energy JB of the binary system combines these two terms:

(1.1) JB(Ω) =
1

n− 1
PD(Ω) +

γ

2

∫
D
|(−∆)−1/2(χΩ − w)|2dx.

The positive constant γ balances the short range interaction PD(Ω) with the long range

interaction in JB. Both γ and w are parameters of the energy function. The operator

(−∆)−1/2 is the positive square root of the inverse of −∆ with the Neumann boundary

condition. A critical point of the function JB satisfies the Euler-Lagrange equation

(1.2) H(∂Ω ∩D) + γ(−∆)−1(χΩ − w) = λ.

In (1.2) H(∂Ω ∩ D) is the mean curvature of ∂Ω ∩ D, and λ is a Lagrange multiplier

associated with the constraint |Ω| = w|D|. The coefficients 1
n−1 and γ

2 in (1.1) simplify the

form of (1.2). Equation (1.2) holds on the part of the boundary of Ω that is inside D, namely

∂Ω ∩D. If ∂Ω intersects ∂D, then the two hyper-surfaces must meet perpendicularly. By

minimizing JB, or more generally by solving the equation (1.2), one discovers patterns that

match many observed in nature.

This problem is solved completely in one-dimension [12]. In particular, there are countably-

many solutions to (1.2), and every solution is a local minimizer of the energy functional JB.

Depending on w and γ, there are either two or four global minimizers among these local

minimizers. In higher dimensions, people have found several types of solutions [4, 5, 9, 10,

13, 16, 17, 11, 18, 19]. Further studies are needed to address the global minimizers of the

problem. One can see progresses from [1, 6, 21].
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Figure 1.1: Blue spotted grouper. Image credit: By Adrian Pingstone [Public domain], via
Wikimedia Commons.

Figure 1.2: Leopard. Image credit: By U.S. Fish and Wildlife Service [Public domain], via
Wikimedia Commons.
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In this dissertation we study the ternary case. A ternary system has three constituents

that occupy disjoint subsets Ω1, Ω2 and Ω3 = D\(Ω1 ∪ Ω2) of D, and D is, again, an open

and bounded subset of Rn.

As in a binary system, the free energy of a ternary system is composed of two parts. One

part of the free energy is the size of the interfaces separating the three domains Ω1, Ω2 and

Ω3. There are three types of interfaces: ∂Ω1\∂Ω2, the interfaces separating Ω1 from Ω3;

∂Ω2\∂Ω1, the interfaces separating Ω2 from Ω3; and ∂Ω1 ∩ ∂Ω2, the interfaces separating

Ω1 from Ω2.

The other part of the energy is, as before, the long range interaction term. We use∫
D((−∆)−1/2(χΩi − wi))((−∆)−1/2(χΩj − wj))dx to model the interaction between Ωi and

Ωj . The overall free energy of the ternary system takes the form

(1.3) JT (Ω) =
1

2(n− 1)

3∑
i=1

PD(Ωi) +

2∑
i,j=1

∫
D

γij
2

((−∆)−1/2(χΩi − wi))((−∆)−1/2(χΩj − wj))dx.

This model was derived from the density functional theory for triblock copolymers pro-

posed by Nakazawa and Ohta [7]. In this work, we consider only the situation where the

three constituents are totally separated from each other: there is no mixture of the three

constituents. Figure 5 in [2] illustrates many possible patterns in the ternary system.

The one dimensional case of this problem has also been studied. The cyclic lamellar phase

is shown to exist in [15]; a diblock copolymer-homopolymer blend problem is investigated

in [3, 22, 23].

In two dimensions, Ren and Wei have recently found a double bubble solution [20]. In

this work, we will investigate Case (b) in Figure 5 of [2], a core-shell pattern. Figure 1.3

is reproduced from the case (b) of Figure 5 of [2]. We will prove that in two dimensions a

core-shell solution exists as a critical point of JT .
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Figure 1.3: Three dimensional co-shell pattern

A single core-shell pattern is a cylinder inside another cylinder. In nature, there appear

to be approximate core-shell patterns. Figures 1.1 and 1.2 show animals with core-shell

patterns observed in nature. Figure 1.3 is a picture of multiple core-shells. Figure 1.4 is a

cross-section of a single core-shell pattern.

Figure 1.4: Core Shell.

Ω2

Ω3

Ω1
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We consider (1.3) on a bounded, smooth, open subset D of R2. Let w1 and w2 be two

positive numbers such that w1 + w2 < 1. For two measurable sets Ω1 and Ω2 satisfying

|Ω1| = w1|D|, |Ω2| = w2|D|, and Ω1 is enclosed by Ω2, set Ω3 = D\(Ω1 ∪ Ω2).

Both w1 and w2 will be small in this work, but their ratio q = w1/w2 will be fixed.

We let |w| =
√
w2

1 + w2
2. The main result in this work holds when |w| is small. Since the

fraction q = w1
w2

is held fixed, |w| being small is equivalent to w1 being small or w2 being

small.

The energy of the system is

(1.4) J(Ω1,Ω2) =
1

2

3∑
1

PD(Ωi) +
2∑

i,j=1

γij
2

∫
D

((−∆)−
1
2 (χΩi −wi))((−∆)−

1
2 (χΩj −wj))dx.

The interaction matrix γ = [γij ] is symmetric. It balances the long range interaction

strength between the three constituents.

We now denote JT from (1.3) by J for simplicity.

In (1.4), PD(Ωi) is the perimeter of Ω in D. We define the perimeter in the following

way: for any measurable subset E of D,

(1.5) PD(E) = sup{
∫
E

div g(x)dx : g ∈ C1
0 (D,R2), |g(x)| ≤ 1 ∀x ∈ D}

where div g(x) is the divergence of a C1 vector field g on D with compact support and |g(x)|

stands for the Euclidean norm of the vector g(x) ∈ R2. A subset E in D is said to have a

finite perimeter if and only if χE , the characteristic function of E is a function of bounded

variation on D. In this work, PD(E) is just the size of the interfaces separating the three

domains; that is, the first term of (1.4) is the combined length of ∂Ω1\∂Ω2, ∂Ω2\∂Ω1, and

∂Ω1∩∂Ω2. In the core-shell case, ∂Ω1\∂Ω2 is absent. However in Figure 1.5, all three types

of boundaries are present. Figure 1.5 is a 2-dimensional equal area double bubble. The

perimeter here is the sum of the lengths of the the two arcs and the middle line segment.
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Figure 1.5: An equal area double-bubble.

Ω1 Ω2

Ω3

1.1 Main result

Let us denote the Green’s function of −∆ by G. It is a sum of two terms:

(1.6) G(x, y) =
1

2π
log

1

|x− y|
+R(x, y).

The regular part of G(x, y) is R(x, y). The Green’s function satisfies the equation

(1.7) −∆xG(x, y) = δ(x− y)− 1

|D|
, ∂ν(x)G(x, y) = 0 on ∂D,G(·, y) = 0 ∀y ∈ D.

In (1.7), ∆x is the Laplacian with respect to the x-variable of G, ν(x) is the outward

normal direction at x ∈ ∂D, and ∂ν(x) is the normal derivative there with respect to the x

variable.

Let Γ = [Γij ], satisfying γ = (w1|D|
π )−3/2Γ, i.e

γ11 γ12

γ21 γ22

 = (w1|D|
π )−3/2

Γ11 Γ12

Γ21 Γ22

. Let

(1.8)

Mn =

(n2 − 1)− 2Γ12−Γ11−Γ22
2n − Γ11−Γ12

2
Γ12−Γ22

2n ( 1
1+q )n/2

Γ12−Γ22
2n ( 1

1+q )n/2 1
(1+q)3/2

(n2 − 1) + Γ22
2n −

Γ22
2 (1− 1

1+q )− Γ12
2

1
1+q



7



where q = w2
w1

. The symbol q will denote a fixed positive constant throughout the disserta-

tion.

Let S2 be the set of 2 by 2 symmetric matrices. Let

(1.9) Cq =
{

Γ ∈ S2 : Γ > 0
}
∩ {Γ ∈ S2 : Γ22 > Γ12} ∩ {Γ ∈ S2 : Mn > 0,∀n ≥ 2}.

A proof will be given later to show that Cq 6= ∅.

A main result of this dissertation is the following theorem.

1.10 Theorem. For every q > 0 and every Γ ∈ Cq, there exists δ > 0 such that if |w| < δ

and γ = (w1|D|
π )−3/2Γ, then there is a core-shell solution to the ternary system.

Remark:

1. We construct the solution in two steps. The construction is stable in each step.

Therefore, the solution is stable in some sense.

2. The solution is a core-shell near a minimum of the function x→ R(x, x).

1.2 Outline

Write Bk = {x ∈ R2 : |x − ξ| < rk}. The proof of the theorem starts by finding a family

of approximate solutions, the pair (B1, B2\B1). Both r1 and r2 are fixed. Additionally,

πr2
1 = w1|D|, and πr2

2 = w2|D|.

We then perturb (B1, B2\B1) by a pair of 2π-periodic functions φ = (φ1, φ2) where

r2
1 + 2φ1 is the perturbed inner radius squared and r2

2 + 2φ2 is the perturbed outer radius

squared. The perturbed B1 is the set

Eφ1 = {ξ + αeiθ : θ ∈ [0, 2π], α ∈ (0,
√
r2

1 + 2φ1(θ))}.

The perturbed B2\B1 is the set

Eφ2 = {ξ + αeiθ : θ ∈ [0, 2π], α ∈ (
√
r2

1 + 2φ1(θ),
√
r2

2 + 2φ2(θ))}.

8



We perturbed the squares of the radii instead of radii so that the constraints |Eφ1 | = w1|D|

and |Eφ2 | = w2|D| become simple linear constraints on φ1 and φ2 of the form

∫ 2π

0
φ1(θ)dθ = 0,

∫ 2π

0
φ2(θ)dθ = 0.

In terms of φ, the Euler-Lagrange equation of (1.4) is written as S(φ) = 0 where S

is a two component, nonlinear, integro-differential operator from a functional space X to

another functional space Y.

There is a subset X∗ of X which, roughly speaking, ignores the effect of the translation of

the center ξ. There is also a corresponding subset Y∗ of Y. Given ξ, we look for ϕ = ϕ(θ, ξ)

in X∗ that solves the equation up to a translation of ξ, i.e., ΠS(ϕ) = 0 where Π is the

projection operator from Y to Y∗.

Finally we study the dependence of J(ϕ(·, ξ)) on ξ. We show that under certain con-

ditions there exists ζ such that J(ϕ(·, ξ)) is minimized at ξ = ζ. It turns out that at this

minimum, S(ϕ(·, ζ)) = 0. Stability of this solution will also be proved.

In this dissertation, the interval [0, 2π] with 0 and 2π identified is denoted by S1. The

L2 space on S1 is L2(S1). The inner product in L2(S1) is denoted by < ·, · >. The L2 norm

is denoted by || · ||L2 , and the L∞ norm by || · ||L∞ . The Sobolev W k,2 space is denoted by

Hk(S1) where k ≥ 1 is an integer. The W k,2 norm is denoted by || · ||Hk .

The point (cos θ, sin θ) is often written as eiθ for a simpler notation even though no

complex structure is assumed on R2. For example, the expression eiθ · x is simply the inner

product of two real vectors (cos θ, sin θ) and x.

9



Chapter 2

Exact core-shells as approximate

solutions

Let U be a neighborhood of the set

(2.1) {z ∈ D : R(z, z) = min
x∈D

R(x, x)}

where R(x, x) is defined in (1.6). The set defined in (2.1) is compact since R(x, x)→∞ as

x→ ∂D. We can choose U so that the closure of U in R2 is compact and is contained in D.

