
 

 

Development of A Tabulated Thermo-Viscoplastic Material Model with 

Regularized Failure for Dynamic Ductile Failure Prediction of Structures under 

Impact Loading 

 

 

by Murat Buyuk 

 

 

B.Sc. in Mechanical Engineering, May 1999, Yēldēz Technical University 

M.Sc. in Design and Manufacturing Engineering, May 2003, Gebze Institute of 

Technology 

 

 

A Dissertation submitted to 

The Faculty of 

The School of Engineering and Applied Science 

of The George Washington University  

in partial fulfillment of the requirements 

 for the degree of Doctor of Philosophy 

 

 

May 19, 2013 

 

 

 

 

Dissertation directed by 

 

Cing-Dao (Steve) Kan 

Research Professor of Civil Engineering 

and 

Azim Eskandarian 

Professor of Engineering and Applied Science 

 



ii 

The School of Engineering and Applied Science of The George Washington University 

certifies that Murat Buyuk has passed the Final Examination for the degree of Doctor of 

Philosophy as of March 25, 2011. This is the final and approved form of the dissertation.   

 

Development of A Tabulated Thermo-Viscoplastic Material Model with Regularized 

Failure for Dynamic Ductile Failure Prediction of Structures under Impact Loading 

 

Murat Buyuk 

 

 

Dissertation Research Committee: 

Azim Eskandarian, Professor of Engineering and Applied Science,  

Dissertation Co-Director 

 

Cing-Dao (Steve) Kan, Research Professor of Civil Engineering, 

Dissertation Co-Director 

 

Pedro F. Silva, Professor of Civil and Environmental Engineering,  

Committee Member 

 

Samer H. Hamdar, Professor of Civil and Environmental Engineering,  

Committee Member 

 

Dhafer Marzougui, Research Professor of Civil Engineering,  

Committee Member 

 

Gilbert K. Queitzsch, Chief Scientist and Technical Advisor for Engine System 

Dynamics, Federal Aviation Administration 

Committee Member 

 

Paul A. Du Bois, Senior Scientist, Livermore Software Technology Corporation 

Committee Member 

 

 

 

 

 

 



iii  

Dedication 

 

 

 

 

 

 

 

To my parents, Fatma Sevinc and Zeki 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



iv 

Acknowledgments 

 

I would like to thank Prof. Azim Eskandarian for his academic supervision, personal 

support and constant inspiration throughout my studies in graduate school.  

I would like to express my sincere gratitude to Prof. Cing-Dao (Steve) Kan, who has 

been my research advisor and supervisor during my doctoral research. I also would like to 

acknowledge the financial, academic and technical support he provided me as the 

Director of the National Crash Analysis Center (NCAC). 

I would like to express my sincere appreciations to Prof. Dhafer Marzougui, who has 

always guided and supported me with his broad knowledge in computational mechanics. I 

cannot thank him enough for being such a great mentor, a friend and a reason for 

motivation during my doctoral studies.  

I would like to acknowledge Prof. W. M. Kim Roddis and Prof. Majid T. Manzari, as 

chairs of the Civil & Environmental Engineering Department of the George Washington 

University for their invaluable support during my doctoral studies.  

My keen appreciation goes to Prof. Pedro F. Silva and Prof. Samer H. Hamdar for 

taking the time from their busy schedules and serve as my committee members. 

I also would like to take this opportunity to extend my gratitude to Dr. Gilbert (Chip) 

Queitzsch for bringing the invaluable industrial and governmental insight to my research 

and acting as a member of my committee. His guidance has been very influential for me 

to comprehend the scientific contribution of a doctoral research on potential applications. 

His input while perfecting this dissertation is greatly appreciated.   



v 

It has been a privilege having the opportunity to work with Mr. Paul A. Du Bois, 

who is an internationally known expert in computational mechanics, during the course of 

my research. His scientific approach to a problem has shown me the admirable ways of 

being a true scholar.  

This research was funded by the Federal Aviation Administration. I would like to 

acknowledge Mr. William Emmerling and Mr. Donald Altobelli of the Federal Aviation 

Administrationôs Aircraft Catastrophic Failure Prevention Research Program, and Hughes 

Technical Center, Atlantic City, N.J., for their technical and financial support throughout 

this research.  

I would like to acknowledge Dr. John O. Hallquist of Livermore Software 

Technology Corp. (LSTC) for providing me the required tools during the implementation 

of the material model into LS-DYNA.  

I would like to acknowledge Prof. Amos Gilat and Dr. Jeremy Seidt of Ohio State 

University (OSU) for their cooperation within the framework on uncontained aircraft 

engine failure research program and providing the material test data. 

Special thanks to Dr. Kelly S. Carney, Dr. J. Mike Pereira, Dr. Duane M. Revilock, 

Dr. Chuck Ruggeri and Dr. Brad Lerch of NASA Glenn Research Center for their support 

on the research program and providing ballistic impact test results. 

I would like to acknowledge Prof. Tarek Zohdi, Prof. George Johnson and Dr. David 

Powell of University of California, Berkeley (UCB) for their cooperation within the 

framework on uncontained aircraft engine failure research program and providing 

ballistic impact test results. 



vi 

Thanks to Dr. Qing (Jeanne) He from Forming Simulation Technology LLC. for 

bringing the metal forming insight into this research. 

