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Abstract

Analysis of the Long Range Interaction
in the Ternary System

In this dissertation, we show that a core-shell structure is a stable solution of the free
energy problem for a particular ternary system. The free energy of this ternary system
includes an interface energy and a long range interaction energy. This model is derived
from a density functional theory for triblock copolymers proposed by Nakazawa and Ohta.
We prove the existence of a core-shell solution by reducing the free energy problem to a finite
dimensional problem. The finite dimensional problem is then solved explicitly. Finally, we
demonstrate that a stability criterion on the parameters determines whether or not the

core-shell solution is stable.
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Chapter 1

Introduction

Different patterns may form as orderly outcomes of self-organization principles in multi-
constituent systems. Examples include morphological phases in block copolymers, animal
coats and skin pigmentation.

Binary systems, a special case of multi-constituent systems, have been studied exten-
sively. Let D be an open and bounded set in R™. The set D is partitioned into two subsets:
2, occupied by one constituent, and D\(2, occupied by the other constituent. These sets
may or may not be connected, but here we consider the two constituents to be completely
separated.

The free energy of the binary system is composed of two parts. First, there is the
energy coming from the interface separating © and D\2. In other words, this energy is
the perimeter of £ in D. We denote this perimeter by Pp(£2), and will give the precise
definition later in this chapter. If Q is bounded by a smooth boundary 952, then Pp(Q) is
the length of 9Q N D when D C R?, and, is the area of 9Q N D when D C R3. Note that
0D stands for the boundary of 2 in R™ not the boundary of 2 in D. The latter is 92 N D.

The second part of the free energy in the self-assembling system is a longer ranging,
inhibitory term. It is not difficult to imagine that two different constituents will have a long
range interaction before the patterns form. One example concerning the Ohta-Kawasaki
density functional theory for diblock copolymers may be found in [8] where the long range

term is [ |(=A)~Y2(xq —w)|?>dz. The function xq is the characteristic function of Q, that



is, xo =1if x € Q and xq = 0 if x € D\Q. The positive constant w € (0,1) satisfies
|| = w|D|, where || is the Lebesgue measure of Q and |D|, the Lebesgue measure of D.

The free energy Jp of the binary system combines these two terms:

(1.1) Ip(Q) = niPD / [(=A)"Y2(xq — w)|*da.

The positive constant v balances the short range interaction Pp(€2) with the long range
interaction in Jp. Both v and w are parameters of the energy function. The operator
(—=A)~1/2 is the positive square root of the inverse of —A with the Neumann boundary

condition. A critical point of the function Jp satisfies the Euler-Lagrange equation

(1.2) H(OUN D) +~v(=A) " (xa —w) = A

In (1.2) H(O2N D) is the mean curvature of 92 N D, and A is a Lagrange multiplier
associated with the constraint |2] = w|D|. The coefficients —L- and 7 in (1.1) simplify the
form of (1.2). Equation (1.2) holds on the part of the boundary of 2 that is inside D, namely
o0 N D. If 99 intersects AD, then the two hyper-surfaces must meet perpendicularly. By
minimizing Jp, or more generally by solving the equation (1.2), one discovers patterns that
match many observed in nature.

This problem is solved completely in one-dimension [12]. In particular, there are countably-
many solutions to (1.2), and every solution is a local minimizer of the energy functional Jp.
Depending on w and <, there are either two or four global minimizers among these local
minimizers. In higher dimensions, people have found several types of solutions [4, 5, 9, 10,
13, 16, 17, 11, 18, 19]. Further studies are needed to address the global minimizers of the

problem. One can see progresses from [1, 6, 21].



Figure 1.1: Blue spotted grouper. Image credit: By Adrian Pingstone [Public domain], via
Wikimedia Commons.

Figure 1.2: Leopard. Image credit: By U.S. Fish and Wildlife Service [Public domain], via
Wikimedia Commons.




In this dissertation we study the ternary case. A ternary system has three constituents
that occupy disjoint subsets Q;, Qs and Q3 = D\ (21 U Q) of D, and D is, again, an open
and bounded subset of R".

As in a binary system, the free energy of a ternary system is composed of two parts. One
part of the free energy is the size of the interfaces separating the three domains €2, 29 and
Q3. There are three types of interfaces: 9€;\002, the interfaces separating Q; from Qg;
002\0821, the interfaces separating Qo from (23; and 991 N 9Ng, the interfaces separating
O from Q.

The other part of the energy is, as before, the long range interaction term. We use
Jo((=A)"Y2(xq, — w:))((—A)~Y2(xq, — wj))dz to model the interaction between €; and

€1;. The overall free energy of the ternary system takes the form

3 2
(1.3) Jr(Q) = 2(n17 0 ZPD(Qi) + > /D %((—A)_I/Q(Xﬂi —wi))((=A) "2 (xq, — w;))d.

ij=1

This model was derived from the density functional theory for triblock copolymers pro-
posed by Nakazawa and Ohta [7]. In this work, we consider only the situation where the
three constituents are totally separated from each other: there is no mixture of the three
constituents. Figure 5 in [2] illustrates many possible patterns in the ternary system.

The one dimensional case of this problem has also been studied. The cyclic lamellar phase
is shown to exist in [15]; a diblock copolymer-homopolymer blend problem is investigated
in [3, 22, 23).

In two dimensions, Ren and Wei have recently found a double bubble solution [20]. In
this work, we will investigate Case (b) in Figure 5 of [2], a core-shell pattern. Figure 1.3
is reproduced from the case (b) of Figure 5 of [2]. We will prove that in two dimensions a

core-shell solution exists as a critical point of Jp.



Figure 1.3: Three dimensional co-shell pattern

A single core-shell pattern is a cylinder inside another cylinder. In nature, there appear
to be approximate core-shell patterns. Figures 1.1 and 1.2 show animals with core-shell
patterns observed in nature. Figure 1.3 is a picture of multiple core-shells. Figure 1.4 is a

cross-section of a single core-shell pattern.

Figure 1.4: Core Shell.
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We consider (1.3) on a bounded, smooth, open subset D of R%. Let w; and wy be two
positive numbers such that w; + we < 1. For two measurable sets 21 and )y satisfying
|Q1] = w1|D|, || = wa|D|, and € is enclosed by Q9, set Q3 = D\ (21 U Q).

Both w; and wy will be small in this work, but their ratio ¢ = w;/wy will be fixed.
We let |w| = /w? +w?. The main result in this work holds when |w| is small. Since the
fraction g = % is held fixed, |w| being small is equivalent to w; being small or ws being

small.

The energy of the system is

3 2 B ) )
(1) T(00.9) = 53 Po@) + 3 [ (8)F nm — ) ((-8)F (e, — wy))da
1 i,j=1

The interaction matrix v = [y;;] is symmetric. It balances the long range interaction
strength between the three constituents.

We now denote Jp from (1.3) by J for simplicity.

In (1.4), Pp(£) is the perimeter of © in D. We define the perimeter in the following

way: for any measurable subset E of D,

(1.5) Po(E) = Sup{/E div g(z)dz : g € CL(D,R2),|g(x)| < 1 Va € D}

where div g(z) is the divergence of a C'! vector field g on D with compact support and |g(z)]
stands for the Euclidean norm of the vector g(z) € R2. A subset E in D is said to have a
finite perimeter if and only if x g, the characteristic function of F is a function of bounded
variation on D. In this work, Pp(F) is just the size of the interfaces separating the three
domains; that is, the first term of (1.4) is the combined length of 0Q;\09Q2, 0922\0€;, and
001 NONs. In the core-shell case, 90\, is absent. However in Figure 1.5, all three types
of boundaries are present. Figure 1.5 is a 2-dimensional equal area double bubble. The

perimeter here is the sum of the lengths of the the two arcs and the middle line segment.



Figure 1.5: An equal area double-bubble.
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1.1 Main result

Let us denote the Green’s function of —A by G. It is a sum of two terms:

1

(1.6) G(z,y) = %log

1
R .

The regular part of G(x,y) is R(z,y). The Green’s function satisfies the equation

1 N

(17) - AIG(x’y) = 6(x - y) - H?av(z)g(xay) =0on aDaG(ay) =0 vy eD.

In (1.7), A, is the Laplacian with respect to the z-variable of G, v(x) is the outward

normal direction at = € D, and 0,(,) is the normal derivative there with respect to the x

variable.
M1 Y12 I'yp T
Let T' = [T;;], satisfying v = (“121)=3/2p j ¢ — (wlBly-s/2 . Let
Y21 Y22 For T2
(1.8)
ur (n2 —1) - 21“12*21“%1*1“22 _ F1151“12 1“122;711“22(%)71/2
=
_ r r r
Dl (1 e 1)+ B - T - )



where ¢ = % The symbol ¢ will denote a fixed positive constant throughout the disserta-
tion.

Let S? be the set of 2 by 2 symmetric matrices. Let
(1.9) C,={leS*:T>0}N{l'eS*:Te >T12}N{T €S*: M, >0,Yn > 2}.

A proof will be given later to show that C, # 0.

A main result of this dissertation is the following theorem.

1.10 Theorem. For every g > 0 and every I' € C,, there exists § > 0 such that if |w| < 6

and v = (%)*3/21“, then there is a core-shell solution to the ternary system.

Remark:

1. We construct the solution in two steps. The construction is stable in each step.

Therefore, the solution is stable in some sense.

2. The solution is a core-shell near a minimum of the function x — R(x, z).

1.2 Outline

Write By = {z € R? : |z — ¢] < 7x}. The proof of the theorem starts by finding a family
of approximate solutions, the pair (Bj, Bo\Bi1). Both r; and ry are fixed. Additionally,
7r? = wi|D|, and 772 = we|D|.