Let B1 and B2 both be centered at ξ ∈ U and have inner radius r1 and r2 respectively.

The exact core-shell is (B1, B2\B1).

The energy functional is the following

(2.2) J(Ω1,Ω2) =
1

2

3∑
1

PD(Ωi) +

2∑
i,j=1

γij
2

∫
D

((−∆)−
1
2 (χΩi − wi))((−∆)−

1
2 (χΩj − wj))dx

where w1, w2 ∈ (0, 1) and w1 + w2 < 1.

The Euler-Lagrange equations of J are

10



H1(φ1)(θ) + (γ12 − γ22)(−∆)−1(χΩ2 − w2)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

+(γ11 − γ12)(−∆)−1(χΩ1 − w1)(ξ +
√
r2

1 + 2φ1(θ)eiθ) = λ1

(2.3)

H2(φ2)(θ) + γ12(−∆)−1(χΩ1 − w1)(ξ +
√
r2

2 + 2φ2(θ)eiθ)

+γ22(−∆)−1(χΩ2 − w2)(ξ +
√
r2

2 + 2φ2(θ)eiθ) = λ2

(2.4)

where H1 is the curvature of ∂Ω1 and H2 is the curvature of ∂Ω2\∂Ω1. See Appendix A for

the derivation of the preceding formulas.

We plug the exact core-shell into the left side of the Euler Lagrange equation and see,

as an approximate solution, how much error the exact core-shell has.

2.5 Lemma. If (Ω1,Ω2) = (B1, B2\B1), the left side of the Euler Lagrange equation is

1

r1
+ (γ12 − γ22)(−r

2
2 log r2 − r2

1 log r1

2
+
w2|D|

4π
+ w2|D|R(ξ, ξ) +

π(r4
2 − r4

1)

8|D|

+ w2|D| 5R(ξ, ξ)r1e
iθ)

+ (γ11 − γ12)(−w1|D|
2π

log r1 + w1|D|R(ξ, ξ) +
πr4

1

8|D|
+ w1|D| 5R(ξ, ξ)r1e

iθ) +O(|w|
1
2 )

on the inner circle of the exact core-shell (B1, B2\B1), and is

1

r2
+ γ12(−w1|D|

2π
log r2 + w1|D|R(ξ, ξ) +

πr4
1

8|D|
+ w1|D| 5R(ξ, ξ)r2e

iθ)

+ γ22(−w2|D|
2π

log r2 + w2|D|R(ξ, ξ) +
π(r4

2 − r4
1)

8|D|
+ w2|D| 5R(ξ, ξ)r2e

iθ) +O(|w|
1
2 )

on the outer circle of the exact core-shell (B1, B2\B1).

Proof. Let v1 and v2 satisfy

11



(2.6) −∆vk = χBk −
πr2

k

|D|
in D, ∂νvk = 0 on ∂D, vk = 0,

where k = 1, 2.

Define

Pk(x) =


− |x|

2

4 +
r2k
4 −

r2k
2 log rk, if|x| < rk

− r2k
2 log |x|, if|x| ≥ rk

.

Then −∆Pk(· − ξ) = χBk . Write vk = Pk(· − ξ) +Qk(·, ξ). Clearly


−∆Qk(x, ξ) = −πr2k

|D|

∂νQk(x, ξ) = ∂ν
r2k
2 log |x− ξ| on ∂D

Qk(·, ξ) = −Pk(| · −ξ|)

.

Here the Laplacian ∆ and the outward normal derivative ∂ν are taken with respect to x.

Note from (1.7) it follows that Qk(x, ξ) and πr2
kR(x, ξ) satisfy the same equation and

the same boundary condition. Therefore they can differ only by a constant. The constant

is Qk(·, ξ)− πr2
kR(·, ξ). But vk = G(·, ξ) = 0 implies that the constant is also equal to

−
r2
k

2
log | · −ξ| − Pk(· − ξ) =

πr4
k

8|D|
.

Hence

Qk(x, ξ) = πr2
kR(x, ξ) +

πr4
k

8|D|
.

12



Direct calculations show that,

(−∆)−1(χB2\B1
− w2)(ξ + r1e

iθ)

= v2(ξ + r1e
iθ)− v1(ξ + r1e

iθ)

= P2(r1e
iθ) +Q2(ξ + r1e

iθ, ξ)− P1(r1e
iθ)−Q1(ξ + r1e

iθ, ξ)

= −r
2
2 log r2 − r2

1 log r1

2
+
r2

2 − r2
1

4
+ π(r2

2 − r2
1)R(ξ + r1e

iθ, ξ) +
π(r4

2 − r4
1)

8|D|

= −r
2
2 log r2 − r2

1 log r1

2
+
w2|D|

4π
+ w2|D|R(ξ + r1e

iθ, ξ) +
π(r4

2 − r4
1)

8|D|

= −r
2
2 log r2 − r2

1 log r1

2
+
w2|D|

4π
+ w2|D|(R(ξ, ξ) +5R(ξ, ξ)r1e

iθ +O(r2
1)) +

π(r4
2 − r4

1)

8|D|

= −r
2
2 log r2 − r2

1 log r1

2
+
w2|D|

4π
+ w2|D|R(ξ, ξ) +

π(r4
2 − r4

1)

8|D|
+ w2|D| 5R(ξ, ξ)r1e

iθ

+O(|w|2)

(−∆)−1(χB2\B1
− w2)(ξ + r2e

iθ)

= v2(ξ + r2e
iθ)− v1(ξ + r2e

iθ)

= P2(r2e
iθ) +Q2(ξ + r2e

iθ, ξ)− P1(r2e
iθ)−Q1(ξ + r2e

iθ, ξ)

= −r
2
2 − r2

1

2
log r2 + π(r2

2 − r2
1)R(ξ + r2e

iθ, ξ) +
π(r4

2 − r4
1)

8|D|

= −w2|D|
2π

log r2 + w2|D|R(ξ + r2e
iθ, ξ) +

π(r4
2 − r4

1)

8|D|

= −w2|D|
2π

log r2 + w2|D|(R(ξ, ξ) +5R(ξ, ξ)r2e
iθ +O(r2

2)) +
π(r4

2 − r4
1)

8|D|

= −w2|D|
2π

log r2 + w2|D|R(ξ, ξ) +
π(r4

2 − r4
1)

8|D|
+ w2|D| 5R(ξ, ξ)r2e

iθ +O(|w|2)

13



(−∆)−1(χB1 − w1)(ξ + r1e
iθ) = v1(ξ + r1e

iθ)

= P1(r1e
iθ) +Q1(ξ + r1e

iθ, ξ)

= −r
2
1

2
log |r1|+ πr2

1R(ξ + r1e
iθ, ξ) +

πr4
1

8|D|

= −w1|D|
2π

log r1 + w1|D|(R(ξ, ξ) +5R(ξ, ξ)r1e
iθ +O(r2

1)) +
πr4

1

8|D|

= −w1|D|
2π

log r1 + w1|D|R(ξ, ξ) +
πr4

1

8|D|
+ w1|D| 5R(ξ, ξ)r1e

iθ +O(|w|2)

(−∆)−1(χB1 − w1)(ξ + r2e
iθ) = v1(ξ + r2e

iθ)

= P1(r2e
iθ) +Q1(ξ + r2e

iθ, ξ)

= −r
2
1

2
log |r2|+ πr2

1R(ξ + r2e
iθ, ξ) +

πr4
1

8|D|

= −w1|D|
2π

log r2 + w1|D|(R(ξ, ξ) +5R(ξ, ξ)r2e
iθ +O(r2

2)) +
πr4

1

8|D|

= −w1|D|
2π

log r2 + w1|D|R(ξ, ξ) +
πr4

1

8|D|
+ w1|D| 5R(ξ, ξ)r2e

iθ +O(|w|2).

Therefore, at each ξ + r1e
iθ, a point on the inner circle
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1

r1
+ (γ12 − γ22)(−∆)−1(χB2\B1

− w2)(ξ + r1e
iθ) + (γ11 − γ12)(−∆)−1(χB1 − w1)(ξ + r1e

iθ)

=
1

r1
+ (γ12 − γ22)(−r

2
2 log r2 − r2

1 log r1

2
+
w2|D|

4π
+ w2|D|R(ξ, ξ) +

π(r4
2 − r4

1)

8|D|

+ w2|D| 5R(ξ, ξ)r1e
iθ +O(|w|2))

+ (γ11 − γ12)(−w1|D|
2π

log r1 + w1|D|R(ξ, ξ) +
πr4

1

8|D|
+ w1|D| 5R(ξ, ξ)r1e

iθ +O(|w|2))

=
1

r1
+ (γ12 − γ22)(−r

2
2 log r2 − r2

1 log r1

2
+
w2|D|

4π
+ w2|D|R(ξ, ξ) +

π(r4
2 − r4

1)

8|D|

+ w2|D| 5R(ξ, ξ)r1e
iθ)

+ (γ11 − γ12)(−w1|D|
2π

log r1 + w1|D|R(ξ, ξ) +
πr4

1

8|D|
+ w1|D| 5R(ξ, ξ)r1e

iθ)

+ (γ12 − γ22)O(|w|2) + (γ11 − γ12)O(|w|2)

=
1

r1
+ (γ12 − γ22)(−r

2
2 log r2 − r2

1 log r1

2
+
w2|D|

4π
+ w2|D|R(ξ, ξ) +

π(r4
2 − r4

1)

8|D|

+ w2|D| 5R(ξ, ξ)r1e
iθ)

+ (γ11 − γ12)(−w1|D|
2π

log r1 + w1|D|R(ξ, ξ) +
πr4

1

8|D|
+ w1|D| 5R(ξ, ξ)r1e

iθ) +O(|w|
1
2 ).

At each ξ + r2e
iθ on the outer circle

1

r2
+ γ12(−∆)−1(χB1 − w1)(ξ + r2e

iθ) + γ22(−∆)−1(χB2\B1
− w2)(ξ + r2e

iθ)

=
1

r2
+ γ12(−w1|D|

2π
log r2 + w1|D|R(ξ, ξ) +

πr4
1

8|D|
+ w1|D| 5R(ξ, ξ)r2e

iθ +O(|w|2))

+ γ22(−w2|D|
2π

log r2 + w2|D|R(ξ, ξ) +
π(r4

2 − r4
1)

8|D|
+ w2|D| 5R(ξ, ξ)r2e

iθ +O(|w|2))

=
1

r2
+ γ12(−w1|D|

2π
log r2 + w1|D|R(ξ, ξ) +

πr4
1

8|D|
+ w1|D| 5R(ξ, ξ)r2e

iθ)

+ γ22(−w2|D|
2π

log r2 + w2|D|R(ξ, ξ) +
π(r4

2 − r4
1)

8|D|
+ w2|D| 5R(ξ, ξ)r2e

iθ)

+ (γ12 + γ22)O(|w|2)

=
1

r2
+ γ12(−w1|D|

2π
log r2 + w1|D|R(ξ, ξ) +

πr4
1

8|D|
+ w1|D| 5R(ξ, ξ)r2e

iθ)

+ γ22(−w2|D|
2π

log r2 + w2|D|R(ξ, ξ) +
π(r4

2 − r4
1)

8|D|
+ w2|D| 5R(ξ, ξ)r2e

iθ) +O(|w|
1
2 ).
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This proves the lemma.

The value of J at the exact core-shell (B1, B2\B1) can be calculated as well.