Sincere thanks are due to fellow students, all my colleagues, friends and staff at the 

Department of Civil & Environmental Engineering of the George Washington University 

and National Crash Analysis Center. Special thanks to Kivanc Sengoz for his friendship.  

Finally, heartfelt thanks to my parents Fatma Sevinc and Zeki, who have shown 

constant support throughout my studies. I donôt know what it would be like without your 

devotion. 

 

 

 

 

 

 

 

 

 

 

 

 

 



vii 

Abstract 

 

Development of A Tabulated Thermo-Viscoplastic Material Model with Regularized 

Failure for Dynamic Ductile Failure Prediction of Structures under Impact Loading 

 

It is important to understand the dynamic failure behavior of structures subjected to 

impact loading in order to improve the survivability. Materials under impact are utterly 

affected by large deformations, high strain-rates, temperature softening and varying 

stress-states, which finally may lead to failure. It is shown that the impact characteristics 

are prone to change with several independent factors such as; impact speed, material 

thickness, and shape and orientation of the impacting object. Validated numerical 

simulations of impact tests reveal that the failure on ductile metals occur at certain 

locations of the failure locus that is constructed on a space as a function of all three stress 

invariants, which indicates that the failure depends profoundly on the state-of-stress. It is 

shown that existing material models are not always successful enough to cover the whole 

range of the failure locus and predict the failure. Therefore, it is a common practice to use 

different sets of material model parameters tuned or calibrated to cover a specific region 

of the failure loci in an ad hoc manner for practical reasons to match particular test 

results. Even in that case, specially tuned material properties are not capable of predicting 

these limited cases if differences in the mesh size and pattern need to be considered.  

In this dissertation a new, generic, thermo-elastic/viscoplastic material model with 

regularized failure is introduced. The new material model is implemented into a non-

linear, explicit dynamics finite element code, LS-DYNA. A von Mises type isotropic, 

isochoric plasticity is utilized, where isotropic hardening, strain-rate hardening and 

temperature softening is considered. The model takes adiabatic heating and softening into 
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account due to the plastic work. The constitutive relation is coupled with a new 

regularized accumulated failure law that is specifically developed to cover a large extent 

of the failure locus as a function of state-of-stress, strain-rate and temperature. 

Regularization treatment is implemented to reduce mesh size dependency especially for 

the problems where softening and failure is involved for the failure prediction.  

Ductile deformation and failure mechanism of 2024-T3/T351 aluminum alloy is 

investigated experimentally and numerically for quasi-static and dynamic conditions at 

various temperatures and stress-states. An intelligently contrived test matrix is developed 

by designing specific test specimens with different geometries that can construct a failure 

locus as a function of state-of-stress, strain-rate and temperature. An inverse material 

characterization algorithm is then introduced to generate input data for the new material 

model. Tabulated inputs of characterized material test results are directly used for both 

the constitutive and failure treatment of the new material model. Component based 

specimen tests that are used to characterize the material input properties and full-scale 

impact tests that are performed at different target thicknesses and impact speeds are used 

to validate and show the robustness, accuracy and efficiency of the new material model.  

It is shown that the new material model is capable of predicting ballistic limit and 

failure modes accurately for structures under impact even if the failure mode changes 

drastically. It is also shown that the new regularization model provides less mesh size 

dependency. These associated features of the model suggest that the new material model 

can be used as a promising generic tool for diverse applications of dynamic ductile 

deformation and failure phenomenon. 
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CHAPTER 1 -  Introduction  

1.1   Introduction  

 It is vital to understand the dynamic deformation and failure characteristics of 

structures to design better engineered products. Designing lighter and cost effective 

structures under impact loading without any compromise from structural performance, 

safety and integrity has been one of the most important areas of research in mechanics for 

several decades [1].  

Structures can deform and fail either by a brittle or ductile mechanism, or a 

combination of both, depending on the type of material, geometry, loading conditions and 

constraints. This study is focused primarily on the ductile deformation and failure under 

impact loading that can be substantially distinguished from brittle failure by the type of 

crack initiation, growth and propagation patterns both at the micro and macro-mechanical 

levels [2] [3] [4] [5].  

Rosakis and Ravichandran [6] infer that the use of dynamic failure analysis will be 

applicable to a much wider spectrum of very diverse applications. They imply that with 

the development of verifiable computational methodologies, dynamic failure analysis can 

be applied to accident prevention, manufacturing processes, and reliability in design is 

not limited to the previously recognized applications of rupture and catastrophic failure of 

pressure vessels or military ballistic applications. They suggest that the dynamic failure 

applications can be extended to óaircraft hardeningô, óspacecraft/satellite shieldingô, óhigh 

speed machiningô and óarmor penetration.ô Some of the potential applications of ductile 

dynamic failure are illustrated in Figure 1-1 for automotive-crashworthiness, aerospace-

uncontained engine debris protection, metal forming-pressurized pipes and defense-armor 

penetration. The circumstances that are illustrated in Figure 1-1 prove the importance of 

successfully predicting the dynamic failure for engineering practice, where an 

unsuccessful prediction may put the engineering structure in jeopardy. 