We then perturb (Bi, Bo\Bi) by a pair of 27-periodic functions ¢ = (¢1, ¢2) where

72 4+ 2¢1 is the perturbed inner radius squared and r3 + 2¢9 is the perturbed outer radius

squared. The perturbed B is the set

EY = {¢+ae?: 0 €0,2n],a € (0,1/12 + 2¢1(0))}.

The perturbed Bs\B; is the set

Ef = {€+ac” : 0 € [0,2n],a € (\/r2 +261(0), /v +262(0))}.



We perturbed the squares of the radii instead of radii so that the constraints |EfS | = wi|D|

and |E§s | = wa|D| become simple linear constraints on ¢1 and ¢y of the form

27
(bl(e)dg = 07
0

" ¢2(0)dd = 0.
0

In terms of ¢, the Euler-Lagrange equation of (1.4) is written as S(¢) = 0 where S
is a two component, nonlinear, integro-differential operator from a functional space X to
another functional space ).

There is a subset X, of X which, roughly speaking, ignores the effect of the translation of
the center . There is also a corresponding subset ), of Y. Given &, we look for ¢ = ¢(0,§)
in X, that solves the equation up to a translation of &, i.e., IIS(¢) = 0 where II is the
projection operator from ) to ).

Finally we study the dependence of J(p(+,€)) on £&. We show that under certain con-
ditions there exists ¢ such that J(¢(+,€)) is minimized at £ = ¢. It turns out that at this
minimum, S(¢(-,¢)) = 0. Stability of this solution will also be proved.

In this dissertation, the interval [0,27] with 0 and 27 identified is denoted by S'. The
L? space on S! is L2(S'). The inner product in L?(S!) is denoted by < -,- >. The L? norm
is denoted by || - ||2, and the L norm by || - ||re. The Sobolev W*?2 space is denoted by
H¥(S") where k > 1 is an integer. The W*2 norm is denoted by || - || .

The point (cosf,sin@) is often written as e for a simpler notation even though no

0

complex structure is assumed on R?. For example, the expression €% - x is simply the inner

product of two real vectors (cos#,sin#) and x.



Chapter 2

Exact core-shells as approximate

solutions

Let U be a neighborhood of the set

(2.1) {z€D:R(z,z) =min R(x,z)}

zeD

where R(z,x) is defined in (1.6). The set defined in (2.1) is compact since R(z,x) — oo as
x — 0D. We can choose U so that the closure of U in R? is compact and is contained in D.

Let B; and Bs both be centered at £ € U and have inner radius r; and r9 respectively.
The exact core-shell is (Bj, B2\ B1).

The energy functional is the following

3 2 - . )
(2:2) T %) =5 S Po(@)+ 3 B [ (=81 Hxa, —w))(~8)Hxe, — wy)da
1 ij=1

where wy,we € (0,1) and wy + we < 1.

The Euler-Lagrange equations of J are

10



Hi(01)(0) + (712 — 722) (—A) 7 (X, — w2) (€ + /77 + 201 (0)e™)

oy = m2)(—A) M xa, — wi)(€ + /12 +2¢1(0)e?) = Ay

(2.3)

24) Ha(h2)(0) + m2(—A) " (xa, — w1) (€ + /73 + 2¢2(0)e™)

Fy20(=A) T (x, — w2)(€ + /73 + 262(0)e) = A

where ;1 is the curvature of 91 and Hs is the curvature of 9Q2\091. See Appendix A for
the derivation of the preceding formulas.
We plug the exact core-shell into the left side of the Euler Lagrange equation and see,

as an approximate solution, how much error the exact core-shell has.

2.5 Lemma. If (1,Q9) = (B1, B2\B1), the left side of the Euler Lagrange equation is

1 r3logre — 72 logry n wa| D

4 4
Trey — T
— + (2 — 722)(— mlr —r1)
(& 2

8|D|

+wa|D| 7 R(&, &)rie™)

| Lt wilD| R €)rie®) + O(ful?)

+(m = ) (-5 hogry + wi DIR(E. ) + Tk

on the inner circle of the exact core-shell (By, Ba\B1), and is

1
— +712(—w 11D) logry + w1|D|R(E, &) + o7 8|D[ +w1|D’ v R(,€)rae”)

D 4 4 )
(221 ’ logr-+ unfDIR(E €) + "2 4 DI 7 R Orae) + O(ul?)

on the outer circle of the exact core-shell (By, Bo\Bi).

Proof. Let v1 and wve satisfy

11



2

(2.6) — Avg = XB, — % in D,0,v; =0 on 0D,v, =0,

where £k =1, 2.

Define

z|? r2 r2 .
—% + & — 2 logry,if|z] <7y

Py(x) = ,
—%’“log|x|,if|x] > 7L
Then —AP(- — &) = xB,. Write v = Pi(- — &) + Qi(+,§). Clearly

P

~AQu(x,6) = T

8, Qu(x,€) = 8, % log |z — ] on AD

Qr(-, &) = —Pi(|- =€)

\

Here the Laplacian A and the outward normal derivative 0, are taken with respect to x.
Note from (1.7) it follows that Qx(x,&) and mriR(z, &) satisfy the same equation and

the same boundary condition. Therefore they can differ only by a constant. The constant

is Qr(-, &) — WT%R(',f). But 7 = G(+,£) = 0 implies that the constant is also equal to

2 4

T Y
_ k] =P —&) = )
Hence
v

Qu(z, &) = nriR(x, &) +

81D

12



Direct calculations show that,

(_A)il(XBg\Bl —wa) (€ + rleie)
= va(& + 1) — v (E + r1e™)
= Py(r1€”) + Qa(§ + r1€”, &) — Pi(r1e”) — Qu(§ + i€, €)

2 2 2 2 4 4
r5logre — r¢logr ryé—r : m(rs —r
5 10g T2 110871 2 1 77(1”% r%)R(ﬁ 7"1619,5) (2 1)

) i ! SID]
2 2 A )
rylogry —rilogry  we|D| o r(rd — rd)
= — D w(ry —ri)
5 t— T wa|D|R(& + 1€, &) + 5D
r2logry —rilogry  wo|D i i
- 7 + 4‘7T |+ walDI(R(E,€) + TR(E, e + O(r2) + (S‘D’ !

2] —r2] D 4 .4
r5logry — ry ogrl_i_wg\ ’+w2|D|R(§,§)+W(r2 1)

D 0
9 A S‘D’ +w2’ |VR(£>£)T1€

+O(jwl)

(—A) ' (XBy\By — w2) (€ + roe'?)
=va(§+ rgew) —u(§+ r2ei9)

= Po(rae”) + Qa(€ + 726", €) = Pi(rae”) = Qu(€ +712¢".)
i

2 (rd =)

ry — i e
=2 5 logry + W(r% — r%)R(f + r9e 0,5) + SID]
_ _w2|D‘ i0 w(ry —r})
= o log g + wa| D|R(§ + rae ’£)+78\D|

D ) 4 .4
= —Mlogm +w2|D\(R(§,§) 4 VR(f,f)Tgela + O(T%)) + 7T(7‘2 7‘1)
2w 8|D)|
ws|D| ra—r})

= logre + wa|D|R(E,€) + al +wa|D| 7 R(&, &)rae™® + O(|w]?)

Cor 8D

13



(=A)Yxp, —w1)(€ +r1e?) = v (€ + r1€?)

= Pi(r1e") + Q1 (€ + r1e®€)
) 4

2 Tr
_ iy 16 1
5 og|ri| +wriR(E +r1e”,€) + 8| D]
4
w ; wr
_ 1| |10grl+w1|D|( (6,5)+VR(§7§)7‘160+O(T%))+ 8|l)1‘

=—w"myu+wmwmsa+

5. +w1|D\ v R &rie? + O(|w]?)

8|D!

(=A) " Yxp, —w1)(€ +12e") = v1 (€ 4 ree'?)

= Pi(r2¢") + Q1 (€ + 19 €)
2 4
= — L log|ra| + mr{R(E + e, €) +

8|D|
_ _w1| ‘ i0 2 mr
= ——5— logrz + wi|D(R(, ) + VR(E r2e” + O(r3)) + SD)

D
= UD] 4w | DIR(E €) +

o +w1!D\ v R(&,&rae™ + O(Jw?).

8!D\

Therefore, at each & + rie?, a point on the inner circle

14



1“11 + (112 = 722) (=) " (X — w2) (€ +r1e?) + (11 — y2) (—A) " (xp, — w1) (€ + 1)

1 r3logry —rilogr;  ws|D| m(rs —rf)
— —_ _ D|R —_—

+wa|D| 7 R(E, &)rie” + O(|w]?))

w (A
G =720~ bogry +wi DIR(E.€) + T +01 DI 7 R(E G+ Ou?)
1 r2logry —rilogr we|D w(rd —rd
= 4 (712 o ’_)/22)(_ 2 g7 1 gr1 + 2| ‘ 4 wo ’D‘R(é {) ( 2 1)
1 2 8|D|

+w|D| v R(E,&)r1e™)
wi|D|

L og 1 +wi| DIR(E,€) + oL

+ (711 — 712)(— +’w1!D| v R(&,&re?)

8!D\

+ (12 = 722)O(lwf?) + (711 — 112)O(|wl?)
4

T wylDIR(E, &) + T2 =T

1 r3logry — r?logry n wa| D
8|D|

= " + (12 — 722)(— 2 i

+wo|D| 7 R(&, &)rie’)
| | r

log 1+ wi|DIR(E, ) + gy + i D] ¥ R(E Orie™) + Offw?).