2.7 Lemma. The value of J at the exact core-shell is

J(B1, B2\B1) =2π(r1 + r2)

+
γ11

2
[−πr

4
1 log r1

2
+
πr4

1

8
+

πr6
1

4|D|
+ (w1|D|)2R(ξ, ξ)]

+ γ12[−πr
4
1

8
+ πr2

1(
r2

2

4
− r2

2

2
log r2) +

π2r2
2r

4
1

8|D|
+
π2r2

1r
4
2

8|D|
+
πr4

1 log r1

2

− πr4
1

8
− π2r6

1

4|D|
] + (w1|D|)(w2|D|)R(ξ, ξ)

+
γ22

2
[−πr

4
1 log r1

2
− πr4

2 log r2

2
+ πr2

1r
2
2 log r2 −

w2|D|r2
1

4
+
w2

2|D|2

8π

+ w2|D|2R(ξ, ξ) +
w2

2|D|
4

(r2
1 + r2

2)].

Proof. The local part of J(B1, B2\B1) is just the arclength

(2.8) 2π(r1 + r2)

The nonlocal part of J(B1, B2\B1) is

Jnonlocal =
γ11

2

∫
D
| (−∆)−

1
2 (χB1 − w1) |2 dx

+γ12

∫
D

(−∆)−
1
2 (χB1 − w1)(−∆)−

1
2 (χB2\B1

− w2)dx

+
γ22

2

∫
D
| (−∆)−

1
2 (χB2\B1

− w2) |2 dx

≡I + II + III.

(2.9)
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III =
γ22

2

∫
D
| (−∆)−

1
2 (χB2\B1

− w2) |2 dx

=
γ22

2

∫
D

(χB2\B1
− w2)(v2(x)− v1(x))dx

=
γ22

2

∫
B2\B1

(v2(x)− v1(x))dx

=
γ22

2
[

∫
B1

v1 +

∫
B2

v2 −
∫
B1

v2 −
∫
B2

v1].

(2.10)

From the definition of Pk one finds that

∫
Bk

Pk(x)dx =

∫
Bk

−|x|
2

4
+
r2
k

2
−
r2
k

2
log rkdx

=

∫
Bk

−|x|
2

4
dx+ πr2

k(
r2
k

4
−
r2
k

2
log rk)

=

∫ rk

0
−r

2

4
2πrdr + πr2

k(
r2
k

4
−
r2
k

2
log rk)

=−
πr4

k

8
+
πr4

k

4
−
πr4

k

2
log rk

=−
πr4

k

2
log rk +

πr4
k

8
.

(2.11)

For the integral of Qk, note that, since ∆Qk(·, ξ) =
πr2k
|D| , Qk(x, ξ)−

πr2k
4|D| |x−ξ|

2 is harmonic

in x. By the Mean Value Theorem for harmonic functions

∫
Bk

Qk(x, ξ)dx =

∫
Bk

(Qk(x, ξ)−
πr2

k

4|D|
|x− ξ|2)dx+

∫
Bk

πr2
k

4|D|
|x− ξ|2dx

=πr2
k(Qk(ξ, ξ)−

πr2
k

4|D|
· 0) +

π2r6
k

8|D|

=πr2
k(πr

2
kR(ξ, ξ) +

πr4
k

8|D|
+
π2r6

k

8|D|

=π2r4
kR(ξ, ξ) +

π2r6
k

4|D|
.

(2.12)

Therefore, from (2.11) and (2.12), it follows

(2.13)

∫
B1

v1 = −πr
4
1 log r1

2
+
πr4

1

8
+ π2r4

1R(ξ, ξ) +
π2r6

1

4|D|
,
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(2.14)

∫
B2

v2 = −πr
4
2 log r2

2
+
πr4

2

8
+ π2r4

2R(ξ, ξ) +
π2r6

2

4|D|
.

Next note that

−
∫
B1

v2dx =−
∫
D
χB1v2 = −

∫
D

(χB1 −
πr2

1

|D|
)v2dx

=

∫
D

∆v1v2 = −
∫
D
5v1 5 v2dx =

∫
D
v1∆v2dx = −

∫
B2

v1dx.

Therefore,

−
∫
B2

v1dx =−
∫
B1

v2dx

=−
∫
B1

P2dx−
∫
B1

Q2dx

=
πr4

1

8
− πr2

1(
r2

2

4
− r2

2

2
log r2)−

∫
B1

(Q2(x)− πr2
2

4|D|
|x− ξ|2)dx−

∫
B1

πr2
2

4|D|
|x− ξ|2dx

=
πr4

1

8
− πr2

1(
r2

2

4
− r2

2

2
log r2)− πr2

1Q2(ξ)− π2r2
2r

4
1

8|D|

=
πr4

1

8
− πr2

1(
r2

2

4
− r2

2

2
log r2)− π2r2

1r
2
2R(ξ, ξ)− π2r2

2r
4
1

8|D|
− π2r2

1r
4
2

8|D|
.

We sum all these identities and use the fact that πr2
2 − πr2

1 = w2|D|, to deduce
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III =
γ22

2

∫
D
| (−∆)−

1
2 (χB2\B1

− w2) |2 dx

=
γ22

2
[

∫
B1

v1 +

∫
B2

v2 −
∫
B1

v2 −
∫
B2

v1]

=
γ22

2
[−πr

4
1 log r1

2
+
πr4

1

8
+ π2r4

1R(ξ, ξ) +
π2r6

1

4|D|
− πr4

2 log r2

2

+
πr4

2

8
+ π2r4

2R(ξ, ξ) +
π2r6

2

4|D|
+
πr4

1

4
− 2πr2

1(
r2

2

4
− r2

2

2
log r2)

− 2π2r2
1r

2
2R(ξ, ξ)− π2r2

2r
4
1

4|D|
− π2r2

1r
4
2

4|D|
]

=
γ22

2
[−πr

4
1 log r1

2
− πr4

2 log r2

2
+ πr2

1r
2
2 log r2 −

w2|D|r2
1

4
+
w2

2|D|2

8π

+ w2|D|2R(ξ, ξ) +
w2

2|D|
4

(r2
1 + r2

2)].

(2.15)

Similarly we can get

I =
γ11

2

∫
D
| (−∆)−

1
2 (χB1 − w1) |2 dx

=
γ11

2

∫
B1

(P1 +Q1)

=
γ11

2
[−πr

4
1 log r1

2
+
πr4

1

8
+

πr6
1

4|D|
+ π2r4

1R(ξ, ξ)]

(2.16)

and

II =γ12

∫
D

(−∆)−
1
2 (χB1 − w1)(−∆)−

1
2 (χB2\B1

− w2)dx

=γ12[

∫
B2

v1 −
∫
B1

v1]

=γ12[−πr
4
1

8
+ πr2

1(
r2

2

4
− r2

2

2
log r2) + π2r2

1r
2
2R(ξ, ξ)

+
π2r2

2r
4
1

8|D|
+
π2r2

1r
4
2

8|D|
+
πr4

1 log r1

2
− πr4

1

8

− π2r4
1R(ξ, ξ)− π2r6

1

4|D|
].

(2.17)

Adding (2.8),(2.16),(2.17) and (2.15) up we can get the value of J at the exact core-shell

(B1, B2\B1).
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Chapter 3

Perturbed core-shells

We perturb the exact core-shell (B1, B2\B1) by a pair of 2π-periodic functions φ = (φ1, φ2)

where r2
1 + 2φ1 is the perturbed inner radius squared and r2

2 + 2φ2 is the perturbed outer

radius squared. The perturbed B1 is the set

Eφ1 = {ξ + αeiθ : θ ∈ [0, 2π], α ∈ (0,
√
r2

1 + 2φ1(θ))}.

The perturbed B2\B1 is the set

Eφ2 = {ξ + αeiθ : θ ∈ [0, 2π], α ∈ (
√
r2

1 + 2φ1(θ),
√
r2

2 + 2φ2(θ))}

and the boundaries of the perturbed core-shell are two curves parametrized by θ : ξ +√
r2

1 + 2φ1(θ)eiθ, the perturbed inner circle, and ξ +
√
r2

2 + 2φ2(θ)eiθ, the perturbed outer

circle. We will restrict the size of φ1(θ), φ2(θ) so that r2
1 +2φ1, r2

2 +2φ2 are always positive.

Moreover it is always assumed that φ⊥
{

[1, 0]T , [0, 1]T
}

, i.e.

(3.1)

∫ 2π

0
φ1(θ)dθ = 0, and

∫ 2π

0
φ2(θ)dθ = 0.

This ensures that the area of Eφ1 remains w1|D| and the area of Eφ2 remains w2|D|:

|Eφ1 | =
∫ 2π

0

∫ √r21+2φ1(θ)

0
rdrdθ =

∫ 2π

0

r2
1 + 2φ1(θ)

2
dθ = πr2

1 = w1|D|
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|Eφ2 | =
∫ 2π

0

∫ √r22+2φ1(θ)

√
r21+2φ1(θ)

rdrdθ =

∫ 2π

0

r2
2 + 2φ2(θ)− r2

1 − 2φ1(θ)

2
dθ = πr2

2 − πr2
1 = w2|D|.

The local part of the energy of (Eφ1 , E
φ
2 ) can be expressed as

1

2
(PD(Eφ1 ) + PD(Eφ2 ) + PD(D\(Eφ1 ∪ E

φ
2 )) =

∫ 2π

0

√
r2

1 + 2φ1(θ) +
(φ

′
1(θ))2

r2
1 + 2φ1(θ)

dθ

+

∫ 2π

0

√
r2

2 + 2φ2(θ) +
(φ

′
2(θ))2

r2
2 + 2φ2(θ)

dθ.

(3.2)

The variation of (3.2) gives us two quasi-linear operators

Hk(φk)(θ) =
r2
k + 2φk(θ) +

3(φ
′
k(θ))2

r2k+2φk(θ)
− φ′′

k(θ)

(r2
k + 2φk(θ) +

(φ
′
k(θ))2

r
′
k+2φk(θ)

)
3
2

, k = 1, 2.

Note that H2 gives the curvature of the perturbed outer boundary viewed from Eφ2 .

However H1 is the curvature of the perturbed inner boundary viewed from Eφ1 .

The nonlocal part of J may be written in terms of φ as

Jnonlocal =
γ11

2

∫
D
| (−∆)−

1
2 (χΩ1 − w1) |2 dx

+ γ12

∫
D

(−∆)−
1
2 (χΩ1 − w1)(−∆)−

1
2 (χΩ2 − w2)dx

+
γ22

2

∫
D
| (−∆)−

1
2 (χΩ2 − w2) |2 dx

=
γ11

2

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dω

∫ √r21+2φ1(ω)

0
dtG(ξ + reiθ, ξ + teiω)rt

+ γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dω

∫ √r22+2φ2(ω)

√
r21+2φ1(ω)

dtG(ξ + reiθ, ξ + teiw)rt

+
γ22

2

∫ 2π

0
dθ

∫ √r22+2φ2(θ)

√
r21+2φ1(θ)

dr

∫ 2π

0
dω

∫ √r22+2φ2(ω)

√
r21+2φ1(ω)

dtG(ξ + reiθ, ξ + teiω)rt.

(3.3)

The variation of (3.3) with respect to φ1 is
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(γ12 − γ22)(−∆)−1(χΩ2 − w2)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

+ (γ11 − γ12)(−∆)−1(χΩ1 − w1)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

=γ12

∫
Ω2

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)dy

− γ12

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(ω)eiω, y)dy

+ γ11

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)dy

− γ22

∫
Ω2

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)dy.