Zukas suggests four approaches to the solution of nonlinear problems if fast, transient 

loading is involved, which are experimental, semi-empirical data fits, engineering 

models, and numerical models [7]. Experimental approaches are limited to the number of 
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different scenarios that can be tested, instrumentation, constraints on cost and time, and 

repeatability. Semi-empirical data fits are typically limited by the experimental data 

distribution and variety. Engineering models are limited by nonlinearities. Therefore, 

depending on the application, use of numerical models is found to be the most general 

approach with the fewest limitations on the geometry and scope of a problem, and most 

promise for being able to include complex nonlinearities. For computational modeling of 

impact loading on metallic materials subjected to ductile failure that occurs after a 

significant amount of plastic deformation followed by material instability that leads to 

necking or shear localization, adequate models and data exist to model large deformation 

effects quite accurately; however, failure models range from inadequate to impractical 

and the available data for existing models is very limited [8] [9] [10] [11] [12] [13]. 

 

  
(a) (b) 

  
(c) (d) 

Figure 1-1: Applications of dynamic failure for different structures; (a) offset frontal crash of a 

passenger car (http://www.iihs.org ), (b) uncontained aircraft engine failure (http://www.ntsb.gov), (c) 

rupture after hydroforming on pipes (http://www.uscar.org) and (d) different failure modes after 

ballistic impact of projectiles with different nose shapes, adapted from [14]. 

 

Moreover, numerical models require a complete description of the material behavior, 

where all states of elastic-plastic response, yielding, flow and failure are needed, and 

histories of stress, strain-rate, and temperature effects should be accounted for [9] [10] 

http://www.iihs.org/
http://www.uscar.org/
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[11] [12] [13]. Considering the effects of softening and failure, having accurate plasticity 

models does not always solve the problems in non-linear FE analyses without a mesh 

regularization algorithm. Unlike linear FE analysis, increasing the number of elements 

does not guarantee a convergence with non-linear problems. Besides, softening and 

failure challenge uniqueness of the solution and mesh sensitivity of these problems rise as 

the ellipticity is lost [15]. Therefore, regularization and non-local methods are utilized to 

overcome mesh sensitivity issues of the FE models. Despite its fundamental importance 

in engineering design practice, dynamic failure of ductile materials is a phenomenon that 

remains practically unexplored and is not understood completely. Therefore, developing 

more accurate, efficient and robust numerical failure models for ductile materials is an 

important area of research in nonlinear mechanics and is still required [2] [6] [16].  

To address this requirement, in this dissertation, a new thermo-elastic/viscoplastic 

material model is developed, coupled with a regularized failure model that incorporates 

state-of-stress, temperature, and strain rate effects to predict ductile failure. The new 

model is supported by an experimental program to characterize the material properties for 

the model input. Ballistic impact experiments are performed within a parallel 

experimental program to validate the accuracy and robustness of the model. 

1.2   Background and Motivation 

Uncontained turbine engine debris presents risks to an aircraft where high energy 

fragments impacting the aircraft need to be considered. Damage from an engine rotor 

burst can be catastrophic because the events may compromise structural integrity, initiate 

a fire, endanger critical systems or put lives in danger [17] [18] [19]. The Federal 

Aviation Airworthiness Regulations require aircraft be designed to minimize and mitigate 

these risks. FAR 25.903(d) (1) states: óDesign precautions must be taken to minimize the 

hazards to the airplane in the event of an engine rotor failure.ô Therefore, there is 

significant interest in methods that can be applied to better understand events and 

improve aircraft designs. Following a catastrophic uncontained fan disk failure in 

commercial passenger service in 1989 [18], The Federal Aviation Administration (FAA) 

initiated a research program called Uncontained Engine Debris Mitigation Program, part 

of the Aircraft Catastrophic Failure Prevention Program, to investigate methods for 
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analyzing and designing for uncontained engine debris mitigation. Different methods 

were suggested to minimize the hazards, although it was understood that absolute 

containment is unlikely and consequently, the minimization of fragment energies and 

developing mitigation strategies in the aircraft were the reasonable methods of 

compliance [20]. 

Civil aviation authorities also require that turbine engines in civil service be designed 

to contain the release of any single compressor or turbine blade. To demonstrate 

compliance, FAR 33.94 requires every new civil engine design be tested to prove that the 

highest energy blade will be contained [21]. After successful demonstration of the highest 

energy blade, the other stages in the engine are allowed to be shown to comply by 

analysis. Considering the cost, difficulty and time demands of performing such tests, the 

engine manufacturers want to be sure that their engine will pass the first time it is tested. 

Therefore predictive numerical models and analysis of the containment structures is used 

during the design process to reduce the risk of having to repeat the blade containment 

test. Computational mechanics has evolved to a level that performance of structures under 

impact loading can efficiently and effectively be predicted by employing numerical 

techniques with high accuracy if accurate material models are used [12] [22] [23]. 

Therefore, there is a significant amount of literature about the assessment of dynamic 

behavior and impact performance evaluation of major aerospace materials along with 

their capability to mitigate hazards from uncontained engine debris [24] [25] [26] [27] 

[28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] 

[46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] 

[64] [65] [66] [67] [68] [69] [70] [71] [72]. 