+ (711 — m2)(—

At each & + r9e' on the outer circle

7}2 + ’712(—A)_1(X31 —wi)(€+ rzew) + 722(—A)_1(X32\Bl —wy) (€ + rzew)

1
= — + ’}’12(—
T2

’LUQ’D‘
21w

110) logry + w1 DIR(E,€) + o7 +1U1\D! v R(E,&)rae” + O(|w]?))

27 8\D|

w(rd =)

8!D\ +wa| D] 7 R(E, €)r2e” + O(|w[?))

+ y22(— logre + wa2|D|R(E,§) +

1 w1]D|
= — — I D|R

7“2_‘_712( o 0gr2+w1’ | (576) 8|D|
m(ry — 1)

8| D

+w1|D| v R(&,&)rae’)

+wa|D| 7 R(&, &)rae”)

wo|D
+ Y22(— 277 |10gT2+w2|D\R(§,§)+

+ (112 + 722)O(|w]?)

1
= + y12(— 2’ |10g7“2+’w1!D|R(§ £+ 8\D| +’w1\D| v R(E,€)rae®)
D m(rd —rf , 1
+ Y22 (— ;77 | log ra + wa| D|R(E, &) + (;ml) +wa|D| 7 R(E, &)rae) + O(|w]2).

15



This proves the lemma.

The value of J at the exact core-shell (B1, B2\Bj) can be calculated as well.

2.7 Lemma. The value of J at the exact core-shell is

J(Bl, Bg\Bl) :271'(7‘1 + TQ)

4 4 6
vi1, wrilogry @y 3 9
= = D|)*R
4 2 2 2,24 2.2 4
Ty 9, Ty T3 TSy TITIT, 7r7“1 log 11
SRIEE 212,
+ 712[ S +7rr1(4 5 ogra2) + SID] SID| 5
7r'r‘11 n2rd
-3 4|D’] + (w1|D|)(we| D) R(&, €)
4 4 2 21112
Yoo, wrilogry  wrylogrs wa|D|ry  wi|D|
- - + mriralogre —
2 2 2 4 8
w2|D
+unlDPR(EE) + 22002 2y

4

Proof. The local part of J(By, B2\Bj) is just the arclength

(2.8) 2m(ry +12)

The nonlocal part of J(By, B2\B1) is

Jnonlocal —711 / ‘ % XBl - ’LUI) |2 dx
1 1
2 [ (28) 7 am, — ) (=A) (s — wa)da
(2.9)
_1
722/ | (=A)"2(xpyp\p, — w2) |° da
=l +I1I+1I1.

16



Y22 ,;
=2 / (—A) " (X, — w2) [? da

= 2 [ (xBapy — w2)(va() - vi(2))da
D
(2.10)

=12 (va(2) — v1())dz
Bg\Bl

2
:722[/ ’U1—|—/ U2—/ UQ—/ Ul].
2 B Bs By Bo

From the definition of P, one finds that

of? | 2k
Pi(x)dx = ——+ = log ridx
By B, 4 2

:/ —@daz—i-m‘k(—z ’%logrk)
B, 4 4 2
(2.11) = /OTk —if%rrdr + er(zk 2’“ log 1)
:_778741%4_7?%—%270’“1%%
= W;d’é log ry, + 72:%-

2
For the integral of Qy, note that, since AQ(+, &) = %, Qr(z,&)— 4‘;| |z —&|? is harmonic

in z. By the Mean Value Theorem for harmonic functions

2
Q. = [ (@u(w.8) — ko —)do + / £Pda
By By 4|D| 4!D\

2 726

(2.12) o PR
=mri(mriR(&, &) + 3] + ]
7r27“6
Therefore, from (2.11) and (2.12), it follows
rd log r1 rd 7r27“6

2.1 =t 41 ‘R

17



2,.6

4
nrylogry w5 4 Ty
2.14 =224 2 2%4R + .
( ) /2 1)2 2 8 T2 (57 5) 4|D|

Next note that

nrs
—/ vgd:c:—/ XBIUQZ—/(XBI — —)vedzx
B D D D]
:/ Avivg = —/ VQ}legdx:/ v1Avedr = —/ vidzx.
D D D B

Therefore,
—/ vld$:—/ vodx
B By
= — PQd{L‘ — dil'
B B
ot = Browr) - [ Qo) - e gtiao- [ e g
=— —qr{(—= — =logrsy) — 2 — x — T — x
8 Ny 2 B 4|D| 4|D)|
wr r3 1l w2rird
*?1 -7 %(ZQ Elogrg) TiQ2(€) — 8\12_)|1
4 2 2 2.2, 4 2,24
™ 22 T _ Tty TTITa
=3 ri( 1 5 log ry) — 72 7"11" 2R(&,€6) — SID] D]

We sum all these identities and use the fact that 73 — mr? = we|D|, to deduce

18



Y22 ,;
11 =12 / (—A) " (X, — w2) [? da

722
V1 + Vg — Vg — vl
Bl BQ Bl BQ

722 - 7rilogr 7rr1 R(§ 6+ w2r$  mrylogry
T2 2 8 4|D| 2
rd w2r8 ot r2  r2
(215) + ?2 + 7T27'§R(§,§) 4’D2‘ + 71 - er(f - flog 7’2)
224 7r27"27'4
_9r2p2p2R 2" 172
m 7"17"2 (5 5) 4|D’ 4’D‘ ]
4 2 2112
22, wrilogr  wrylogry 2 2 ~w2|DJry | w3|D|
= [— 5 5 + mwrirs logre 1 &
w2|D
rwlDPREE + 2202 4 13

Similarly we can get

T=B A ) P s
(2.16) :'V;/B (P1+ Q1)

4 4
_m - mrilogry @y

2 +7+m+ riR(E,€)]

2
and
1 1
11 =12 | (=8, = 0 (=8)F (i, — v
—712/ v — / U1
Bs Bi
r2
(217) ol T (2 o) + RO
WQT%T% 7'('27“%1"% 777’1 log 1 _ Lr‘ll
8|D| 8|D| 2 8
7.[.2746
— 1R Ly,
ﬂ- ™ (5 é-) 4‘D|]

Adding (2.8),(2.16),(2.17) and (2.15) up we can get the value of J at the exact core-shell
(B1, B2\ By). O

19



Chapter 3

Perturbed core-shells

We perturb the exact core-shell (B;, B2\ Bj) by a pair of 2r-periodic functions ¢ = (¢1, ¢2)
where 72 4 2¢1 is the perturbed inner radius squared and r2 + 2¢s is the perturbed outer

radius squared. The perturbed Bj is the set

Ef) = {6+ e 0c0,2n],a € (0,4/r? +2¢1(0))}.

The perturbed B\ B is the set

B = {€+ac” : 0 € [0,2n],a € (\/r2 +261(0), /1] + 262(0)))

and the boundaries of the perturbed core-shell are two curves parametrized by 6 : £ +
77 +2¢1(0)e?, the perturbed inner circle, and & + /73 + 2¢2(0)e?, the perturbed outer
circle. We will restrict the size of ¢1(6), ¢2(6) so that rf +2¢y, r3 + 2¢9 are always positive.

Moreover it is always assumed that ¢_L {[1,0]7,[0,1]7}, i.e.

21 27
(3.1) ¢1(0)d0 = 0,and [  ¢2(0)df = 0.
0 0

This ensures that the area of Ef remains wi|D| and the area of Eg remains ws|D|:

2 1=

21 /24261 (0) 2r .2 4 9
IE‘flz/ / 1 rdrd@z/ i+ 2010) 4y _ 22 — D)
0 0 0

20



2 T +2¢'1 2m 2 2 _ 2
Ef\—/ / ’ rdrd9:/ 2 +2¢:(0) 2T1 $1(0 )dezwg_m@:wﬂDL
T1+2¢1 0

The local part of the energy of (Eil5 , Eg) ) can be expressed as

27 !
%(PD(Ef) + Pp(ES) + Pp(D\(E} U EY)) :/ \/r% FEnO) %d&

2 (¢2( )?
/ \/T2+2¢ 73 + 2¢2(0 )de

The variation of (3.2) gives us two quasi-linear operators

(3.2)

2+ 200(0) + SBO8 - 60
Hi(on)(0) = RO Ty

2 (¢,,(0))2 |3
(ry +201(0) + W)Q

Note that Ho gives the curvature of the perturbed outer boundary viewed from E;5 .
However H; is the curvature of the perturbed inner boundary viewed from Ef .

The nonlocal part of J may be written in terms of ¢ as

(3.3)
1
Jnonlocal = FYH / | E XQ1 - wl) ’2 dx
1 1
T / (—8)7 (xa, — wi)(—A) " (xa, — wo)de
+ 22 [ (-8) o, — ) P do
711 27r \/7“1—1—2(;51 27 \/r1+2¢1( w)
5 / dr/ dw/ dtG(& 4 re® € + te™)rt
2 r1+2¢1 2 r2+2¢>2(w ) )
+712/ dH/ dr/ dw/ dtG(f +re? &+ te™)rt
+2¢1
r +2¢>2 2 T +2¢2(w } )
+ @ de/ ’ / / ’ dtG(§ +rel £+ te™)rt
+2¢1(9 T‘1+2¢1

The variation of (3.3) with respect to ¢; is

21



(712 — 722) (—=A) " (xq2, — w2) (€ + /73 + 261 (0)e)

+ (71 = m2)(=A) " (xa, — w1) (€ + /13 + 261(0)e”)

=m2 [ G(E+ /12 +201(0)e”, y)dy
Qo
(3.4) 2 iw
—v12 | G+ \/r +201(w)e™, y)dy
951

+y11 [ GE+ /1 +201(0)™, y)dy
931

— 'm/ G(&+ 1/} +2¢1(0)e?, y)dy.
Qo

The variation of (3.3) with respect to ¢ is

Y2(—=A) " (e, — w1)(§ + \/13 + 202(0)e”)
+ 722 (= A) " (xq, — wa) (€ + /13 + 262(0)e™)

=y12 [ G+ /73 + 2¢2(w)e™, y)dy
951

(3.5)
+ 922 | G(E+ /T3 + 2¢2(w)e™, y)dy.
Qo

Under the constraint (3.1) the Euler Lagrange equations of J can be written as

H(¢1)(8) + (112 = 722) (—A) " (x, — w2)(€ + /7] +261(8)e”)

(3.6)
(1 — m2)(—A) Hxa, —wi)(€+ /13 + 261 (0)e”) = N
. Ha($2)(0) + 712(—A) " (x, — wi)(€ + /73 + 262(0)€™)

+722(—A) " (xq, —w2)(§+ /73 + 209(0)e”) = X

in terms of ¢; and ¢2. A\; and Ay are the Lagrange multipliers of the constraint (3.1).