(3.4)

The variation of (3.3) with respect to φ2 is

γ12(−∆)−1(χΩ1 − w1)(ξ +
√
r2

2 + 2φ2(θ)eiθ)

+ γ22(−∆)−1(χΩ2 − w2)(ξ +
√
r2

2 + 2φ2(θ)eiθ)

=γ12

∫
Ω1

G(ξ +
√
r2

2 + 2φ2(ω)eiω, y)dy

+ γ22

∫
Ω2

G(ξ +
√
r2

2 + 2φ2(ω)eiω, y)dy.

(3.5)

Under the constraint (3.1) the Euler Lagrange equations of J can be written as

H1(φ1)(θ) + (γ12 − γ22)(−∆)−1(χΩ2 − w2)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

+(γ11 − γ12)(−∆)−1(χΩ1 − w1)(ξ +
√
r2

1 + 2φ1(θ)eiθ) = λ1

(3.6)

H2(φ2)(θ) + γ12(−∆)−1(χΩ1 − w1)(ξ +
√
r2

2 + 2φ2(θ)eiθ)

+γ22(−∆)−1(χΩ2 − w2)(ξ +
√
r2

2 + 2φ2(θ)eiθ) = λ2

(3.7)

in terms of φ1 and φ2. λ1 and λ2 are the Lagrange multipliers of the constraint (3.1).

Let us define
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A1(φ) = −γ12 − γ22

2π

∫ 2π

0

∫ √r22+2φ2(θ)

√
r21+2φ1(θ)

log |
√
r2

1 + 2φ1(θ)eiθ − teiω | tdtdω

−γ11 − γ12

2π

∫ 2π

0

∫ √r21+2φ1(θ)

0
log |

√
r2

1 + 2φ1(θ)eiω − teiω | tdtdω

(3.8)

B1(φ) =(γ12 − γ22)

∫ 2π

0

∫ √r22+2φ2(θ)

√
r21+2φ1(θ)

R(ξ +
√
r2

1 + 2φ1(θ)eiθ, ξ + teiω)tdtdω

+ (γ11 − γ22)

∫ 2π

0

∫ √r21+2φ1(θ)

0
R(ξ +

√
r2

1 + 2φ1(θ)eiθ, ξ + teiω)tdtdω

(3.9)

A2(φ) = −γ22

2π

∫ 2π

0

∫ √r22+2φ2(θ)

√
r21+2φ1(θ)

log |
√
r2

2 + 2φ2(θ)eiθ − teiω | tdtdω

−γ12

2π

∫ 2π

0

∫ √r21+2φ1(θ)

0
log |

√
r2

2 + 2φ2(θ)eiθ − teiω | tdtdω

(3.10)

B2(φ) =γ22

∫ 2π

0

∫ √r22+2φ2(θ)

√
r21+2φ1(θ)

R(ξ +
√
r2

2 + 2φ2(θ)eiθ, ξ + teiω)tdtdω

+ γ12

∫ 2π

0

∫ √r21+2φ1(θ)

0
R(ξ +

√
r2

2 + 2φ2(θ)eiθ, ξ + teiω)tdtdω,

(3.11)

so that (3.6) and (3.7) become

H1(φ1) +A1(φ) + B1(φ) = λ1

H2(φ2) +A2(φ) + B2(φ) = λ2.

(3.12)

Note that the operators Hk and Ak are independent of ξ while the operators Bk do

depend on ξ.

Let S = (S1,S2) be the operator that appears on the left side of equation (3.12) projected

to
{

[1, 0]T , [0, 1]T
}

, i.e.

23



(3.13) Sk(φ) = Hk(φk) +Ak(φ) + Bk(φ)− λk

for k = 1, 2. Here λk(φ) is so chosen that S(φ)⊥{[1, 0], [0, 1]}, i.e.

∫ 2π

0
S1(φ)dθ = 0,

∫ 2π

0
S2(φ)dθ = 0.

Now (Eφ1 , E
φ
2 ) is a solution of the Euler Lagrange equation(and of course (3.12)) if and

only if

(3.14) S(φ) = 0.

The operator S = (S1,S2) maps from

(3.15) X =

φ =

φ1(θ)

φ2(θ)

 : φk ∈ H2(S1), k = 1, 2, φ⊥


1

0

 ,
0

1





to

(3.16) Y =

q =

q1(θ)

q2(θ)

 : qk ∈ L2(S1), k = 1, 2, q⊥


1

0

 ,
0

1



 .

The Frechet derivative of S is given by

(3.17) H′
k(φk)(uk) = Hk,φk(φ)uk +H

k,φ
′
k
(φ)u

′
k +H

k,φ
′′
k
(φ)u

′′
k
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A′
1(φ)(u)(θ) =

2γ12 − γ11 − γ22

2π

∫ 2π

0
u1(ω) log |

√
r2

1 + 2φ1(θ)eiθ −
√
r2

1 + 2φ1(ω)eiω | dω

+
γ12 − γ22

2π

u1(θ)√
r2

1 + 2φ1(θ)

∫
Ω2

(
√
r2

1 + 2φ1(θ)eiθ − y) · eiθ

|
√
r2

1 + 2φ1(θ)eiθ − y |2
dy

− γ11 − γ12

2π

u1(θ)√
r2

1 + 2φ1(θ)

∫
Ω1

(
√
r2

1 + 2φ1(θ)eiθ − y) · eiθ

|
√
r2

1 + 2φ1(θ)eiθ − y |2
dy

− γ12 − γ22

2π

∫ 2π

0
u2(ω) log |

√
r2

1 + 2φ1(θ)eiθ −
√
r2

2 + 2φ2(ω)eiω | dω

(3.18)

B′
1(φ)(u)(θ) =(γ11 − γ12)

∫ 2π

0
u1(ω)R(ξ +

√
r2

1 + 2φ1(θ)eiθ, ξ +
√
r2

1 + 2φ1(ω)eiω)dω

− (γ12 − γ22)
u1(θ)√

r2
1 + 2φ1(θ)

∫
Ω2

5R(ξ +
√
r2

1 + 2φ1(θ)eiθ, y) · eiθdy

+ (γ11 − γ22)
u1(θ)√

r2
1 + 2φ1(θ)

∫
Ω1

5R(ξ +
√
r2

1 + 2φ1(θ)eiθ, y) · eiθdy

+ (γ12 − γ22)

∫ 2π

0
u2(ω)R(ξ +

√
r2

1 + 2φ1(θ)eiθ, ξ +
√
r2

2 + 2φ2(θ)eiω)dω

(3.19)

A′
2(φ)(u)(θ) =

γ22 − γ12

2π

∫ 2π

0
u1(ω) log |

√
r2

2 + 2φ2(θ)eiθ −
√
r2

1 + 2φ1(ω)eiω | dω

− γ22

2π

u2(θ)√
r2

2 + 2φ2(θ)

∫
Ω2

(
√
r2

2 + 2φ2(θ)eiθ − y) · eiθ

|
√
r2

2 + 2φ2(θ)eiθ − y |2
dy

− γ12

2π

u2(θ)√
r2

2 + 2φ2(θ)

∫
Ω1

(
√
r2

2 + 2φ2(θ)eiθ − y) · eiθ

|
√
r2

2 + 2φ2(θ)eiθ − y |2
dy

− γ22

2π

∫ 2π

0
u2(ω) log |

√
r2

2 + 2φ2(θ)eiθ −
√
r2

2 + 2φ2(ω)eiω | dω

(3.20)

25



B′
2(φ)(u)(θ) =(γ12 − γ22)

∫ 2π

0
u1(ω)R(ξ +

√
r2

2 + 2φ2(θ)eiθ, ξ +
√
r2

1 + 2φ1(ω)eiω)dω

+ γ22
u2(θ)√

r2
2 + 2φ2(θ)

∫
Ω2

5R(ξ +
√
r2

2 + 2φ2(θ)eiθ, y) · eiθdy

+ γ12
u2(θ)√

r2
2 + 2φ2(θ)

∫
Ω1

5R(ξ +
√
r2

2 + 2φ2(θ)eiθ, y) · eiθdy

+ γ22

∫ 2π

0
u2(ω)R(ξ +

√
r2

2 + 2φ2(θ)eiθ, ξ +
√
r2

2 + 2φ2(θ)eiω)dω.

(3.21)
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Chapter 4

Linear analysis

Let L be the linearized operator of S at φ = 0, i.e. at the exact core-shell (B1, B2\B1):

(4.1) L = S ′
(0)

Going back to the expressions of the Frechet derivatives (3.17)-(3.21)

(4.2) H′
k(0)(uk) = − 1

r3
k

(u
′′
k + uk)

A′
1(0)(u)(θ) =

2γ12 − γ11 − γ22

2π

∫ 2π

0
u1(ω) log | r1e

iθ − r1e
iω | dω

− γ11 − γ12

2π
πu1(θ)

+
γ22 − γ12

2π

∫ 2π

0
u2(ω) log | r1e

iθ − r2e
iω | dω

(4.3)
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B′
1(0)(u)(θ) =(γ11 − γ12)

∫ 2π

0
u1(ω)R(ξ + r1e

iθ, ξ + r1e
iω)dω

− (γ12 − γ22)
u1(θ)

r1

∫
Ω2

5R(ξ + r1e
iθ, y) · eiθdy

+ (γ11 − γ22)
u1(θ)

r1

∫
Ω1

5R(ξ + r1e
iθ, y) · eiθdy

+ (γ12 − γ22)

∫ 2π

0
u2(ω)R(ξ + r1e

iθ, ξ + r2e
iω)dω

(4.4)

A′
2(0)(u)(θ) =

γ22 − γ12

2π

∫ 2π

0
u1(ω) log | r2

2e
iθ − r1e

iω | dω

− γ22

2π
u2(θ)π(1− r2

1

r2
2

)

− γ12

2π
u2(θ)π

r2
1

r2
2

− γ22

2π

∫ 2π

0
u2(ω) log | r2e

iθ − r2e
iω | dω

(4.5)

B′
2(0)(u)(θ) =(γ12 − γ22)

∫ 2π

0
u1(ω)R(ξ + r2e

iθ, ξ + r1e
iω)dω

+ γ22
u2(θ)

r2

∫
Ω2

5R(ξ + r2e
iθ, y) · eiθdy

+ γ12
u2(θ)

r2

∫
Ω1

5R(ξ + r2e
iθ, y) · eiθdy

+ γ22

∫ 2π

0
u2(ω)R(ξ + r2e

iθ, ξ + r2e
iω)dω.

(4.6)

Let us separate L to a dominant part L1 and a minor part L2. We define L1,k the k-th

component of L1 to be
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L1,1(u)(θ) =− 1

r3
1

(u
′′
1(θ) + u1(θ))

+
2γ12 − γ11 − γ22

2π

∫ 2π

0
u1(ω) log |r1e

iθ − r1e
iω|dω

− γ12 − γ22

2π

∫ 2π

0
u2(ω) log |r1e

iθ − r2e
iω|dω

− γ11 − γ12

2
u1(θ) + l1(u)

(4.7)

L1,2(u)(θ) =− 1

r3
2

(u
′′
2(θ) + u2(θ))

+
γ22 − γ12

2π

∫ 2π

0
u1(ω) log |r2e

iθ − r1e
iω|dω

− γ22

2π

∫ 2π

0
u2(ω) log |r2e

iθ − r2e
iω|dω

− γ22

2
u2(θ)(1− r2

1

r2
2

)− γ12

2
u2(θ)

r2
1

r2
2

+ l2(u).