Ballistic impact tests using similar projectiles for targets at different thicknesses or by 

using fragments of different shape and size for similar targets reveal that different modes 

of failure exist depending on the target material characteristics and thickness, impact 

velocity and orientation of the projectile [12] [20] [22] [23] [30] [32] [73] [74] [75] [14]. 

Common failure mechanisms under impact loading were summarized by Backman [76] 

and Backman and Goldsmith [23] and an illustration of these failure modes are 

categorized by Zukas as shown in Figure 1-2 [12] [77]. However, no failure mode solely 

exists and ballistic impact tests often exhibits a combination and transition of the failure 
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modes that are illustrated in Figure 1-2 [20] [30] [32]. Accurate prediction of these failure 

modes by numerical simulations is achievable only if a material model is used that 

utilizes explicitly defined deformation and failure characteristics, which should 

incorporate strain-rate, temperature and stress-state effects as addressed by Perzyna [78]. 

 

 

Figure 1-2: Failure modes in impacted plates, after [12] [77]. 

 

Several different thermo-viscoplastic models were suggested in the literature where a 

good comparison is provided by Chaboche [79] for their viscoplastic flow functions. 

Figure 1-3 illustrates the comparison between the viscoplastics models by Krempl [80], 

Miller  [81], Delobelle [82], Bodner [83], Johnson-Cook (J-C) [84] [85] and Kocks [86]. 

In this figure, viscoplastic stress „ vs. plastic strain-rate was compared in a logarithmic 

scale. Even though some of the models were specifically suggested for creep 

applications, it is seen that a phenomenological model that was suggested by Johnson-

Cook (J-C) [84] [85] can predict quasi-static and dynamic ranges reasonably well and 

stays within the distribution of the other viscoplastic models. Several other viscoplastic 

models were suggested for high-strain rate deformation by Steinberg, et al. [87] Clifton 

[88], Follansbee [89], Zerilli and Armstrong [90], Follansbee and Kocks [91], and Kocks 
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[92]. Among the other models, the unique characteristics of being able to predict lower 

and higher strain rates, makes J-C a good candidate for modeling viscoplastic behavior. 

Moreover, J-C provides a convenient-straightforward programming methodology that can 

be vectorized for fast solutions. Therefore J-C is accepted as one of the most commonly 

used material models in impact dynamics applications [93]. Consequently, in this study, 

J-C is selected as the reference model that the new material model will be compared to. 

 

 

Figure 1-3: Comparison of viscoplastic flow functions, adapted from [79]. 

 

J-C phenomenological constitutive and failure model utilizes a multiplicative 

decomposition for the definition of the flow stress as:   

 

„ ὃ ὄ‐ ρ ὅÌÎʀᶻ ρ Ὕᶻ  (1.1) 

 

where, ὃȟὄȟὲȟὅ and ά are material constants that are characterized from temperature 

and strain rate dependent tests, ‐
 
is the effective plastic strain, ʀᶻ is the normalized 

Range of Interest 
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effective plastic strain rate (typically normalized to a strain rate of 1.0 s
-1

). Ὕᶻ is the 

homologous temperature defined as: 

 

Ὕᶻ
Ὕ Ὕ

Ὕ Ὕ
 (1.2) 

 

This material model is coupled with an accumulated damage model, where the failure 

is controlled by a damage parameter defined by Equation (1.3) and accumulates in time 

until failure occurs as the ratio of plastic strain ‐ to failure strain ‐ reaches unity. 

 

Ὀ
Ὠ‐

‐
 (1.3) 

 

Effective failure strain is defined as: 

 

‐ Ὀ ὈÅØÐὈ„ᶻ ρ ὈÌÎ‐ᶻ ρ ὈὝᶻ (1.4) 

 

where, ὈȟὈȟὈȟὈ and Ὀ  are the material constants related to failure that are 

characterized from temperature and strain rate dependent tests, „ᶻ is the stress-triaxiality 

defined by Equation (1.5) as the ratio of hydrostatic stress „  to the equivalent stress „ 

[94] [95]. 

 

„ᶻ
„

„
 (1.5) 

 

Hydrostatic stress can be formulated as: 

 

„
ρ

σ
„   ἷἺ  „ „

„ „ „

σ

ὴ

σ
 (1.6) 

 

and the equivalent stress as von Mises stress: 
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„ „
σ

ς
ὛὛ  (1.7) 

 

where, „  is the mean stress, ὴ is the pressure and Ὓ „ ‏„  is the deviatoric 

stress tensor (see AppendixïA). 

Due to the convenience in numerical implementation and programming, in this study, 

pressure ὴ is utilized for calculating stress-triaxiality [7] [96] [13], where the definition of 

stress-triaxiality given by Equation (1.5) becomes: 

 

„ᶻ
ὴ

„
 (1.8) 

 

The sign associated with triaxiality reverses depending on whether one uses the 

definition convention in Equation (1.5) or (1.8).  Both conventions appear in the literature 

and this author has elected to use the convention defined by Equation (1.8) (i.e., 

hydrostatic compression is positive, hydrostatic tension is negative). 