Let us define
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_ 27 7“2—1—2(152 } ]
A1 (¢) = 712 2 / / log | /72 + 261 ()€ — te™ | tdtdw
0 J\/174+261(0)

. 27 7"1+2¢1 ) .
711 Y12 / / log | r% + 2¢1(0)e™ — te' | tdtdw
o Jo

(3.8)

2w r2+2¢2(0 ) )
Bi(¢) =(712 — 722 / / R(E+\/ri+ 2¢1(0)e?, € + te™)tdtdw
(3.9) Vri+2610)

2 +2¢1 ) )
(711 — 722 / / R(E4 /12 +261(0)e” € + te™ ) tdtdw

Yoz [T V/134+2¢2(6) . '
A(0) = =5 / / log | /73 + 2¢2(0)e™ — te™ | tdtdw
(3.10) TJo r3+261(0)
Y2 [T V13 4+261(6) ' '
9 / / log | /72 4 2¢2(0)e? — te | tdtdw
™ Jo 0

2m T2+2¢2(9 ) 4
=722 / / R(E 4 1\/73 + 2¢2(0)e™, € + te')tdtdw
(3.11) Vri2610)

27 +2¢1 ‘ A
+ 712 / / R(E 4 /72 + 262(0)e? € + te™ ) tdtdw,

so that (3.6) and (3.7) become

Hi(d1) +Ai1() + Bi(¢) = M
Ha(p2) + A2(0) + Ba(¢) = Aa.

(3.12)

Note that the operators Hjp and A are independent of £ while the operators By do

depend on &.

Let § = (S1, S2) be the operator that appears on the left side of equation (3.12) projected
o {[1,0]7,[0,1]7}, i.e.
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(3.13) Sk(9) = Hi(dr) + Ar(9) + Br(d) — Ak

for k =1,2. Here A\;(¢) is so chosen that S(¢)L {[1,0], [0, 1]}, i.e.

27 2w
Si(4)d0 =0, [ Sa(¢)d6 = 0.
0 0

Now (Ef , Eg ) is a solution of the Euler Lagrange equation(and of course (3.12)) if and
only if
(3.14) S(¢) =0.

The operator S = (51, S2) maps from

(3.15) xXx=1{¢= QW):mefﬂwmk:Lz¢L ! ,O
P2(0) 0 1

to

(3.16) y=_q4= mw):%éL%@%k:LZ@. 0L
q2(0) 0 1

The Frechet derivative of S is given by

"

(3.17) Hi(9n) (wr) = Mo, (@) + Hy, 1 (S)ug, + Hy (D)
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, Do — Ay — |
Ai(6)(u)(p) =227 =02 /0 W) log] /1 + 261(6) \/mewdw

L 2 e uy (0 (V12 +201(0)e? —y) e dy
2r /¥ 4+ 2¢1(9) Q| VT +201(0)et? —y \2
1M u1(0) (V12 +201(0)e” —y) - e

2m ﬁ+2@w)alw¢ﬁiiﬁﬁkw—yP

2
Y12 — 722 i6 iw
R /0 us(w)log | /72 4+ 2¢1(0)e” — /73 + 2¢a(w)e™ | dw

—

(3.19)

/

27
Bi(¢)(u)(0) =(y11 — 712)/0 ur(W)R(E + /12 + 261 (0)e™, € + /12 + 261 (w)e™ ) dw
Ul (9)

- (712 - 722)—7“% T 2¢1(0) o

VR(E+ /T + 2¢)1(9)ei0, Y) - edy
2

(6 i0 i0
+ (11 — 722);“— TR(E+ /17 +201(0)e”,y) - e’dy
1+ 261(0) Jou
\/2:}71 . .
+ (2 — 722)/ ug(wW)R(E + /12 + 2¢1(0)e € + /73 + 2¢2(0)e™) dw

0

_ 2 ) '
Ay (6)(u) (6) =22 /0 ur(w)log | /73 + 262(6)¢” — m |

22 U2 / 3 + 2¢9( )eza —y)-e d
520 7 +2¢2 on | 2000~y

_m2 up / (V73 +202(0)e” — ) - e |

R |

2T
Y22 0 W
T or ; uz(w)log | \V 75 +2¢2(0)e — \ 15+ 2¢2(w)e™ | dw
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(3.21)

21
By()(u)(0) =(m2 — 122) /0 ur(W)R(E + /73 +202(0)e”, € + /1] + 261 (w)e™)dw

uz(6) 2 0\ i
s | IR VrE + 26200, ) - dy

uz(0) i i
+ 712\/m o VR + \/Me eay) - € edy

2

+ 722/0 ua(w)R(E+ /73 + 2¢2(0)ei0,§ +4/73 + 2¢2(9)eiw)dw.
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Chapter 4

Linear analysis

Let £ be the linearized operator of S at ¢ = 0, i.e. at the exact core-shell (B, B2\B):
(4.1) L=S5(0)

Going back to the expressions of the Frechet derivatives (3.17)-(3.21)

(4.2) Hy(0) (ug) = _:5’;@2 )

, 2919 — Y11 — 2 - :
A1 (0)(u)(0) = 2 ;71: 122 /0 u1(w)log | r1e? — rie™ | dw

(43) - T (9)

Y22 — V12 2 i i
+ / uz(w) log | ret? — roet | dw
27T 0

27



/

27
B, (0)(w)(6) =(y1 — 712) /0 ur (@) R(E + e, € + r1e)dw

u1 (6 ) .
— (712 — 722) 171( ) TR(E+ 1€, y) - ePdy
(4.4) L/
uy(6) i0 i0
+ (711 — 722) o VR(E+ e’ y) - ePdy
Q1

21
+ (712 — ’m)/ up(W)R(E 4 r1€", € 4 roe™)dw
0

A (0)(u)(0) =122 / w1 () log | 126 — 16 | du
0

2
2
Y22 r
~ o 2(0)m(1 — ré)
(4.5) ) 2
Y12 L&
_ 2 (0L
2 2(0) 7’%
Yoo [T

- uz(w) log | roe’? — roe™ | dw

/

2
B, (0)(u)(8) =(y12 — ’722)/0 u(w)R(E + roe’? € + Tlei“’)dw

uo (6 ) .
+ V22 2(6) / VR(E+12e ) - ey
79 Qo
(4.6) () | |
+ Y12 o VR + rgew, y) - e’edy

Q1

27
+ 722/ ug (W)R(E + r2e € + roe™)dw.
0

Let us separate £ to a dominant part £; and a minor part £o. We define £ the k-th

component of £1 to be
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mﬂww»:—éwﬁm+mw»

2 _ . 2T i .
4 22— = e / () log e — rie™|dw
0

2
(4.7) T o
M2 22 / s (w) 10g |r1e® — roe™|dw
27'[' 0
_ ’m%mul(g) + 1 (w)
]. "
L12(u)(0) = = —5(uy (0) +ua(0))
2
_ 2w ) )
L 22 M2 / () 10g [rae™ — r1e™|dw
2 0
(4.8) e | |
e ug(w) log |roe® — roe™|dw
2 0
2 2
Y22 51 Y12 ™
200 - Ty = 2000 4 ().
Zun)1 = 1) = )] + b(w)

The real valued linear operator /; is so chosen that £; maps from X to Y( See (3.15)
and (3.16) for their definitions). The rest of £ is denoted by Ls.
We are more interested in the operator I1L and 117 where II is the orthogonal projection

operator from ) to

a1 r r 1 0
(4.9) YVi=<q= €)Y :qlcosh ,qLsinf ,qL ,
42 1 1 0 1

where r = r1/rs.

The operator IIL is defined on

Uy T r 1 0
(4.10) AXi=<u= € X :ulcost ,ul sinf ,uL , C V.

U2

[
—_
o
—_

Since every element of X (and )) is perpendicular to {[1,0]*, [0, 1]}, if u = (u,u2) € X

29



(or Y*) , it must be perpendicular to any constant vector, i.e.

(4.11)

Consequently,

(4.12)

Calculation gives us:

L1.1(v1 cos(nf), va cos(nb))

lg(u) =0, if uwe X, k=1,2.

! (1 — n?)v; cos(nh)

Do — g —
s _ e 27;1 22 v1 cos(nf)
— wqq cos(nd)
+ 77122_71722 (%)"vg cos(nb)
1 2
L1 2(v1 cos(nf), va cos(nb)) = — — (1 — n*)vz cos(nb)
T2
- W(%)"vl cos(nf)
(4.14) Ny ? . 2
22 22 i
+ —wycos(nh) — —==(1 — —)vy cos(nb)
2n 2 73
2
Y12 ,T1
— —=(—=)v2 cos(nb).
2 'r3
We define
(4.15)
M - %(Tﬁ o 1) _ 2”/12—’27;01—722 _ 711;712 “/122—71722 (%)n
n - 2 2
() L — 1)+ - - - e
Let L =R =1 R = (1+ q)%, where ¢ = z—f fixed. We can now write
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D|\3
Tij = (<422,

After rescaling, M, = (%)7%Mn, where

(4.16)
2 _ _ 2o-T41-T9o _ I'11—-T2 Fio—To2/ 1 \n/2
M — (n®—1) 2n 2 2n (1+q)
=
[p—T r
ol (L2 s — 1)+ 52— TR (1 - o) - g
For n > 2 case, the following result can be proved.
INTRN P
4.17 Lemma. { ' € §?: >0, N{L €8§?:Ty >Tp}n{le$: M, >
I'ig oo

0,Vn > 2} # 0.