(4.8)

The real valued linear operator li is so chosen that L1 maps from X to Y( See (3.15)

and (3.16) for their definitions). The rest of L is denoted by L2.

We are more interested in the operator ΠL and ΠL1 where Π is the orthogonal projection

operator from Y to

(4.9) Y∗ =

q =

q1

q2

 ∈ Y : q⊥ cos θ

r
1

 , q⊥ sin θ

r
1

 , q⊥

1

0

 ,
0

1





where r = r1/r2.

The operator ΠL is defined on

(4.10) X∗ =

u =

u1

u2

 ∈ X : u⊥ cos θ

r
1

 , u⊥ sin θ

r
1

 , u⊥

1

0

 ,
0

1



 ⊂ Y∗.

Since every element of X (and Y) is perpendicular to {[1, 0]⊥, [0, 1]⊥}, if u = (u1, u2) ∈ X∗
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(or Y∗) , it must be perpendicular to any constant vector, i.e.

(4.11)

∫ 2π

0
uk(θ)dθ = 0, k = 1, 2.

Consequently,

(4.12) lk(u) = 0, if u ∈ X∗, k = 1, 2.

Calculation gives us:

L1,1(v1 cos(nθ), v2 cos(nθ)) =− 1

r3
1

(1− n2)v1 cos(nθ)

− 2γ12 − γ11 − γ22

2n
v1 cos(nθ)

− γ11 − γ12

2
v1 cos(nθ)

+
γ12 − γ22

2n
(
r1

r2
)nv2 cos(nθ)

(4.13)

L1,2(v1 cos(nθ), v2 cos(nθ)) =− 1

r3
2

(1− n2)v2 cos(nθ)

− γ22 − γ12

2n
(
r1

r2
)nv1 cos(nθ)

+
γ22

2n
v2 cos(nθ)− γ22

2
(1− r2

1

r2
2

)v2 cos(nθ)

− γ12

2
(
r2

1

r2
2

)v2 cos(nθ).

(4.14)

We define

(4.15)

M̃n =

 1
r31

(n2 − 1)− 2γ12−γ11−γ22
2n − γ11−γ12

2
γ12−γ22

2n ( r1r2 )n

γ12−γ22
2n ( r1r2 )n 1

r32
(n2 − 1) + γ22

2n −
γ22
2 (1− r21

r22
)− γ12

2
r21
r22

 .
Let r1

(
ω1|D|
π

)
1
2
≡ R1 ≡ 1, R2 = (1 + q)

1
2 , where q = ω2

ω1
fixed. We can now write
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Γij = (ω1|D|
π )

3
2γij .

After rescaling, M̃n = (ω1|D|
π )−

3
2Mn, where

(4.16)

Mn =

(n2 − 1)− 2Γ12−Γ11−Γ22
2n − Γ11−Γ12

2
Γ12−Γ22

2n ( 1
1+q )n/2

Γ12−Γ22
2n ( 1

1+q )n/2 1
(1+q)3/2

(n2 − 1) + Γ22
2n −

Γ22
2 (1− 1

1+q )− Γ12
2

1
1+q

 .
For n ≥ 2 case, the following result can be proved.

4.17 Lemma.

Γ ∈ S2 :

Γ11 Γ12

Γ12 Γ22

 > 0

 ∩ {Γ ∈ S2 : Γ22 > Γ12} ∩ {Γ ∈ S2 : Mn >

0, ∀n ≥ 2} 6= ∅.

Proof. For each n ≥ 2, let Pn = {(Γ11,Γ12,Γ22) ∈ R3|Mn > 0}. It is easy to see that

0̃ = (0, 0, 0) ∈ Pn. Hence there exists a neighborhood Bδ(n)(0̃) such that Bδ(n)(0̃) ⊂ Pn.

Note that for large enough n, Mn is positive definite for all Γ ∈ B1(0̃). Therefore ∃N0 ∈ N

such that for n ≥ N0, B1(0̃) ⊂ Pn. For n < N0, Bδ(n)(0̃) ⊂ Pn. Take B0 to be the

smallest of {B1(0̃), Bδ(1)(0̃), Bδ(2)(0̃), · · · , Bδ(N0−1)(0̃)}. The condition Γ22 > Γ12 implies

that half of the ball B0 is in the intersection. Then the intersection of the ball B0, half

space {Γ ∈ S2 : Γ22 > Γ12}, and the cone
{

Γ ∈ S2 : Γ > 0
}

is nonempty.

From now on, we will assume that (Γ11,Γ12,Γ22) is in the intersection set of the preceding

lemma.

4.18 Lemma. When n = 1,

M̃1 =

 γ22−γ12
2

γ12−γ22
2 r

γ12−γ22
2 r γ22−γ12

2 r2


has two eigenvalues. One is λ̃1,1 = 0, with eigenvectors

cos θ

r
1

 , sin θ
r

1

 .
However they are perpendicular to X∗ and therefore discarded.

The second vector is λ̃1,2 = γ22−γ12
2 (1 + r2) with eigenvectors
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cos θ

 1

−r

 , sin θ
 1

−r


which are in X∗.

It is easy to see that for n = 1 case, the eigenvalue for Mn satisfies

λ1,2 = (
ω1|D|
π

)
3
2 λ̃1,2 = (

ω1|D|
π

)
3
2
γ22 − γ12

2
(1 + r2) =

Γ22 − Γ12

2
(1 + r2).

One can see Γ22 > Γ12 implies that λ1,2 > 0.

4.19 Lemma. There exists a real number s > 0 such that for all n ≥ 2, we have
λn,k
n2 ≥ s

for k = 1, 2. Moreover, let λ̃n,1,λ̃n,2 be the two eigenvalues of M̃n, we can conclude that

(4.20)
λ̃n,k
n2

= (
w1|D|
π

)−3/2λn,k ≥ (
w1|D|
π

)−3/2s.

Proof. For n ≥ 2, denote the (1,1) entry of Mn by c1, (2,2) entry by c2, and (1,2) and (2,1)

entry by d. Then

(4.21) det(λI −Mn) = λ2 − (c1 + c2)λ+ c1c2 − d2.

Let λn,1 ,λn,2 be the two eigenvalues of Mn. They are necessarily positive by Lemma

4.17 and our choice of Γ. We derive from (4.21) that

(4.22) λn,1 =
c1 + c2 +

√
(c1 − c2)2 + 4d2

2
,

(4.23) λn,2 =
c1 + c2 −

√
(c1 − c2)2 + 4d2

2
.
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It is obvious that

lim
n→∞

λn,1
n2

= lim
n→∞

c1 + c2 +
√

(c1 − c2)2 + 4d2

2n2
=

1

2
(1 +

1

(1 + q)3/2
)

and

lim
n→∞

λn,2
n2

= lim
n→∞

c1 + c2 −
√

(c1 − c2)2 + 4d2

2n2
=

1

2
(1− 1

(1 + q)3/2
).

Both limits are positive values since q = w2
w1

is positve.

Hence there exists a real valued number s > 0 such that
λn,k
n2 ≥ s for k = 1, 2.

Let λ̃n,1, λ̃n,2 be the two eigenvalues of M̃n, because of the rescaling relations we can

conclude

(4.24)
λ̃n,k
n2

= (
w1|D|
π

)−3/2λn,k ≥ (
w1|D|
π

)−3/2s,

for k = 1, 2.

After the preceding work, we can prove the following result.

4.25 Lemma. 1. ||u||H2 ≤ C|w|3/2||L1(u)||L2 for all u ∈ X∗.

2. ||u||2H1 ≤ C|w|3/2 < L1(u), u > for all u ∈ X∗.

Proof. For any u ∈ X∗, we can write

u =

u1

u2

 =

∑∞|n|=2Cn,1e
inθ∑∞

|n|=2Cn,2e
inθ

+ C1e
iθ

 1

−r

+ C−1e
−iθ

 1

−r


where Cn,k = 1

2π

∫ π
−π uk(x)e−inxdx for k = 1, 2 and |n| ≥ 2.

u
′′

=

u′′
1

u
′′
2

 =

−∑∞|n|=2 n
2Cn,1e

inθ

−
∑∞
|n|=2 n

2Cn,2e
inθ

− C1e
iθ

 1

−r

− C−1e
−iθ

 1

−r

 .
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||u′′ ||2L2 =
∞∑
|n|=2

|Cn,1|2n4 +
∞∑
|n|=2

|Cn,2|2n4 + C2
1 (1 + r2)2π + C2

−1(1 + r2)2π.

On the other hand,

L1(u) =

∑∞|n|=2 λ̃n,1Cn,1e
inθ∑∞

|n|=2 λ̃n,2Cn,2e
inθ

+ λ̃1,2(C1e
iθ

 1

−r

+ C−1e
−iθ

 1

−r

).

||L1(u)||2L2 =
∞∑
|n|=2

|Cn,1|2λ̃2
n,1 +

∞∑
|n|=2

|Cn,2|2λ̃2
n,2 + λ2

12(C2
1 (1 + r2)2π + C2

−1(1 + r2)2π).

By (4.20), we conclude there is a constant C such that

||u′′ ||L2 ≤ C|w|3/2||L1(u)||L2 for all u ∈ X∗.

Similarly ||u||L2 and ||u′ ||L2 are both bounded by C||L1(u)||L2 for some constant C.

Hence the first part of the lemma is proved.

For the second part, note that

||u′ ||2L2 =
∞∑
|n|=2

|Cn,1|2n2 +
∞∑
|n|=2

|Cn,2|2n2 + C2
1 (1 + r2)2π + C2

−1(1 + r2)2π

and

< L1(u), u >=

∞∑
|n|=2

|Cn,1|2w−3/2
1 λn,1+

∞∑
|n|=2

|Cn,2|2w−3/2
1 λn,2+λ2

12(C2
1 (1+r2)2π+C2

−1(1+r2)2π)

for some constant C.

By (4.20)

||u||2H1 ≤ C|w|3/2 < L1(u), u > for all u ∈ X∗. This proves the lemma.

The second part L2 in L is a minor part.
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4.26 Lemma. There exists C > 0 independent of ξ, r1,r2 such that

||L2(u)||L2 ≤ C|w|−1||u||L2 for all u ∈ X∗.

Proof. Recall L2 from (4.7) and (4.8):

L2,1(u)(θ) =(γ11 − γ12)

∫ 2π

0
u1(ω)R(ξ + r1e

iθ, ξ + r1e
iω)dω

− (γ12 − γ22)
u1(θ)

r1

∫
Ω2

5R(ξ + r1e
iθ, y) · eiθdy

+ (γ11 − γ22)
u1(θ)

r1

∫
Ω1

5R(ξ + r1e
iθ, y) · eiθdy

+ (γ12 − γ22)

∫ 2π

0
u2(ω)R(ξ + r1e

iθ, ξ + r2e
iω)dω

+ l3(u)

L2,2(u)(θ) =(γ12 − γ22)

∫ 2π

0
u1(ω)R(ξ + r2e

iθ, ξ + r1e
iω)dω

+ γ22
u2(θ)

r2

∫
Ω2

5R(ξ + r2e
iθ, y) · eiθdy

+ γ12
u2(θ)

r2

∫
Ω1

5R(ξ + r2e
iθ, y) · eiθdy

+ γ22

∫ 2π

0
u2(ω)R(ξ + r2e

iθ, ξ + r2e
iω)dω

+ l4(u).