Despite the implementation advantages of the J-C model, it is limited to an 

exponential curve fitting of triaxiality to represent the behavior of stress-state dependent 

failures. Hence, J-C is not always capable of predicting the whole range of the failure 

locus accurately based on stress-triaxiality [60] [97] [98]. Therefore, there is a need to 

address the effects of stress-triaxiality on the failure behavior of materials. A new ductile 

failure criterion that covers a wider range of triaxiality is suggested by Bao [99] and Bao 

and Wierzbicki [100] by defining three distinct branches on the failure locus as illustrated 

in Figure 1-4 for Al2024-T351 Aluminum alloy. Consequently, it is shown in Figure 1-4 

that J-C models from assorted sources in the literature are only covering the failure space 

by single smooth monotonic functions (i.e., Set-1, Set-2, Set-3 and Set-4), whereas, 

experimental findings by Bao [99] imply that there are at least three distinct branches of 

failure modes on the same failure locus that will require a more complex function. In 

practice, J-C model is tuned or calibrated for a specific test point (e.g., uni-axial tension 

was preferred and torsion was ignored to have a smooth function [85]), and therefore are 

only able to match that one particular test condition and cannot be expected to accurately 
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predict other test conditions [101]. Figure 1-4 illustrates the complexity of the failure 

locus of a typical ductile material and illustrates why such materials cannot be 

represented by a single exponential function. It can also be noticed that even partitioning 

the failure locus into three distinct branches can generate problems related to the 

continuity or objectivity of the failure curve since the boundaries of the curves might 

cause overlapping or jump conditions. 

Different J-C material model failure loci that are illustrated in Figure 1-4 will be 

discussed in Chapter 3 for a comparison on their performance in predicting ballistic 

impact tests with varying thickness and impact speed. 

 

 

Figure 1-4: Transition of the failure modes and comparison of the failure loci for Al2024-T351. 

 

J-C model [85] and the model suggested by Bao [99] with three distinct branches do 

not incorporate the effects of Lode-angle-parameter and therefore are insensitive to the 

effects of the third stress invariant on failure. Recently, Barsoum and Faleskog [102] and 
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Xue [103] extended the two dimensional failure locus to construct a three dimensional 

failure surface by incorporating the effects of Lode-angle-parameter — , 

which is associated with the third deviatoric stress invariant ὐ ίίί  (see 

AppendixïA). In this postulation, the failure surface was still assumed as a 

phenomenological decaying function that is symmetric around the — π meridian, 

which corresponds to a state of plane-strain [103]. Three dimensional failure loci were 

constructed by surface fitting through the available test results for the available values of 

stress-triaxiality and Lode-angle-parameters. 

The differences between these three approaches can be observed in Figure 1-5. The 

failure surfaces, which were suggested by J-C model [85] and by Bao [99], remain 

unchanged along the Lode-angle-parameter axis. Figure 1-5(a) represents the surface 

form of the first J-C curve that is illustrated as Set-1 in Figure 1-4. Independent of the 

Lode-angle-parameter, J-C surface shows a monotonically increasing smooth exponential 

form. Figure 1-5(b) represents the surface form of the three distinct branches that is 

illustrated as in Figure 1-4 and still shows no dependency on the Lode-angle-parameter. 

Baoôs model was recognized due to its three branches that show a higher representation 

capability on the stress-triaxiality compared to J-C. Figure 1-5(c) represents the Lode-

angle-parameter dependent failure surface that was constructed through surface fitting on 

the experimental data given by Bao [99] while forcing the surface as a decaying 

symmetric function. It can be concluded that even as the same test data was used for both 

Figures 1-5(b) and 1-5(c), based on the surface fitting methodology and Lode-angle-

parameter dependency, failure surfaces can drastically differ in shape. Stress-state 

dependency of the failure locus is further discussed in Chapter 4. 

Nevertheless, additional test results (i.e., especially around the biaxial tension stress-

state) revealed that the failure locus was not symmetric about the — π  meridian and a 

higher order surface fitting is necessary to represent the failure surface more accurately 

[104]. Therefore, more recently, an asymmetric failure locus was proposed that was 

constructed through the test points by implying a functional convexity by Bai [104] and 

Bai and Wierzbicki [105]. A geometrical representation of the asymmetric failure locus in 

3D space is shown in Figure 1-6. 
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(a) 

 

(b) 

 

(c) 

 

Figure 1-5: 3D adaptations of the failure models on the space described by stress-triaxiality  and 

Lode-angle-parameter for Al2024-T351; (a) J-C model with Set-1 [85], (b) model by Bao [99], (c) 

model by Xue with Lode-angle-parameter dependency introduced [103]. 
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Figure 1-6: Asymmetric failure surface incorporating the effects of stress-triaxiality  and Lode-angle-

parameter [104]. 

 

These approaches imply that the shape and quality of the failure surface directly 

depends on the number and distribution of the available test points and there is a need to 

construct the failure surface in a more generic way. The Lode-angle-parameter, which 

changes between plus and minus unity ρ — ρ, provides a good boundary for 

the definition of the failure surface. However, physical boundaries of the failure surface 

have to be identified more explicitly on the stress-triaxiality axis. Although, it is found 

that there is a cutoff pressure when „ᶻ  corresponding to the uni-axial compression 

case, stress-triaxiality can change between plus and minus infinity Њ „ᶻ Њ  

[99] [106]. Consequently, it is required to analytically determine the reasonable 

boundaries for stress-triaxiality [107]. 