Proof. For each n > 2, let P, = {(I'11,T12,T22) € R3|M, > 0}. It is easy to see that
0 = (0,0,0) € P,. Hence there exists a neighborhood Bg,)(0) such that B, (0) C P,.

Note that for large enough n, M, is positive definite for all ' € B;(0). Therefore ANy € N
such that for n > Ny, B1(0) € P,. For n < Np, Bg(n)(()) C P,. Take By to be the
smallest of {Bl(()),B5(1)((~)),Blg(2)((~)),-~~ ,BC;(NO_I)((N))}. The condition I'gg > I'j2 implies
that half of the ball By is in the intersection. Then the intersection of the ball By, half

space {I' € S? : Ty > I'12}, and the cone {F €eS?: T > 0} is nonempty. O

From now on, we will assume that (I'11, 12, ['92) is in the intersection set of the preceding

lemma.

4.18 Lemma. Whenn =1,

22712 0127922 4.
2 2

M =

Y12—722 Y22—712 .2
2 T 2 T

has two eigenvalues. One is A\1,;1 = 0, with eigenvectors

r
cos 6 ,8in 6
1 1

However they are perpendicular to X, and therefore discarded.

The second vector is Ay o = 12222 (1 + %) with eigenvectors
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which are in X,.

It is easy to see that for n = 1 case, the eigenvalue for M, satisfies

wi|D| oo — T2

2

)%:\1 L — (wl\D|)gV22 - 712

A = ( T 2

(1+7r%) = (1+72).

One can see I'yy > I'j2 implies that A o > 0.

4.19 Lemma. There exists a real number s > 0 such that for all n > 2, we have )‘7:2’]“ >s

for k =1,2. Moreover, let 5\n71,5\n72 be the two eigenvalues of M,,, we can conclude that

An,lc

w1 | D]
5 = (——

™

(4.20) )32\ > (M)_?’ﬂs.
v

n

Proof. For n > 2, denote the (1,1) entry of M,, by c1, (2,2) entry by co, and (1,2) and (2,1)
entry by d. Then
(4.21) det(N — M,,) = A% — (¢1 + c2)\ + c1c0 — d2.

Let Ap1 ,An2 be the two eigenvalues of M,,. They are necessarily positive by Lemma

4.17 and our choice of I". We derive from (4.21) that

c1+co+ \/(01 — c9)? 4 4d?
2 )

(4.22) Ang =

_ _ 2 Ad2
(4.23) Ao = 204 \/(021 c2)” + Ad%
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It is obvious that

A —c9)?2+4d®> 1 1
lim n2,1 oy ATt \/(012 c2)” + )
n—oo n n—o00 n 2 (1 + q>3/2
and
A - —¢9)2 + 4d? 1 1
lim 22 = fim L5 \/(612 I A S
n—oo 1 n—00 2n 2 (1 + q)3/2

Both limits are positive values since ¢ = %—i is positve.

Hence there exists a real valued number s > 0 such that ’\7;3’“ >sfork=1,2.

Let 5\7171, S\ng be the two eigenvalues of J\/:fn, because of the rescaling relations we can

conclude

A i wi|D] 3/ wi|DI,
4.24 e A //\n > (WP -3/2
(424) = (L 2 ()2,
for k=1,2.

After the preceding work, we can prove the following result.
4.25 Lemma. 1. ||ul|g2 < Clw|??||L1(w)]|2 for allu € X,.
2. |Jul[3 < Clw]*? < Ly(u),u > for all u € X,.

Proof. For any u € X,, we can write

U o C, e 1 11
u — 1 _ Z|n|72 n,1 +Clezg +C_167w

00 inf

where Cy, , = L ffﬂ ug(z)e”™dx for k = 1,2 and |n| > 2.

o] 2 inf
" Uy — > en Cy e 1 a1

oo 2 ind
Uy =D jnj=2 " Cnpe —r —r
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o o
a7 = > 1CualPnt + Y [CoalPn® + CF(1 +12)2m + C2, (1 +17)2r.
[n|=2 [n|=2

On the other hand,

00 3 in6
oM 1Ch 1" - . 1 . 1
Z|n|_2 e + )\172(01619 +C 16719 )

Lifw)=| " "7 y
Z|n|:2 )\n,QCn,2eZn —Tr —r

o0 oo

1L1()[[72 = D 1CaalPAhs + D 1Cnal?Ah 2 + A (CE(L +7%)2m + C2, (1 +1%)2m).
In|=2 In|=2

By (4.20), we conclude there is a constant C' such that

[[u"[| 2 < Clwl>?||L1(uw)|| 2 for all u € X,.

Similarly ||u||;2 and ||u'|| ;2 are both bounded by C||£1(w)||2 for some constant C.

Hence the first part of the lemma is proved.

For the second part, note that

o0 o0
W' [172 = > |CralPn® + Y [Col*n® + CE(1 +r%)27m + C2, (1 + r%)27
[n|=2 [n|=2

and

< Li(u),u>= Y [Conlwr P Aant Y [CualPwr P Ao+ A3 (CH(1412)20+C2 | (1412)21)
[n|=2 [n|=2

for some constant C.
By (4.20)

[u] |3 < Clw|*? < £1(u),u > for all u € X,. This proves the lemma.

The second part L9 in £ is a minor part.
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4.26 Lemma. There exists C > 0 independent of &, ri,ry such that

[|L2(u)||r2 < Clw|=|ul|p2 for all u € X,.

Proof. Recall Lo from (4.7) and (4.8):

2
L21(u)(0) =(yu - 712)/0 ui (w)R(E + rie’ €+ re™)dw

ur (0 ) .
— (712 — 722) 11"(1 ) 0 VR(E+r1e"y) - ey
2
uy (6 ) )
+m =) [ R+ e ) ey
1

27
ug(w)R(E + 716", € + roe™)dw

S~

+ (12 — 722)

+ 13 (u)

2
Lap(w)(0) =(n2 = 722) /0 ur (W) R(E + r2e™, & + 716 duw

uo (0 . .
+ 722 2(0) TR(E + e y) - Py
T9 Qo
uo (0 . .
+712£ VR(E—I—Tzeze,y)-ewdy

T9 0
2T
+ 722/ uz(w)R(§ + roe'? € + roe™)dw
0
+ l4(u)

Because

R(€ + e, € + 1) — R(€,€) = O(|w]'/?)

and fOQﬂ ug(w)dw = 0, we obtain that for s,t = 1,2
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27
H’Yst/ wj(W)R(E + r1e, &+ re)dw|| 2
0

27
= |7at /0 s (@) (R(E + 10e™, € + 1e®) — R(E, €))duw 2
< C’Yst’w|1/2”uj”l/2

< Clw|™Hug][ 2.

Since the area of the exact core-shell (B, B2\Bj) is of order O(|wl),

|ystun (6) /ﬂ VR(E +reey) - edy|| 2 < Clw| ™ |ugl| L2

The condition

—£271(u) =0 and —EQ’Q(U/) =0

implies that

[l3(u)] < Clw|™YJul| 2 and [la(u)] < Clw|~]u]| 2.
Hence the lemma is proved.

4.27 Lemma. 1. Foru € X,,||ul|g2 < Clw|*?|[TIL(u)]| 2.

2. ||ul]3 < Clw]3? < IL(u),u > .
3. IIL: X, — V.is one-to-one and on to.
Proof. When w; is small, by Lemma (4.25) Part 1 and Lemma (4.26),
(ML (w)[[12 = [[ML1 (u)]| 2 — [[TLLa(u)[| 2

> Clw| ™ [Jul| 2 = Clw|™MJull2 = Clew| ™2 |Jul| 2,

proving part 1.
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It follows from Lemma (4.25) Part 2 and Lemma (4.26) that
<HL(u),u >=
<TLy(u),u > + < HMLa(u),u>= Clu|™[[ulfy, = Clw| ™ |[ull72 = Clw|~2|lullF,

when |w| is sufficiently small.
Part 1 of Lemma 4.27 assures that IIL is one-to-one from X, to V.. Since IIL is self-
adjoint and hence closed, it also assures that the range of IIL is closed. The Closed Range

Theorem (see Yosida [24, Page 205],e.g.) then implies that IIL is onto. O

4.28 Lemma. Assume that ||¢||g, < clw| where c is sufficiently small. The following

estimates hold for u = (u1,u2) € X, v = (v1,v2) € X.
1| () (ur o) 12 < Cluw| =2 fuk ]| gz2 [vr | 2.
2. A" () (u, )|l 2 < Clw| =2 |Jul g l[v]| .
3. IB"(9)(u, )2 < Chwl~[[ul g1 [[v]] 1.
4o [N (@) (w,0)] < Clw| = [ul| 2 v] | -

In summary |S" (¢)(u, v)l[ 2 < Clwl| 2| [ul| g2 ||| 2

Note that by taking ¢ small, we keep T‘]% + 2¢y, positive, so (Ef, Eg) is a perturbation of
the exact core-shell (Bi, Bo\B1). The proof of this lemma is similar to that of [11, Lemma
3.2] and [17, Lemma 6.1]. We omit the details.
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Chapter 5

Reduction to two dimensions

In this section, it will be proved that, for each £, there exists a pair of functions ¢(-,&) =

(01(,8),92(+,&)) € X such that

r

”
(5.1) S(p)(0) = Ajcosf + Agsinf
1 1

for some real numbers Aj, As. Note that ¢ is sought in X.