Because

R(ξ + rke
iθ, ξ + rle

iθ)−R(ξ, ξ) = O(|w|1/2)

and
∫ 2π

0 uk(ω)dω = 0, we obtain that for s, t = 1, 2
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||γst
∫ 2π

0
uj(ω)R(ξ + rke

iθ, ξ + rle
iθ)dω||L2

= ||γst
∫ 2π

0
uj(ω)(R(ξ + rke

iθ, ξ + rle
iθ)−R(ξ, ξ))dω||L2

≤ Cγst|w|1/2||uj ||L2

≤ C|w|−1||uj ||L2 .

Since the area of the exact core-shell (B1, B2\B1) is of order O(|w|),

||γstuk(θ)
∫

Ωi

5R(ξ + rke
iθ, y) · eiθdy||L2 ≤ C|w|−1||uk||L2 .

The condition

−L2,1(u) = 0 and −L2,2(u) = 0

implies that

|l3(u)| ≤ C|w|−1||u||L2 and |l4(u)| ≤ C|w|−1||u||L2 .

Hence the lemma is proved.

4.27 Lemma. 1. For u ∈ X∗,||u||H2 ≤ C|w|3/2||ΠL(u)||L2 .

2. ||u||2H1 ≤ C|w|3/2 < ΠL(u), u > .

3. ΠL: X∗ → Y∗is one-to-one and on to.

Proof. When w1 is small, by Lemma (4.25) Part 1 and Lemma (4.26),

||ΠL(u)||L2 ≥ ||ΠL1(u)||L2 − ||ΠL2(u)||L2

≥ C|w|−3/2||u||L2 − C|w|−1||u||L2 ≥ C|w|−3/2||u||L2 ,

proving part 1.
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It follows from Lemma (4.25) Part 2 and Lemma (4.26) that

< ΠL(u), u >=

< ΠL1(u), u > + < ΠL2(u), u >≥ C|w|−3/2||u||2H1
− C|w|−1||u||2L2 ≥ C|w|−3/2||u||2H1

when |w| is sufficiently small.

Part 1 of Lemma 4.27 assures that ΠL is one-to-one from X∗ to Y∗. Since ΠL is self-

adjoint and hence closed, it also assures that the range of ΠL is closed. The Closed Range

Theorem (see Yosida [24, Page 205],e.g.) then implies that ΠL is onto.

4.28 Lemma. Assume that ||φ||H2 ≤ c|w| where c is sufficiently small. The following

estimates hold for u = (u1, u2) ∈ X , v = (v1, v2) ∈ X .

1. ||H′′
k(φk)(uk, vk)||L2 ≤ C|w|−5/2||uk||H2 ||vk||H2 .

2. ||A′′
(φ)(u, v)||L2 ≤ C|w|−5/2||u||H1 ||v||H1 .

3. ||B′′
(φ)(u, v)||L2 ≤ C|w|−2||u||H1 ||v||H1 .

4. |λ′′
k(φ)(u, v)| ≤ C|w|−5/2||u||H2 ||v||H2 .

In summary |S ′′
(φ)(u, v)||L2 ≤ C|w|−5/2||u||H2 ||v||H2.

Note that by taking c small, we keep r2
k + 2φk positive, so (Eφ1 , E

φ
2 ) is a perturbation of

the exact core-shell (B1, B2\B1). The proof of this lemma is similar to that of [11, Lemma

3.2] and [17, Lemma 6.1]. We omit the details.
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Chapter 5

Reduction to two dimensions

In this section, it will be proved that, for each ξ, there exists a pair of functions ϕ(·, ξ) =

(ϕ1(·, ξ), ϕ2(·, ξ)) ∈ X∗ such that

(5.1) S(ϕ)(θ) = A1 cos θ

r
1

+A2 sin θ

r
1


for some real numbers A1, A2. Note that ϕ is sought in X∗.

The equation (5.1) is written as

(5.2) ΠS(ϕ(·, ξ)) = 0

where Π is the orthogonal projection operator from Y to Y∗.

Recall L, the linearized operator of S at φ = 0, i.e. L = S ′
(0)(u). Expand S(φ) as

(5.3) S(φ) = S(0) + L(φ) +N (φ)

where N is a higher order term defined by (5.3). Rewrite (5.2) in a fixed point form:

38



(5.4) φ = −(ΠL)−1(ΠS(0) + ΠN (φ)).

5.5 Lemma. There is ϕ = ϕ(·, ξ) such that for every ξ ∈ U1, ϕ(·, ξ) ∈ X∗ solves (5.4) and

||ϕ(·, ξ)||H2 ≤ c|w|2 where c is a sufficiently large constant independent of |w| and ξ.

Proof. To use the Contraction Mapping Principle in the fixed point setting (5.4), let

(5.6) T (φ) = −(ΠL)−1(ΠS(0) + ΠN (φ))

be the operator defined on

(5.7) D(T ) = {φ ∈ X∗ : ||φ||H2 ≤ c|w|2}

where the constant c is sufficiently large and will be made more precise later. We know

from Lemma (2.5) that S(0) is a sum of a θ independent part, an eiθ part and a quantity

of order O(w
1/2
2 ). After one applies Π the θ independent part and eiθ part become 0 and

we have

(5.8) ||ΠS(0)||L2 = O(|w|1/2).

From Lemma (4.25) we deduce that

(5.9) ||(ΠL)−1ΠS(0)||H2 ≤ C|w|2.
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Lemma (4.28) implies that

(5.10) ||N (φ)||L2 ≤ C|w|−5/2||φ||2H2

and consequently

(5.11) ||(ΠL)−1ΠN (φ)||H2 ≤ C|w|−1||φ||2H2 .

Using (5.6),(5.7), (5.9),and (5.11) we find that

||T (φ)||H2 ≤ C|w|2 + C|w|−1c2|w|4 ≤ c|w|2

if c is large enough and |w| sufficiently small. Therefore T is map from D(T ) to itself.

Finally we show that T is a contraction. Let φ1, φ2 ∈ D(T ). First note that

(5.12) T (φ1)− T (φ2) = (ΠL)−1(−Π)(N (φ1)−N (φ2)).

Because

N (φ1)−N (φ2) = S(φ1)− S(φ2)− S ′
(0)(φ1 − φ2),

we deduce, with the help of Lemma (4.28) and (5.7),that

||N (φ1)−N (φ2)||L2 ≤ ||S ′
(φ2)(φ1 − φ2)− S ′

(0)(φ1 − φ2)||L2 + C|w|−5/2||φ1 − φ2||2H2

≤ C|w|−5/2||φ2||H2 ||φ2 − φ2||H2 + C|w|−5/2||φ1 − φ2||2H2

≤ C|w|−5/2(||φ2||H2 + ||φ1||2H2
)||φ2 − φ2||H2

≤ C|w|−1/2||φ2 − φ2||H2 .

Then Lemma (4.27) implies that
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(5.13) ||T (φ1)− T (φ2)||H2 ≤ C|w|||φ1 − φ2||H2 .

Therefore T is a contraction mapping in D(T ), if |w| is sufficiently small. There is a

fixed point ϕ,we write as ϕ = ϕ(·, ξ). Being in D(T ), ||ϕ||H2 = O(|w|2), which is smaller

than the radius r2
1 and r2

2. Hence (Eϕ1 , E
ϕ
2 ) is a perturbed exact core-shell.

We state a result regarding the linearization of S at ϕ(·, ξ). Denote this linearized

operator by L̃, i.e.

(5.14) L̃ = S ′
(ϕ).

We have the following analogy of Lemma (4.27).

5.15 Lemma. 1. There exists C > 0 such that for all u ∈ X∗

||u||H2 ≤ C|w|3/2||ΠL̃(u)||L2 .

2. There exists C > 0 such that for all u ∈ X∗

||u||2H1 ≤ C|w|3/2 < ΠL̃(u), u > .

Proof. By Lemma (4.27), Lemma (4.28) and the fact ||ϕ||H2 = O(|w|2),we deduce

||ΠL̃(u)||L2 ≥ ||ΠL(u)||L2 − ||Π(L̃ − L(u)||L2

≥ C|w|−3/2||u||H2 − C|w|−5/2||ϕ||H2 ||u||H2

≥ C|w|−3/2||u||H2 − C|w|−1/2||u||H2 ≥ C|w|−3/2||u||H2

when |w| is small.
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Lemma 4.27 and Lemma 4.28 imply that

< ΠL̃(u), u > =< ΠL(u), u > − < Π(L̃ − L)(u), u >

≥ C|w|−3/2||u||2H1 − C|w|−5/3||ϕ||H2 ||u||2H1

≥ C|w|−3/2||u||2H1 − C|w|1/3||u||2H1

≥ C|w|−3/2||u||2H1 .

This proves the second part of the lemma.

One consequence of this lemma is an estimate of ∂ϕ
∂ξj

.

5.16 Lemma. The fixed point ϕ satisfties

|| ∂ϕ
∂ξj
||H2 = O(|w|).

Proof. We prove this lemma by the Implicit Function Theorem. Differentiating ΠS(ϕ) with

respect to ξj finds that

0 =
∂ΠSk(ϕ)

∂ξj

= ΠL̃k(
∂ϕ

∂ξj
) + Πγ12

∫
Ω2

[
∂R(ξ +

√
r2
k + 2ϕk(θ)e

iθ, y)

∂xj
+
∂R(ξ +

√
r2
k + 2ϕk(θ)e

iθ, y)

∂yj
]dy

+ (γ11 + γ12 − γ22)

∫
Ω1

[
∂R(ξ +

√
r2
k + 2ϕk(θ)e

iθ, y)

∂xj
+
∂R(ξ +

√
r2
k + 2ϕk(θ)e

iθ, y)

∂yj
]dy

where R = R(x, y).

It is clear that

||
∫

Ωi

[
∂R(ξ +

√
r2
k + 2ϕk(θ)e

iθ, y)

∂xj
+
∂R(ξ +

√
r2
k + 2ϕk(θ)e

iθ, y)

∂yj
]dy||L2 = O(|w|).

With the help of Lemma (5.15) we deduce that
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|| ∂ϕ
∂ξj
||H2 ≤ C|w|3/2γst|w| = C|w|.
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Chapter 6

Existence and stability

From Lemma (5.5) we know that for every ξ ∈ U there exists ϕ(·, ξ) ∈ X∗ such that

ΠS(ϕ(·, ξ)) = 0. In this section, we find particular ξ denoted by ζ such that S(ϕ(·, ζ)) = 0.

6.1 Lemma. J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) = J(B1, B2\B1) +O(|w|5/2).

Proof. Expanding J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) yields

(6.2)

J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) = J(B1, B2\B1)+

2∑
k=1

∫ 2π

0
Sk(0)ϕkdθ+

1

2

2∑
k=1

∫ 2π

0
Lk(ϕ)ϕkdθ+O(|w|7/2).

The error term in (6.2) is obtained from Lemma 4.28 and the fact ||ϕ||H2 = O(|w|2).

On the other hand ΠS(ϕ) = 0 implies that

Π(S(0) + L(ϕ) +N (ϕ)) = 0

where N is given in (5.3). We multiply the last equation by ϕ and integrate to derive, again

with the help of Lemma (4.28),

2∑
k=1

∫ 2π

0
S(0)ϕkdθ +

2∑
k=1

∫ 2π

0
Lk(ϕ)ϕkdθ = O(|w|7/2).
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We can now rewrite (6.2) as

J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) = J(B1, B2\B1) +

1

2

2∑
k=1

∫ 2π

0
S(0)ϕkdθ +O(|w|7/2).

Lemma (2.5) and the fact ||ϕ||H2 = O(|w|2) implies that

J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) = J(B1, B2\B1) +O(|w|7/2) +O(|w|5/2) = J(E

ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) +O(|w|5/2).