Therefore, there is still a need to develop a new material model that can be used as a 

generic tool to simulate dynamic ductile deformation and failure behavior of materials 

under impact loading. This material model should incorporate state-of-stress, temperature 

and strain-rate dependency and should be coupled with a regularized failure model. The 

failure surface should explicitly be constructed through experimentally obtained, stress-

state dependent failure points. A parallel material testing program should be performed to 

characterize the material behavior and generate input data for the numerical model.  
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1.3   Research Objectives and scope 

Given the motivation and background, the ultimate aspiration of this research is to 

further understand the thermo-viscoplastic behavior of ductile materials under impact 

loading and contribute to the common knowledge about the impact performance 

evaluation phenomenon.  

The main goal of this dissertation is to develop a new thermo-elastic/viscoplastic 

material model coupled with an accumulated regularized failure criterion that can 

incorporate high strain rate and temperature effects. The new material model is 

implemented into an explicit dynamics finite element (FE) code, LS-DYNA, as a user 

defined material subroutine. This model is expected to be used as a generic tool to 

simulate any ductile metal under impact loading. 

In order to meet the objectives, first; the applicability and effectiveness of the existing 

ductile failure criteria is reviewed and evaluated. 

A new failure locus is then proposed in the equivalent failure strain and the stress-

triaxiality space over the entire range of states-of-stress, where conventional 

compression, torsion, tension tests, and also newly developed shear combined loading 

tests and biaxial punching/bulging tests are designed and performed within the 

framework of a parallel material testing program [108]. The failure locus is obtained for 

Al2024-T351 aluminum alloy, which is a commonly used material in aerospace industry.  

An inverse approach by using coupled FE simulations and force-displacement curves 

is introduced to characterize and model the strain rate and temperature dependency of the 

material of interest.  

A regularization method is also developed to solve mesh size dependency of the 

material model. The prediction capability of the new model with the regularization 

algorithm is discussed for different failure modes. 

Ballistic impact tests, using specimens fabricated from a single stock of material, are 

also used to test the prediction capability of the new model. Application of the newly 

developed ductile failure criterion to high velocity impact events is used to demonstrate 

the validity of the approach and illustrate the drawbacks of existing failure models 

available in the literature. 
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The range of strain-rate effects targeted in this research covers a large spectrum from 

quasi-static to highly dynamic as illustrated in Figure 1-7. Intended engineering 

applications can be seen in Figure 1-1, most of which are often classified as being in the 

sub-ordnance range [9] [12] [23]. Based on the validation work performed, the model is 

shown to accommodate high strain rate dependency on material strength but it has not 

been expanded to investigate material phase transformations.  

A von Mises ὐ  type of plasticity is considered in the course of this dissertation 

while modeling the flow surface of the material model. This assumption is justified based 

on the experimental finding by Lode [109] and Taylor and Quinney [110]. Both studies 

have tested samples under combined loading and have checked the yield surfaces of the 

materials of interest. Lode tested steel, copper and nickel and Taylor and Quinney have 

tested copper, aluminum and mild steel. The results of their findings are illustrated in 

Figure 1-8(a) for Lode and Figure 1-8(b) for Taylor and Quinney, where it is shown that 

the materials of interest behave closer to the von Mises yield surface than to Tresca 

theory. Therefore, the new material model is formulated according to the ὐ  flow theory 

to be able to provide a generic simulation tool for a wide range of materials. 

 

 

Figure 1-7: Material behavior with changing strain rate and load duration, adapted after [111]. 
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(a) (b) 

Figure 1-8: Comparison of yield surfaces for different materials under combined loading; (a) after 

[109] and (b) after  [110]. 

 

1.4   Original Contributions  

The original contributions accomplished within the course of this Dissertation can be 

summarized as: 

Development and implementation of a thermo-elastic/viscoplastic material model 

coupled with an accumulated regularized failure model. A new viscoplastic material 

model is developed, which employs tabulated inputs of stress-strain curves to construct 

the flow surface as a function of strain-rate and temperature. A new accumulated failure 

model is developed and implemented which also employs tabulated inputs of plastic 

strains at failure depending on the state-of-stress, strain rate, temperature and element 

size for regularization. An alternative variable called product-triaxiality, which is a 

function of the third stress invariant, is utilized on defining the state-of-stress space with 

respect to stress-triaxiality. Failure strains from the 3D failure locus are projected on a 

space represented by stress-triaxiality vs. product-triaxiality. Failure of ductile materials 

under impact loading is shown to occur within the envelope defined between this space 

defined by product-triaxiality and stress-triaxiality. 

Dynamic behavior of Al2024-T351 is investigated. A new experimental program is 

designed to characterize quasi-static and dynamic deformation and failure properties of 

ductile materials.  
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Flow surface of Al2024-T351 is explicitly constructed through hardening curves at 

different strain rates and temperatures. Failure surface of Al2024-T351 is constructed 

through tabulated inputs of plastic strains at failure depending on the state-of-stress, strain 

rate, temperature and element size. 

Impact performance of Al2024-T351 is investigated experimentally and numerically 

under different loading conditions. It is successfully shown that the state-of-stress has a 

significant role in the dynamic failure behavior of ductile materials under impact loading. 

It is also shown that the new material model can be utilized as a promising tool to 

evaluate the dynamic failure prediction of structures. 

1.5   Outline of the Dissertation 

The dissertation consists of 8 interrelated chapters. 