The equation (5.1) is written as

(5:2) IS(e(,€)) =0

where II is the orthogonal projection operator from ) to V.

Recall £, the linearized operator of S at ¢ =0, i.e. £ =S5 (0)(u). Expand S(¢) as

(5-3) S(¢) = S(0) + L(9) + N(¢)

where N is a higher order term defined by (5.3). Rewrite (5.2) in a fixed point form:
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(5-4) ¢ = —(IL£)" (TIS(0) + [N (9)).

5.5 Lemma. There is p = (-, &) such that for every & € Uy, ¢(+, &) € X solves (5.4) and

(-, )||a, < clw|? where c is a sufficiently large constant independent of |w| and €.

Proof. To use the Contraction Mapping Principle in the fixed point setting (5.4), let

(5.6) T(¢) = —(I1L)~(11S(0) + LN (9))

be the operator defined on

(5.7) D(T) ={¢ € X, : [[¢lln= < clwl*}

where the constant c is sufficiently large and will be made more precise later. We know
from Lemma (2.5) that S(0) is a sum of a # independent part, an ¢ part and a quantity
of order O(w;/ 2). After one applies II the 6 independent part and e part become 0 and

we have

(5-8) IS (0)]| 2 = O(Jw|'/?).

From Lemma (4.25) we deduce that

(5.9) I(IL) IS ()|l = < Clwl?.

39



Lemma (4.28) implies that
(5.10) IV (9)llz2 < Clwl~216]17

and consequently

(5.11) 1(ILL) "IN (9) | 2 < Clwl| ™[0]I

Using (5.6),(5.7), (5.9),and (5.11) we find that

IT(D)rz < Cluwl? + Cluw| ™ e*w|* < clw]®

if ¢ is large enough and |w| sufficiently small. Therefore 7 is map from D(T) to itself.

Finally we show that 7T is a contraction. Let ¢1, ¢o € D(T). First note that

(5.12) T(61) = T(d2) = (ML)~ (- (N (d1) — N(62)).

Because

N(g1) = N(¢2) = S(¢1) — S(¢2) — S (0)(¢1 — $2),

we deduce, with the help of Lemma (4.28) and (5.7),that

IV (61) = N(d2)|lz2 < IS (62) (61 — h2) — S (0)(d1 — 2)| 2 + Clw|~>%||p1 — 62|32
< Clw|~5||ga| |2 ||p2 — @22 + Clw|~>/%||d1 — o[
< Clw|™2(||a| = + 16111 3,)|| 02 — b2l | 2

< Clw|™Y?||¢2 — ¢al| g2

Then Lemma (4.27) implies that
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(5.13) T (01) = T(2)llm> < Clwlll¢r — ¢2llm,-

Therefore T is a contraction mapping in D(7), if |w| is sufficiently small. There is a
fixed point p,we write as ¢ = (-, £). Being in D(T), ||¢||g2 = O(Jw|?), which is smaller

than the radius 7? and r3. Hence (EY, EY) is a perturbed exact core-shell. O

We state a result regarding the linearization of S at ¢(-,£). Denote this linearized

operator by L, i.e.

(5.14) L=5(p).

We have the following analogy of Lemma (4.27).

5.15 Lemma. 1. There exists C > 0 such that for all u € X,

[ull g2 < Clw*?[[ILL(w)]] 2.

2. There exists C > 0 such that for all u € X,
lul21 < Clw|*? < TIL(u),u > .
Proof. By Lemma (4.27), Lemma (4.28) and the fact ||o|| g2 = O(|w|?),we deduce

L ()2 2 [TL(u)]|z2 — [[T(L — £(w)]] 12
> Clw|™([ull gz = Clw| ™|l g2 |l 2

> Clw|™([ull gz = Clw|™?||ul| g2 = Clw| | ful| 2

when |w| is small.
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Lemma 4.27 and Lemma 4.28 imply that

<TL(u),u > =< L(u),u > — <II(L - L)(u),u >
> Clw|™2||ullfn = Clw| ™ |lel |2 ul 3
> Clw| ™ [Jul 3 — Clw|Y?||ul 3
> Clw| ™| |ul |1
This proves the second part of the lemma. O

One consequence of this lemma is an estimate of g—g.
J

5.16 Lemma. The fized point p satisfties

[

gl = OCfu)

Proof. We prove this lemma by the Implicit Function Theorem. Differentiating I1S(¢) with

respect to §; finds that

0= OISk (o)
&
uf (aﬁ) o / [8R(5 + /72 + 205(0)e?, y) N OR(E +\/r} + 2¢1(0)e™, y)]d
= k 35;’ Y12 0, &Cj Byj Yy
OR(E+ \/r2 + 20k(0)€,y)  OR(E + (/73 + 201(0)e™ y)
+(’711+’712—’722)/ [ B + 50 dy
o Lj Yj

where R = R(x,y).

It is clear that

Jdyl| 2 = O(Jw]).

' / [OR(f + /1% +20k(0)e”.y)  OR(E+ /17 + 20k(0)e”, y)
+
Q

ox b 8yj

With the help of Lemma (5.15) we deduce that
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||8ﬁ

2 < Clw*yg|w| = Clol.
&
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Chapter 6

Existence and stability

From Lemma (5.5) we know that for every { € U there exists ¢(-,§) € A, such that

IIS(¢(+,€)) = 0. In this section, we find particular £ denoted by ¢ such that S(¢(-,¢)) = 0.
6.1 Lemma. J(Ef("g),E;D("O) = J(B1,B2\B1) + O(‘WP/Q)-

Proof. Expanding J(Ef("g), E;p("ﬂ) yields
(6.2)

27
JELS ESY) = J(B1, B,\By) +Z / Sk(0)prdf + 5 Z / Li(@)rdd+O(jw[7/?).

The error term in (6.2) is obtained from Lemma 4.28 and the fact ||¢||z2 = O(|w|?).
On the other hand IIS(¢) = 0 implies that

(S(0) + L(p) + N(p)) =

where N is given in (5.3). We multiply the last equation by ¢ and integrate to derive, again
with the help of Lemma (4.28),

Z/Qﬂs %d0+z/ o)prdd = Ofu[/2).
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We can now rewrite (6.2) as

JELCD, BSO) = J(By, Bo\By) + = Z / 0)prdd + O(Jw[772).
Lemma (2.5) and the fact ||| g2 = O(|w|?) implies that
JEF B{C9) = 1By, B\By) + O(|w["?) + O(fu/?) = J (2], EFS) + O(ju/?).
When we use Lemma (2.5), note that S(0) is a sum of a @ independent part, an e part and

a quantity of order O(Jw|*/?), and that ¢, L {[1,0]*,[0,1]*}. This proves the lemma. [

6.3 Lemma. As a function of &, J(Ef("f),Eg("g)) is locally minimized at some C, when

|w| is small. As |w| — 0,

C — C07
where R((o, (o) = mingepR(x, ).

Proof. If we consider J(Ef("g)7 E;a("g)) as a function of &, then Lemma 2.5 and Lemma 6.1

imply that

J(EFD ESCD) —2m(r) 4 1y)

4 4
yi, wrilogry | owry
ol +—4|D‘ +mariR(E, €)]
4 2 2 2,.2..4
wr T TS
+ ’712[_?1 + WT%(ZQ - ?2 IOgTZ) + WT%T%R(&,E) + 8|12)‘1
m2riry  mrilogry  wrd 72r§
— =L iR
4 4 2 212
Yoo, mrilogry  wrylogry we|D|r{  w3|D|
+ 7[ 1 5 -2 5 + wririlogry — 1 ! 2877
w3|D
FualDPRES) + 2P0 )]+ o)

The coefficient in front of R(&,€) is

22 1
(6.4) 77(71'7“% —7r ) + %ﬂzr% + Y197 T%Tz 7127127"11
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which is equal to

2 2)2 4
r{—13)22 T
2[(122)7 4 51711 +rirsye — rimal.

™

We can write the above quantity as

2
2 5 5 o |71 M2 Ty
?[T1ar2 -] ) )
Y12 Y22 ro —1r

Since R] — (w17|rD|)_1/2rj7j — 172’111] — (WIJrD‘)%’YZ]a

we can write (6.4), the coefficient in front of R(&,€) as

2
wilD|\ 1o o o oy [T11 T2 Ry
(— )72 (R RS - RY] .
I'y2 Teo| |R5; — RY
. o T Tz : iy
This coefficient is greater than zero because the matrix is definite positive.
g T

Since R(§,€) — +oo if £ — 9D, min J(E‘f("g),Ef("g)) as a function of & is obtained
inside of D at some ¢ when |w| is small. Moreover as |w| — 0, if { — (p, possibly along a
subsequence, (p must be a minimun of R(&,¢).

O]

We prove the existence of a solution in the next lemma. It uses a tricky re-parametrization

technique.
6.5 Lemma. At ¢ =(, S(p) =

Proof. For £ = (&,&) near ( we re-parametrize near the boundaries of (Ef("S),E;p("f)).
Let ¢ be the center of a new polar coordinates, r? 4+ 211, 73 + 212 the new inner and outer

radii square and 7 the new angle. A point on the boundaries of (E{ ("5), EY ("5)) is described
as ( + \/'r% + 2¢p1€™ or ¢ + \/r% + 29p9e™. Tt is related to the old polar coordinates via

(6.6) C+y/ri+ e = € + \/ T2+ 2ppe'?
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for k =1,2.