When we use Lemma (2.5), note that S(0) is a sum of a θ independent part, an eiθ part and

a quantity of order O(|w|1/2), and that ϕk ⊥ {[1, 0]⊥, [0, 1]⊥}. This proves the lemma.

6.3 Lemma. As a function of ξ, J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) is locally minimized at some ζ, when

|w| is small. As |w| → 0,

ζ → ζ0,

where R(ζ0, ζ0) = minx∈DR(x, x).

Proof. If we consider J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) as a function of ξ, then Lemma 2.5 and Lemma 6.1

imply that

J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) =2π(r1 + r2)

+
γ11

2
[−πr

4
1 log r1

2
+
πr4

1

8
+

πr6
1

4|D|
+ π2r

4
1R(ξ, ξ)]

+ γ12[−πr
4
1

8
+ πr2

1(
r2

2

4
− r2

2

2
log r2) + πr2

1r
2
2R(ξ, ξ) +

π2r2
2r

4
1

8|D|

+
π2r2

1r
4
2

8|D|
+
πr4

1 log r1

2
− πr4

1

8
− π2r

4
1R(ξ, ξ)− π2r6

1

4|D|
]

+
γ22

2
[−πr

4
1 log r1

2
− πr4

2 log r2

2
+ πr2

1r
2
2 log r2 −

w2|D|r2
1

4
+
w2

2|D|2

8π

+ w2|D|2R(ξ, ξ) +
w2

2|D|
4

(r2
1 + r2

2)] +O(|w|5/2).

The coefficient in front of R(ξ, ξ) is

(6.4)
γ22

2
(πr2

2 − πr2
1)2 +

γ11

2
π2r4

1 + γ12π
2r2

1r
2
2 − γ12π

2r4
1

45



which is equal to

π2[
(r2

1 − r2
2)2γ22

2
+
r4

1

2
γ11 + r2

1r
2
2γ12 − r4

1γ12].

We can write the above quantity as

π2

2
[r2

1, r
2
2 − r2

1]

γ11 γ12

γ12 γ22


 r2

1

r2
2 − r2

1

 .
Since Rj = (w1|D|

π )−1/2rj , j = 1, 2; Γij = (ω1|D|
π )

3
2γij ,

we can write (6.4), the coefficient in front of R(ξ, ξ) as

(
w1|D|
π

)−1/2π
2

2
[R2

1, R
2
2 −R2

1]

Γ11 Γ12

Γ12 Γ22


 R2

1

R2
2 −R2

1

 .

This coefficient is greater than zero because the matrix

Γ11 Γ12

Γ12 Γ22

 is definite positive.

Since R(ξ, ξ) → +∞ if ξ → ∂D, min J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) as a function of ξ is obtained

inside of D at some ζ when |w| is small. Moreover as |w| → 0, if ζ → ζ0, possibly along a

subsequence, ζ0 must be a minimun of R(ξ, ξ).

We prove the existence of a solution in the next lemma. It uses a tricky re-parametrization

technique.

6.5 Lemma. At ξ = ζ, S(ϕ) =

0

0

 .
Proof. For ξ = (ξ1, ξ2) near ζ we re-parametrize near the boundaries of (E

ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ).

Let ζ be the center of a new polar coordinates, r2
1 + 2ψ1, r2

2 + 2ψ2 the new inner and outer

radii square and η the new angle. A point on the boundaries of (E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) is described

as ζ +
√
r2

1 + 2ψ1e
iη or ζ +

√
r2

2 + 2ψ2e
iη. It is related to the old polar coordinates via

(6.6) ζ +
√
r2
k + 2ψke

iη = ξ +
√
r2
k + 2ϕke

iθ
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for k = 1, 2.

In the new coordinates (E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) becomes (E

ψ(·,ξ)
1 , E

ψ(·,ξ)
2 ). It is viewed as a pertur-

bation of the exact core-shell centered at ζ with radii r1, r2. The perturbation is described

by ψ = (ψ1, ψ2) which is a pair of functions of η. It also depends on ξ and r.

The main effect of the new coordinates is to “freeze” the center. The center of the new

polar system is ζ which is fixed while the center of the old polar system is ξ which varies in

U .

We now consider the derivative of J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) = J(E

ψ(·,ξ)
1 , E

ψ(·,ξ)
2 ) with respect to

ξ. On the one hand, at ξ = ζ,

(6.7)
∂J(E

ψ(·,ξ)
1 , E

ψ(·,ξ)
2 )

∂ξj
|ξ=ζ =

∂J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 )

∂ξj
|ξ=ζ = 0, j = 1, 2,

since ζ is a minimum.

On the other hand calculations show that

(6.8)
∂J(E

ψ(·,ξ)
1 , E

ψ(·,ξ)
2 )

∂ξj
=

2∑
l=1

∫ 2π

0
Sl(ψ(·, ξ))(η)

∂ψl
∂ξj

dη.

We emphasize that (6.8) is obtained under the re-parametrized coordinates, in which the

dependence of J(E
ϕ(·,ξ)
1 , E

ϕ(·,ξ)
2 ) on ξ is only reflected in the dependence of ψ on ξ. Had we

calculated in the original coordinates, ξ would have appeared also in the nonlocal part of

J through R(ξ + . . . , ξ + . . .). The result would have been very different from (6.8). See

the proof of Lemma (5.16) which involves differentiation with respect to ξ in the original

coordinates. In the derivation of (6.8) we have used the fact that
∫ 2π

0 ψldη = 0 which implies

that
∫ 2π

0
∂ψl
∂ξj
dη = 0, so that

∫ 2π
0 λl(ψ)∂ψl∂ξj

dη = 0 where λl(ψ) is part of

(6.9) Sl(ψ) = Hl(ψ) +Al(ψ) + Bl(ψ) + λl(ψ),

and we can reach the right side of (6.8).

The expression S(φ) is invariant under re-parametrization, i.e.

(6.10) S(ϕ(·, ξ))(θ) = S(ψ(·, ξ))(η).
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Now we return to the original coordinate system and integrate with respect to θ in (6.8).

Then

(6.11)
∂J(E

ψ(·,ξ)
1 , E

ψ(·,ξ)
2 )

∂ξj
=

2∑
l=1

∫ 2π

0
Sl(θ)

∂ψl(η(θ, ξ), ξ)

∂ξj

∂η

∂θ
dθ.

We recall that ψ and η are defined explicitly as functions of θ and ξ by (6.6). Let us

agree that ψk = ψk(η, ξ) is a function of η and ξ. Set Ψk(θ, ξ) = ψk(η(θ, ξ), ξ). Implicit

differentiation shows that, with the help of Lemmas (5.5) and (5.16),

 ∂η
∂θ

∂η
∂ξ1

∂η
∂ξ2

∂Ψk
∂θ

∂Ψk
∂ξ1

∂Ψk
∂ξ2

 = −


√
r2
k + 2Ψk sin η − cos η√

r2k+2Ψk

−
√
r2
k + 2Ψk cos η − sin η√

r2k+2Ψk


−1

×

 cos θ√
r2k+2ϕk

∂ϕk
∂θ −

√
r2
k + 2ϕk sin θ 1 + cos θ√

r2k+2ϕk

∂ϕk
∂ξ1

cos θ√
r2k+2ϕk

∂ϕk
∂ξ2

sin θ√
r2k+2ϕk

∂ϕk
∂θ +

√
r2
k + 2ϕk cos θ sin θ√

r2k+2ϕk

∂ϕk
∂ξ1

1 + sin θ√
r2k+2ϕk

∂ϕk
∂ξ2



=

 − sin η√
r2k+2Ψk

cos η√
r2k+2Ψk√

r2
k + 2Ψk cos η

√
r2
k + 2Ψk sin η


×

−
√
r2
k + 2ϕk sin θ +O(|w|3/2) 1 +O(|w|1/2) O(|w|1/2)√

r2
k + 2ϕk cos θ +O(|w|3/2) O(|w|1/2) 1 +O(|w|1/2)

 .
At ξ = ζ , n = θ and Ψk = ϕk and the above becomes

(6.12) ∂η
∂θ

∂η
∂ξ1

∂η
∂ξ2

∂Ψk
∂θ

∂Ψk
∂ξ1

∂Ψk
∂ξ2

 =

1 +O(|w|) − sin θ√
r2k+2ϕk

+O(1) cos θ√
r2k+2ϕk

+O(1)

O(|w|2)
√
r2
k + 2ϕk cos θ +O(|w|)

√
r2
k + 2ϕk sin θ +O(|w|)


We have found that at ξ = ζ,

(6.13)
∂Ψk

∂ξ1
= rk cos θ +O(|w|), ∂Ψk

∂ξ2
= rk sin θ +O(|w|).
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To compute ∂ψk
∂ξj

, we invert η = η(ξ, θ) to express θ = Θ(η, ξ). Then

∂ψk
∂ξj

=
∂Ψk

∂ξj
+
∂Ψk

∂θ

∂Θ

∂ξj
.

At ξ = ζ, since

(6.14)
∂Ψk

∂θ
= O(|w|2),

∂Θ

∂ξj
= −

∂η
∂ξj
∂η
∂θ

= O(|w|−1/2),

we deduce that

(6.15)
∂ψk
∂ξ1

= rk cos θ +O(|w|), ∂ψk
∂ξ2

= rk sin θ +O(|w|).

Following (6.15) and the fact that ∂η
∂θ = 1 +O(|w|) we find that at ξ = ζ, (6.11) becomes

∂J(Eψ1 , E
ψ
2 )

∂ξ1
=

2∑
l=1

∫ 2π

0
Sl(ϕ)(rl cos θ +O(|w|))dθ,(6.16)

∂J(Eψ1 , E
ψ
2 )

∂ξ2
=

2∑
l=1

∫ 2π

0
Sl(ϕ)(rl sin θ +O(|w|))dθ.(6.17)

Now we combine (5.1), (6.7), (6.16) and (6.17) to derive that

A1

∫ 2π

0
[(rr1 + r2) cos2 θ +O(|w|)]dθ +A2

∫ 2π

0
[(rr1 + r2) cos θ sin θ +O(|w|)]dθ = 0

A1

∫ 2π

0
[(rr1 + r2) cos θ sin θ +O(|w|)]dθ +A2

∫ 2π

0
[(rr1 + r2) sin2 θ +O(|w|)]dθ = 0.

Writing the system in the matrix form

(6.18)


π(rr1 + r2) 0

0 π(rr1 + r2)

+O(|w|)


A1

A2

 =

0

0

 ,
since (6.18) is non-singular when |w| is small, we deduce that A1 = A2 = 0, proving the

lemma.
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Chapter 7

Conclusion and discussion

We can now conclude that (E
ϕ(·,ζ)
1 , E

ϕ(·,ζ)
2 ) solves S(φ) = 0 and hence the equation (1.4).

[14] gives an explanation of the absence of Ω3 in the equation (1.4). One can see that a

3-dimensional matrix is reduced to a 2-dimensional one in [14].

In this dissertation, the condition Γ22 > Γ12 is important. In reality, it means that the

interaction within the constituent occupying Ω2 is stronger than the interaction between

the constituent occupying Ω1 and the constituent occupying Ω2.

The set of this model will also work for a 3-dimensional core-shell case. However, we are

not sure if the linearized operator ΠL1 remains positive definite or not.
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Appendix A

Derivation of the Euler Lagrange

Equation

We are going to compute the Euler Lagrange equatuon of (2.2). The computation contains

a local part and a nonlocal part.

The computation of the local part is the following.