Chapter 1 provides background information and motivation, defines objectives and 

scope, and presents an overview of the thesis.  

Chapter 2 presents an overview of ductile failure in structural metals. This chapter 

presents a review of the common approaches currently used to model material failure 

including void growth models, porous plasticity laws, continuum damage mechanics 

(CDM), cohesion zone models and empirical criteria. The general procedures used to 

implement these approaches are briefly described and an assessment of the shortcomings 

associated with each approach is discussed.  

Chapter 3 provides an extensive analysis of a series of controlled impact tests using 

FEA models that implement one of the most commonly used material models. It is shown 

that material model tuned to a single set of test parameters in an ad hoc manner may not 

necessarily predict the ballistic impact performance of a material if there is a significant 

change and transition in the deformation mode and that traditional FEA predictions are 

highly mesh dependent. Therefore, it is elaborated in this chapter that in addition to the 

need of a more general material model, there is a need for a new regularized material 

model capable of covering the whole fracture locus and potential states-of-stress.  

Chapter 4 describes the methodology of newly proposed tabulated thermo-

elastic/viscoplastic material model with regularized failure. Details of the constitutive 

model and its numerical implementation are delineated first and a detailed description of 
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the effects of state-of-stress on the ductile failure of metals under impact loading is 

provided. A testing program is devised to generate the proposed failure locus. Different 

specimens are designed for the proposed testing program for targeted states-of-stress. The 

proposed material model is compared and benchmarked with an existing material model 

by utilizing single element tests. Numerical stability, accuracy and robustness of the new 

model is benchmarked with an existing model, where various failure modes are compared 

by using proportional and non-proportional loading at different states-of-stress. 

Chapter 5 describes the details of the experimental program and the specimens that 

are used to generate input data for the newly proposed material model. Compression, 

shear, tension and combined loading cases are considered to obtain data covering the 

whole state-of-stress space. Furthermore, depending on the shape of the specimens, 

plane-stress, plane-strain, axi-symmetric and biaxial punch tests are performed. A test 

matrix is designed to generate input data for strain rate and temperature dependency. Test 

results are used for characterizing the material properties for the new material model. 

Temperature and strain rate dependent stress-strain curves are generated for the material 

model input. Also failure strains are characterized for a wide range of state-of-stress. 

Failure locus of Al2024-T351 aluminum alloy is obtained for validation purposes. 

Chapter 6 presents the validation procedures for the material model, where 

component based test specimens are simulated and compared with the test results. Digital 

image correlation (DIC) technique is used to compare the strain field of the experiments 

with FE calculations.  

Chapter 7 presents the validation procedures of the proposed material model, where 

full scale impact tests are simulated and compared with the test results. This chapter also 

benchmarks the predictive capability of the new model for full scale tests against an 

existing material model. The material models are tested for whether they can predict the 

changes in the deformation and failure modes upon impact with respect to a qualitative 

comparison as well as a quantitative comparison of the residual velocities.   

Finally, a summary of the main results is presented in Chapter 8. A list of 

contributions to the philosophy of engineering science and recommendations for future 

research and potential applications are also provided. 
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CHAPTER 2 -  Literature review  

2.1   Introduction  

Although it has been more than 100 years since Mohr-Coulomb strength theory was 

established [112] and despite its fundamental importance in engineering design practice, 

dynamic failure of ductile materials is a phenomenon that remains virtually unexplored 

and is still not fully understood [2] [6] [16]. In this Chapter, only a small part of the 

Century old existing literature that is directly relevant to the topic guided and motivated 

by the evolution of the computational mechanics is addressed. Readers are encouraged to 

consider excellent review papers about the topic from Curran, et al. [2], Garrison and 

Moody [3] and Yu [112]. 

2.2   Review on the ductile failure of metals 

Ductility, which is often defined by a measure of deformation to failure, is not only a 

unique property of the material; it also combines the geometrical dependencies of 

localized conditions of stress, strain, and temperature, where complicated plastic 

deformation such as necking and shear localization may occur prior to failure [113]. 

Physically, it is accepted that ductile failure is mostly driven by microscopic voids, where 

initiation of nucleation followed by void growth with increasing deformation and finally 

coalescence of micro-cracks lead to failure [2] [3] [4] [5]. A schematic representation of 

the complete ductile failure process is illustrated in Figure 2-1 with the following steps; 

(a) the un-deformed state, (b) the micro-void nucleation state, (c) the micro-void growth 

state and three stages of failure surface formation involving (d) incipient micro-void 

coalescence, (e) internal microscopic necking, and (f) knife-edge separation [5]. 

All engineering metals and alloys contain imperfections to some degree, which leads 

to ócup and coneô type of failure under uni-axial tension due to localized internal necking 

of the inter-void matrix across a sheet of micro-voids. Figure 2-2(a) illustrates SEM 

photographs of the central region of the failure surface at various magnification factors. 

At a lower magnification factor, ócupô formation can be seen with a ófibrousô appearance 

and, at higher magnifications, ódimpled ruptureô is observed verifying complete necking 
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of the inter-void matrix and finally óknife-edgeô separation with equi-axed dimples 

caused by void growth and coalescence [5]. 

 

 

Figure 2-1: A schematic representation of the ductile failure in metals, adapted after [5]. 