In the new coordinates (Ef("g), E;p("g)) becomes (Ef)("g), E;ﬁ("g)). It is viewed as a pertur-
bation of the exact core-shell centered at ¢ with radii r1,79. The perturbation is described
by 1 = (11,19) which is a pair of functions of 7. It also depends on £ and 7.

The main effect of the new coordinates is to “freeze” the center. The center of the new
polar system is ¢ which is fixed while the center of the old polar system is & which varies in
U.

We now consider the derivative of J(Ef("g), E;p("g)) = J(E;Z)("g), E;b("g)) with respect to
&. On the one hand, at £ = (,

9§; B 0¢;

(67) ‘5:(: = 07 .7 = ]-727

since ¢ is a minimum.

On the other hand calculations show that

8J(E1/’(’£)7 E;p(:g)) 2 2 awl
6.8 = S . Z
(6.5) o > ), Sweang

dn.

We emphasize that (6.8) is obtained under the re-parametrized coordinates, in which the
dependence of J(E} ("5), EY ("5)) on ¢ is only reflected in the dependence of 1 on £. Had we
calculated in the original coordinates, £ would have appeared also in the nonlocal part of
J through R({ +...,& + ...). The result would have been very different from (6.8). See
the proof of Lemma (5.16) which involves differentiation with respect to £ in the original
coordinates. In the derivation of (6.8) we have used the fact that fo% rdn = 0 which implies

that fo% %dn =0, so that f027r )\l(@z))%dn = 0 where \;(¢) is part of

(6.9) Si() = Hi() + Al() + Bi() + Ni(2),

and we can reach the right side of (6.8).

The expression S(¢) is invariant under re-parametrization, i.e.

(6.10) S(e(-,€))(0) = S (-, €)(n)-



Now we return to the original coordinate system and integrate with respect to 6 in (6.8)

Then
aJ (Y0 By 2 Ovi(n(0,€),) I
(6.11) 5, _; i S(e)a—fjaede

We recall that i) and n are defined explicitly as functions of 6 and £ by (6.6). Let us

agree that i, = ¥r(n,§) is a function of n and . Set Vi (0,&) = Y (n(6,£),£). Implicit

differentiation shows that, with the help of Lemmas (5.5) and (5.16),

cosn

r2+ 2g0k cos@ + O(Jw|3/?)

0 0 o 2 i . cosn
87707 375771 Tg - _ "k + 20 ST VT2V,
oV, oV ov 2 sinn
Tk 8&’“ 852’“ —/7T; + 2% cosn _7\/7%72‘1%
cosf  Opp /.2 9 nd 1 cosf  Opi cos  Opy
y |: 2+2¢k 90 Tk + on S + /Ti+2§0k 851 /T2+2§0k 852
sin 0 asok 2 sinf  Opp sinf  dpp
oo 0 + /7% + 2 cos o 00 1+ m e
__—sinnp cosn
— \/Tk+2\11k \/7']%4»2\11]9
1/rk+2\11kcosn 1/rk+2\11ksmn
e+ 29% Sm9 +O(jwP?) 1+ 0(wV?)  O(|w['/?)
X
O(lw'?) 1+ O(jw|'/?)

At £ =, n=20 and ¥ = ¢, and the above becomes

(6.12)
cos 0 + (1)

on on on sin 0
| [ivogey e o) e

9 96 08 | _
ov, 0w, 0w O(wl?) /2 +2prcosd + Oful) /1 + 2050+ O(Ju))

00 9&  0&
We have found that at £ = (,

(6.13) aailk =1 cos b + O(|w|), %ZC = rsinfd + O(Jw)).
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To compute 88%’ we invert n = n(, 0) to express 0 = O(n,&). Then

L) TORCA TR
o, — 0g; | 00 0§

At £ = (, since
In
oy, 5, 00 3 ~1/2
14 —F = = % /
(6.14) a7 = 0wl g == = Ol ™%
we deduce that
(6.15) i);gc = rpcosf + O(|wl), ?;g = rgsinf + O(Jw|).

Following (6.15) and the fact that % =1+ O(|w|) we find that at £ = ¢, (6.11) becomes

2 s
0. (EY  Ey) 5/

(6.16) Si(p)(ry cos 8 + O(Jwl))db,
&1 = Jo
p P 2 27
(6.17) &](%QEQ) =>. ; Si(¢)(rysin@ + O(|w|))db.
=1

Now we combine (5.1), (6.7), (6.16) and (6.17) to derive that

2m s
Al/ (171 + 7r2) c0829+0(|w\)]d9+A2/ [(r71 + r2) cos@sin 6 + O(Jw|)]df = 0
0 0

27 27
Al/ [(rr1 + ) cos Osin 0 + O(|w|)]dd + Ag/ [(rry + ) sin2 0 + O(|w])]do = 0.
0 0
Writing the system in the matrix form

w(rry +ro 0 Ay 0
(6.18) ( ) + O([wl) = :
0 7T(7“7‘1 + 7’2) As 0

since (6.18) is non-singular when |w| is small, we deduce that A; = Ay = 0, proving the

lemma. O
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Chapter 7

Conclusion and discussion

We can now conclude that (Ef("C), E;@(w()) solves S(¢) = 0 and hence the equation (1.4).

[14] gives an explanation of the absence of €23 in the equation (1.4). One can see that a
3-dimensional matrix is reduced to a 2-dimensional one in [14].

In this dissertation, the condition I'9g > I'19 is important. In reality, it means that the
interaction within the constituent occupying {29 is stronger than the interaction between
the constituent occupying 21 and the constituent occupying €2s.

The set of this model will also work for a 3-dimensional core-shell case. However, we are

not sure if the linearized operator I1£; remains positive definite or not.

50



1]

References

Giovanni Alberti, Rustum Choksi, and Felix Otto. Uniform energy distribution for an
isoperimetric problem with long-range interactions. Journal of the American Mathe-

matical Society, 22(2):569-605, 2009.

Frank S Bates and GH Fredrickson. Block copolymers-designer soft materials. Phys.
Today. February 1999, 32, 38, 2000.

Rustum Choksi and Xiaofeng Ren. Diblock copolymer/homopolymer blends: Deriva-
tion of a density functional theory. Physica D: Nonlinear Phenomena, 203(1):100-119,
2005.

Xiaosong Kang and Xiaofeng Ren. Ring pattern solutions of a free boundary problem
in diblock copolymer morphology. Physica D: Nonlinear Phenomena, 238(6):645-665,
20009.

Xiaosong Kang and Xiaofeng Ren. The pattern of multiple rings from morphogenesis

in development. Journal of nonlinear science, 20(6):747-779, 2010.

Cyrill B Muratov. Droplet phases in non-local ginzburg-landau models with coulomb
repulsion in two dimensions. Communications in Mathematical Physics, 299(1):45-87,

2010.

Hatsumi Nakazawa and Takao Ohta. Microphase separation of abc-type triblock
copolymers. Macromolecules, 26(20):5503-5511, 1993.

Takao Ohta and Kyozi Kawasaki. Equilibrium morphology of block copolymer melts.
Macromolecules, 19(10):2621-2632, 1986.

51



[9]

[10]

[11]

Yoshihito Oshita. Singular limit problem for some elliptic systems. SIAM Journal on
Mathematical Analysis, 38(6):1886-1911, 2007.

Xiaofeng Ren. Shell structure as solution to a free boundary problem from block

copolymer morphology. Discrete Contin. Dyn. Syst, 24(3):979-1003, 2009.

Xiaofeng Ren and J Wei. Single droplet pattern in the cylindrical phase of diblock

copolymer morphology. Journal of Nonlinear Science, 17(5):471-503, 2007.

Xiaofeng Ren and Juncheng Wei. On the multiplicity of solutions of two nonlocal

variational problems. SIAM Journal on Mathematical Analysis, 31(4):909-924, 2000.

Xiaofeng Ren and Juncheng Wei. Concentrically layered energy equilibria of the di-
block copolymer problem. FEuropean Journal of Applied Mathematics, 13(5):479-496,
2002.

Xiaofeng Ren and Juncheng Wei. Triblock copolymer theory: Free energy, disordered

phase and weak segregation. Physica D: Nonlinear Phenomena, 178(1):103-117, 2003.

Xiaofeng Ren and Juncheng Wei. Triblock copolymer theory: Ordered abc lamellar
phase. Journal of Nonlinear Science, 13(2):175-208, 2003.

Xiaofeng Ren and Juncheng Wei. Existence and stability of spherically layered solutions
of the diblock copolymer equation. SIAM Journal on Applied Mathematics, 66(3):1080—

1099, 2006.

Xiaofeng Ren and Juncheng Wei. Many droplet pattern in the cylindrical phase of di-

block copolymer morphology. Reviews in Mathematical Physics, 19(08):879-921, 2007.

Xiaofeng Ren and Juncheng Wei. Spherical solutions to a nonlocal free boundary
problem from diblock copolymer morphology. SIAM Journal on Mathematical Analysis,
39(5):1497-1535, 2008.

Xiaofeng Ren and Juncheng Wei. Oval shaped droplet solutions in the saturation
process of some pattern formation problems. SIAM Journal on Applied Mathematics,

70(4):1120-1138, 2009.

52



[20]

[21]

[22]

[23]

[24]

Xiaofeng Ren and Juncheng Wei. A double bubble in a ternary system with inhibitory
long range interaction. Archive for Rational Mechanics and Analysis, 208(1):201-253,
2013.

Peter Sternberg and Ihsan Topaloglu. On the global minimizers of a nonlocal isoperi-

metric problem in two dimensions. Interfaces Free Bound, 13:155-169, 2011.