Arclength of the inner circle can be written as

Jlocal =

∫ 2π

0

√
r2

1 + 2φ1(θ) +
(φ

′
1(θ))2

r2
1 + 2φ1(θ)

dθ.

In this computation, I will write φ instead of φ1(θ) and r instead of r1 for easier notation.

Jlocal(φ+ εψ) =
∫ 2π

0

√
r2 + 2(φ+ εψ) + (φ′+εψ′ )2

r2+2(φ+εψ)
dθ.

dJlocal(φ+ εψ)

dε
|ε=0 =

∫ 2π

0

ψ + ψ
′
φ
′
(r2+2φ)−(φ

′
)2ψ

(r2+2φ)2√
r2 + 2φ+ (φ′ )2

r2+2φ

dθ

=

∫ 2π

0
(
ψ(1− (φ

′
)2

(r2+2φ)2
)√

r2 + 2φ+ (φ′ )2

r2+2φ

+
ψ

′ φ
′

r2+2φ√
r2 + 2φ+ (φ′ )2

r2+2φ

)dθ.

The second term of the preceding line can be computed using integration by parts.
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It can be written as

−
∫ 2π

0
ψ
φ

′′
(r2 + 2φ)2 − 3(φ

′
)2(r2 + 2φ)− (φ

′
)4

r2+2φ

(r2 + 2φ)2(r2 + 2φ+ (φ′ )2

r2+2φ
)3/2

dθ.

Hence the variation of the arclength becomes

(1− (φ
′
)2

(r2+2φ)2
)√

r2 + 2φ+ (φ′ )2

r2+2φ

−
φ

′′
(r2 + 2φ)2 − 3(φ

′
)2(r2 + 2φ)− (φ

′
)4

r2+2φ

(r2 + 2φ)2(r2 + 2φ+ (φ′ )2

r2+2φ
)3/2

=
(1− (φ

′
)2

(r2+2φ)2
)(r2 + 2φ+ (φ

′
)2

r2+2φ
)− φ′′

+ 3(φ
′
)2

r2+2φ
+ (φ

′
)4

(r2+2φ)3

(r2 + 2φ+ (φ′ )2

r2+2φ
)3/2

=
r2 + 2φ+ 3(φ

′
)2

r2+2φ
− φ′′

(r2 + 2φ+ (φ′ )2

r2+2φ
)3/2

which is exactly the curvature of the inner circle.

Computation of directional derivative of the nonlocal part of the energy:

Jnonlocal =
γ11

2

∫
D
| (−∆)−

1
2 (χΩ1 − w1) |2 dx

+γ12

∫
D

(−∆)−
1
2 (χΩ1 − w1)(−∆)−

1
2 (χΩ2 − w2)dx

+
γ22

2

∫
D
| (−∆)−

1
2 (χΩ2 − w2) |2 dx

=J1 + J2 + J3.

Computation of directional variation of J2:
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J2 =γ12

∫
D

(−∆)(− 1
2

)(χΩ1 − w1)(−∆)(− 1
2

)(χΩ2 − w2)dx

=γ12

∫
D

(−∆)−1(χΩ1 − w1)(χΩ2 − w2)dx

=γ12

∫
D
u(χΩ2 − w2)dx where u =

∫
D
G(χΩ1 − w1)dy

=γ12

∫
D

∫
D
G(χω1 − w1)dy(χΩ2 − w2)dx

=γ12

∫
Ω2

∫
Ω1

G(x, y)dydx

=γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dω

∫ √r22+2φ2(ω)

√
r21+2φ1(ω)

G(ξ + reiθ, ξ + teiw)rtdt.

Along h1

J2(φ1 + εh1)

=γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)+εh1(θ)

0
dr

∫ 2π

0
dω

∫ √r22+2φ2(ω)

√
r21+2φ1(ω)+εh1(ω)

G(ξ + reiθ, ξ + teiw)rtdt

J2(φ1 + εh1)

dε

=γ12

∫ 2π

0
dθ

∫ 2π

0
dω

∫ √r22+2φ2(ω)

√
r21+2φ1(ω)+εh1(ω)

G(ξ +
√
r2

1 + 2φ1(θ) + εh1(θ)eiθ, ξ + teiw) · th1(θ)

−γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)+εh1(θ)

0
dr

∫ 2π

0
dω

G(ξ + reiθ, ξ +
√
r2

1 + 2φ1(ω) + εh1(ω))eiω · rh1(ω)
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J2(φ1 + εh1)

dε
|ε=0

=γ12

∫ 2π

0
dθ

∫ 2π

0
dω

∫ √r22+2φ2(ω)

√
r21+2φ1(ω)

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, ξ + teiw) · th1(θ)

−γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dωG(ξ + reiθ, ξ +

√
r2

1 + 2φ1(ω)eiω) · rh1(ω)

=γ12

∫ 2π

0

∫
Ω2

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)h1(θ)dydθ

−γ12

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(ω)eiω, y)h1(ω)dydω.

Along h2

J2(φ2 + εh2)

= γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dω

∫ √r22+2(φ2(ω)+εh2(ω))

√
r21+2φ1(ω)

dtG(ξ + reiθ, ξ + teiw)rt.

J2(φ2 + εh2)

dε
=γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dω

G(ξ + reiθ, ξ +
√
r2

2 + 2(φ2(ω) + εh2(ω))eiw)r · h2(ω)

J2(φ2 + εh2)

dε
|ε=0 =γ12

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dω

G(ξ + reiθ, ξ +
√
r2

2 + 2φ2(ω)eiw)r · h2(ω)

=γ12

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

2 + 2φ2(ω)eiω, y)h2(ω)dydω.
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For J1:

J1 =
γ11

2

∫
D
| (−∆)−

1
2 (χΩ1 − w1) |2 dx

=
γ11

2

∫
D

(−∆)−1(χΩ1 − w1)(χΩ1 − w1)dx

=
γ11

2

∫
D
u(χΩ1 − w1)dx

=
γ11

2

∫
Ω1

∫
G(χΩ1 − w1)dy(χΩ1 − w1)dx

=
γ11

2

∫
Ω1

∫
Ω1

G(x, y)dxdy

=
γ11

2

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dω

∫ √r21+2φ1(ω)

0
dtG(ξ + reiθ, ξ + teiω)rt.

Along h1

J1(φ1 + εh1) =
γ11

2

∫ 2π

0
dθ

∫ √r21+2(φ1(θ)+εh1(θ))

0
dr

∫ 2π

0
dω

∫ √r21+2(φ1(ω)+εh1(ω))

0
dt

G(ξ + reiθ, ξ + teiω)rt

J1(φ1 + εh1)

ε
=
γ11

2

∫ 2π

0
dθ

∫ √r21+2(φ1(θ)+εh1(θ))

0
dr

∫ 2π

0
dω

G(ξ + reiθ, ξ +
√
r2

1 + 2(φ1(ω) + εh1(ω))eiω)r · h1(ω)

+
γ11

2

∫ 2π

0
dθ

∫ √r21+2(φ1(ω)+εh1(ω))

0
dt

∫ 2π

0
dω

G(ξ +
√
r2

1 + 2(φ1(θ) + εh1(θ))eiθ, ξ + teiω)t · h1(θ)

58



J1(φ1 + εh1)

ε
|ε=0 =

γ11

2

∫ 2π

0
dθ

∫ √r21+2φ1(θ)

0
dr

∫ 2π

0
dωG(ξ + reiθ, ξ +

√
r2

1 + 2φ1(ω)eiω)r · h1(ω)

+
γ11

2

∫ 2π

0
dθ

∫ √r21+2φ1(ω)

0
dt

∫ 2π

0
dωG(ξ +

√
r2

1 + 2φ1(θ)eiθ, ξ + teiω)t · h1(θ)

=
γ11

2

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(ω)eiω, y)dyh1(ω)dω

+
γ11

2

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)dyh1(θ)dθ

=γ11

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)dyh1(θ)dθ.

Now for J3

J3 =
γ22

2

∫
D
| (−∆)−

1
2 (χΩ2 − w2) |2 dx

=
γ22

2

∫
Ω2

∫
Ω2

G(x, y)dxdy

=
γ22

2

∫ 2π

0
dθ

∫ √r22+2φ2(θ)

√
r21+2φ1(θ)

dr

∫ 2π

0
dω

∫ √r22+2φ2(ω)

√
r21+2φ1(ω)

dtG(ξ + reiθ, ξ + teiω)rt.

Along h2

J3(φ2 + εh2)

=
γ22

2

∫ 2π

0
dθ

∫ √r22+2(φ2(θ)+εh2(θ))

√
r21+2φ1(θ)

dr

∫ 2π

0
dω

∫ √r22+2(φ2(ω)+εh2(ω))

√
r21+2φ1(ω)

dtG(ξ + reiθ, ξ + teiω)rt

dJ3(φ2 + εh2)

dε
|ε=0

=γ22

∫ 2π

0
dθ

∫ √r22+2φ2(θ)

√
r21+2φ1(θ)

dr

∫ 2π

0
dωG(ξ + reiθ, ξ +

√
r2

2 + 2φ2(ω)eiω)rh2(ω)

=γ22

∫ 2π

0

∫
Ω2

G(ξ +
√
r2

2 + 2φ2(ω)eiω, y)h2(ω)dω.
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Similarly,

dJ3(φ1 + εh1)

dε
|ε=0 = −γ22

∫ 2π

0

∫
Ω2

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)h1(θ)dθ.

Putting all directional derivatives together, the nonlocal part of J gives us fours terms

about h1 and two terms about h2.

γ12

∫ 2π

0

∫
Ω2

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)h1(θ)dydθ

− γ12

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(ω)eiω, y)h1(ω)dydω

+ γ11

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)dyh1(θ)dθ

− γ22

∫ 2π

0

∫
Ω2

G(ξ +
√
r2

1 + 2φ1(θ)eiθ, y)h1(θ)dθ

gives

γ12(−∆)−1(χΩ2 − w2)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

− γ12(−∆)−1(χΩ1 − w1)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

γ11(−∆)−1(χΩ1 − w1)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

− γ22(−∆)−1(χΩ2 − w2)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

= (γ12 − γ22)(−∆)−1(χΩ2 − w2)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

+ (γ11 − γ12)(−∆)−1(χΩ1 − w1)(ξ +
√
r2

1 + 2φ1(θ)eiθ).

γ12

∫ 2π

0

∫
Ω1

G(ξ +
√
r2

2 + 2φ2(ω)eiω, y)h2(ω)dydω

γ22

∫ 2π

0

∫
Ω2

G(ξ +
√
r2

2 + 2φ2(ω)eiω, y)h2(ω)dω

gives

γ12(−∆)−1(χΩ1 − w1)(ξ +
√
r2

2 + 2φ2(θ)eiθ)

γ22(−∆)−1(χΩ2 − w2)(ξ +
√
r2

2 + 2φ2(θ)eiθ).
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Therefore Euler-Lagrange equation of (1) becomes

H1(φ1)(θ) + (γ12 − γ22)(−∆)−1(χΩ2 − w2)(ξ +
√
r2

1 + 2φ1(θ)eiθ)

+(γ11 − γ12)(−∆)−1(χΩ1 − w1)(ξ +
√
r2

1 + 2φ1(θ)eiθ) = λ1

H2(φ2)(θ) + γ12(−∆)−1(χΩ1 − w1)(ξ +
√
r2

2 + 2φ2(θ)eiθ)

+γ22(−∆)−1(χΩ2 − w2)(ξ +
√
r2

2 + 2φ2(θ)eiθ) = λ2

where H1 and H2 are the variation of the arclength.
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contraction mapping, 41
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