Yves van Gennip and Mark A Peletier. Stability of monolayers and bilayers in a

copolymer-homopolymer blend model. arXiv preprint arXiv:0710.3298, 2007.

Yves van Gennip and Mark A Peletier. Copolymer—homopolymer blends: global energy
minimisation and global energy bounds. Calculus of Variations and Partial Differential

Equations, 33(1):75-111, 2008.

K. Yoshida. Functional Analysis. Classics in mathematics / Springer. Springer Berlin

Heidelberg, 1980.

93



Appendix A

Derivation of the Euler Lagrange

Equation

We are going to compute the Euler Lagrange equatuon of (2.2). The computation contains
a local part and a nonlocal part.
The computation of the local part is the following.

Arclength of the inner circle can be written as

o (1(0))?
Jlocal = / \/7'1 + 2¢ 7‘1 +12¢1( )d9

In this computation, I will write ¢ instead of ¢1(0) and r instead of r; for easier notation.

Tiocat($ + ) = [571[r2 + 26 + ) + ALHLL g,

+¢¢(T +2¢)—(¢)%
(r2+2¢)2 do

W+2¢+ g

dJlocal(d) + €¢) | _ /27r
de =0

/
/

27r w
/ (T% + S g
\/7“2 + 2¢ + ) \/T2 + 2¢ + 7«(2(21)2(;3

r2+2¢

The second term of the preceding line can be computed using integration by parts.

o4



It can be written as

20 "2 ) 2_3 9 2/)4
s @0+ 20) - B

(r2 +26)2(r2 + 26 + L2 )32

Hence the variation of the arclength becomes

-G8l 6" (2 +20)° - 3(6)2(r2 +20) — £

_ r2+2¢>
\/TQ + 20+ r2+)2¢ (r? +2¢)2(r +2¢ + 2+2¢>)3/2

/\4
- 2+ ) - o+ ML+
(r2+2¢+r +2¢)3/2
¢/ 2 7"
r +2¢+r2+5¢ ¢
(T2+2q5+ )3/2

2+2¢

which is exactly the curvature of the inner circle.

Computation of directional derivative of the nonlocal part of the energy:

Jnonlocal fm/ | (— % (xa, — w1) | dz
2 [ (~8)7H ey — ) (=A)H (xe, — wado
722/ (- % (xa, — ws) |2 dz
—J1 + Jo+ J.

Computation of directional variation of Js:
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)(Xﬂz - w?)d

M\»—‘

J(xa, —wi)(=A)"

t\.’)\»—A

Jo 2712/ (—A)=
D
:712/ (—=A) " (xo, — w1)(x, — wo)dz
D
2712/ U(XQQ — wg)dﬁc where ©u = / G(XQ1 — w1)dy
D D

Zm/ / G(Xw; — w1)dy(xa, — w2)dz
D JD

=712 / / G(z,y)dydx
Qo J O

27 V3 +2¢1(0) 2 24242 (w) , '
2712/ d9/ dr/ dw/ G(& +re® & 4 te™™)rtdt.
o Jo O N vsrom)

Along hq

Ja(p1 + €hy)
2 \/134+2¢1(0)+€h1(0) 2 \/T34+2¢2(w)
/ d9/ dr/ dw/
0

=712 G(& +re &+ te™)rtdt
0

\/7" +2¢1 (w)+e€h1(w)

(¢1 +€hy)

2m 2m r2+2¢2 . )
1o / 4 / o / G + /12 +261(0) + e (0)e™, € + tei™) - thy (8)

+2q§1 (w)+ehi(w)

27 r242¢1 (0 )+ehi(6) 27
—Y12 / / dr dw
0

G(E+ e € 4+ /13 4 261 (W) + eh1(w))e™ - rhi (W)
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(¢1+6h1)‘
e g

2 2 r2+2¢2(w . .
=719 / do / dw / G+ /12 +2¢1(0)e® € + te™) - thy(6)

Vi 261 (w)
27 +2¢>1 27 . .
—’ylz/ d@/ r/ dwG (€& + 71 €+ /12 + 2¢1 (w)e™) - rhy ()
0
2
Zm/ G(E+/rT +261(8)e”, y)hu (8)dyds
0 Qo

27 .
_712/ G(&£+ r% + 2¢1(w)e™, y)hy (w)dydw.
0o Jm

Along hs

Ja(¢p2 + €ha)

2 V2 4+241(0) 2m V3 +2(h2(w)+eha(w)) . )
— / d / dr / du / G (€ + el € + te™)rt
0 0 0 V2 +261(w)

27 \/T24+2¢1(0) 2
7‘]2@)2 + eha) :712/ d9/ ' dr/ dw
de 0 0 0

G(E+ e €+ /12 + 2(pa(w) + eha(w))e™)r - ha(w)

b 2 \/T24+2¢1(0) 2
Mle:o =712 / do / ' dr / dw
de 0 0 0

G(E+re? &+ /13 + 2¢2(w)e™)r - ha(w)

2
2712/ G(&+ /73 + 2¢2(w)e™, y) ho(w)dydw.
o Jo

o7



For Ji:

’“1/\ A)F(xay —wi) |? de
’Y11

5 D( A) Hxa, —wi1)(xe, —wi)dz
=20 [ ulxa, —w)de

= / /G X — w1)dy(xo, — wi)dz
951

L / G(z,y)dxdy
o Joy

,711 ry 242¢, (6 2 7"%—1—2(;51 (w) ) )
/ dr/ dw/ dtG(€ +re? € + te™)rt
0 0

Along hq

1 2w \/7'%+2(¢1(6')+eh1(9)) 2w \/r%+2(¢1(w)+eh1(w))
J1(¢1 + €hq) :2/ d9/ dr/ dw/ dt
0 0 0

0

G(€ +re? & +te™)rt

2m V12 +2(p1(0)+eh1(0)) 2m
(¢1+€h1 711/ / dr/ do
0

G(E+re? &+ 1/r} +2(¢1(w) + ey (w))e™)r - by (w)

711 2 /\/7’1 +2(¢1(w)+e€h1 (w)) 2m

+— dt dw
0

G(E+ /12 4+ 2(61(0) + €h1(0))e™, & + te™)t - hi(0)
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(¢1+6h1)‘
- |le=0 —

’Yn 2” V260 o i i0 2 iw
/ /0 WG(E +re” E+/r] + 201 (w)e™)r - hi(w)
+ﬂ o d@/ V261 (w) dt /27r dGlE + \/meief + te™)t - hy(6)
%{/%/’G5+ 17+ 201 (0)e™, y)dyhn ()
L G(E+ /12 +2¢1(0)e”, y)dyhi(0)do

2 Jo Jo

27
:711/ G(E+/r?+ 2¢1(9)ew, y)dyh1(0)d6.
0 1921
Now for J3

2 _ 1
72/| )3 (s — w2) 2 da

_J2 / G(z,y)dzdy
Qo J Qo

722 27r 7"2+2q§2 2 r2+4+2¢2(w) ) )
/ dr/ dw/ dtG(€ +re? € + te™)rt
0

\/3+261(0) T3 4+261 (w)
Along ho
J3(p2 + €ha)
e 2 V/73+2(¢2(0)+eha () 2 V13 +2(d2(w) +eha(w)) , ,
/ / dr/ dw/ dtG(€ + re? € + te™)rt
/3 +261(0) 0 r24+2¢1 ()

dJ3(¢2 + ¢€hs) oo

2 +2¢2(9 2 ) .
_722/ d9/ T/ dwG (€ + Tew,é + 7‘% + 2¢2(w)e™)rha(w)
0

+2¢1

27
:722/0 /Q2 G(E+/r3+ 2q§2(w)ei“’,y)h2(w)dw.
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Similarly,

dJs(¢1 + €hq) B 2 [ i0
T|e:0 = 722/0 0, G(§ +4/71 + 201 (9)6 ,y)hl(e)de.

Putting all directional derivatives together, the nonlocal part of J gives us fours terms

about h; and two terms about hs.

v [ [ Gle+ \ri+ 2000 a0yt

— 712 /027r o G(&+ /1] + 201 (w)e™, y)hi (w)dydw
+711 /027r o G(& + /13 +2¢1(0)e”, y)dyh (6)df
o [ [ Glet\ T+ 2000 s

gives

Y12(=A) " (xe, — w2) (€ + /7 + 261(8)e”)

= 712(=8) " (xa, — w1)(€ + /1] +261(0)e”)

M1 (=8) " (xay — wi)(€ + /7] +201(0)e”)

— 722(=2) "N (xa, — w2)(€ + /1T + 201 (0)e”)

= (112 = 722) (—=A) " (x, — wa)(§ + /7T +261(0)e”)
+ (11 = 112)(—A) " (xa, — wi) (€ + /1% + 261 (0)e”).

2T

712/0 ) G(E+/r5+ 22 (w)e™, y) ha(w)dydw
2T )

- /0 [ Gl /13 + 20m(0)e™ ()

gives

a2(—=A) " (e, — w1)(€ + /73 + 2¢2(0)e”)
Ya2(=A) " (X, — w2) (€ + /73 + 202(0)e™).
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Therefore Euler-Lagrange equation of (1) becomes

Ha(¢1)(8) + (12 = 722)(—A) " (x, — w2)(€ + /7] +261(0)e”)

1 — 2) (=A) H(xa, — wi) (€ + /1 +201(0)e”) = Ny

Ha(h2)(0) + 712(—A) " (xa, — wi)(€ + 1/73 + 262(0)e™)

+722(—A) " (X, — w2) (€ + /73 +202(0)e”) = Xo

where H1 and Hs are the variation of the arclength.
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Index

binary system, 1

characteristic function, 1
contraction mapping, 41

core-shell pattern, 5
fixed point, 38

parametrization, 46

perimeter, 6

ternary system, 4
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