 

  
(a) (b) 

Figure 2-2: SEM images from a uni-axial test for ócupô (a) and óconeô (b) regions of the failure zone, 

adapted after [5]. 
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óShear lipsô or the conical region of the failure surface that is illustrated with the SEM 

photographs in Figure 2-2(b) represents a much smoother appearance at lower 

magnifications. However, at higher magnifications, a fibrous nature is clearly observed 

that also leads to ódimpled ruptureô with elongated dimples formed by void coalescence 

during shear lip formation. Therefore, óshear lipsô are secondary failure effects in uni-

axial tension tests and should be treated as tensile failure on an inclined surface rather 

than a óshearô failure considering that the failure mechanism is also similar at the micro-

mechanical level [5]. Several different approaches have been suggested for the prediction 

of ductile failure in the literature considering these complex and combined failure 

mechanisms. Atkins [114], while combining the fields of metal forming and fracture 

mechanics, mentions five major different approaches: void growth models, porous 

plasticity laws, continuum damage mechanics (CDM), cohesion zone models and 

empirical criteria.  

Studies on the micro-mechanics of void nucleation, growth and coalescence for 

simple stress and strain states are proposed in the literature, where cylindrical and 

spherical hole growth models are suggested beginning with the pioneering work of 

McClintock [115] and studied further by Cockcroft and Latham [116] and Rice and 

Tracey [117] in that respect. More detailed investigations of the stress and strain fields 

are performed by Brozzo, et al. [118], Hancock and Mackenzie [119], LeRoy, et al. [120], 

Oh, et al. [121] and Clift , et al. [122]. 

Gurson [123] [124] suggested a porous plasticity model, where interaction between 

internal damage and flow behavior of the material is taken into account by a porous 

sensitivity yield function while Tvergaard [125] [126] [127], Needleman and Tvergaard 

[128], Tvergaard and Needleman [129] [130], and Rousselier [131] have also contributed 

to this model. However, inadequate calibration of such models with many model 

parameters, which are strongly coupled, forced the methodology to evolve to the unit cell 

approach. Xia, et al. [132], Xia and Shih [133] [134] [135], Faleskog, et al. [136], Gao, et 

al. [137] and Jun [138] corroborated the observations that ductile failure is governed by 

void growth while calibrating model parameters with unit cells and inversely fitting 

numerical models to experimental data. However, these methods also required extensive 
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modeling and calibration effort that makes them infeasible for modeling failure process 

effectively and efficiently. Moreover, difficulties during testing microstructure for 

calibration purposes have caused inaccuracies for some of the models at certain loading 

conditions, where testing was not even viable. Furthermore, in the case of shear 

localization, the model is unable to predict failure since the failure occurs without any 

void growth observed. Therefore, modifications to the Gurson model are suggested to 

predict localized shear and shear bands more accurately [139] [140].  

An alternative approach to simulate ductile failure is by utilizing the CDM concept, 

which follows the damage parameter introduced by Kachanov [141]. Lemaitre [142] 

[143] [144] [145] also introduced a scalar damage variable and proposed an evolution 

equation for failure, where a thermodynamic potential and a potential of dissipation were 

proposed to obtain the relation between damage strain energy release rate and stress-

strain states. Various CDM models that have different damage evolution laws were also 

proposed by Wang [146] [147], Horstemeyer, et al. [148], Dhar, et al. [149], and Rosa, et 

al. [150] assuming different dissipation potentials since the shape of the potential of 

dissipation has not been well established in the literature. The coupling of the damage 

variable and constitutive relation makes the calibration of the material constants and 

damage law difficult to carry out, where the damage variable generally cannot be 

obtained from direct output of the test. 

Another innovative way of analyzing crack formation and propagation is by using 

cohesive zone and interface elements, which depend on the concepts suggested by 

Barenblatt [151] and Hillerborg, et al. [152] initially for brittle materials. Given that the 

cohesive zone modeling methodology employs special interface elements at the failure 

region, a traction-separation law is used to simulate the behavior of the material. 

Therefore, adaptations of this method for different materials under different loading and 

constraint conditions also required utilization of various traction-separation laws [153] 

[154] [155] [156] [157]. Tvergaard [158] [159] [160] suggested a modified version of this 

traction law and multi-axial separation became possible. However, it is shown that 

separation work per unit area and the peak stress required for separation are not constant 

for different states-of-stress during the entire process and they need to be calibrated with 

special attention [161]. Furthermore, modeling failure with cohesive zone elements and 
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interfaces requires prior knowledge about where the crack initiates and how it propagates. 

Moreover, the methodology is strictly mesh-dependent. 

For practical reasons, a number of empirical failure criteria have also been proposed 

to simulate ductile failure more effectively and efficiently. Although it is commonly 

assumed that hydrostatic stress has no effect on plastic yield [94], earlier experimental 

and theoretical [162] [95] [163] [164] [165] [166] studies indicated that when voids are 

present in ductile materials, the hydrostatic component of stress can cause macroscopic 

dilatation through the mechanism of void growth. Since the pioneering work by 

Bridgman [162] [95], most empirical criteria derived from the void growth models 

usually suggest that the failure occurs at a critical value Ὀ  depending on the equivalent 

plastic strain ‐Ӷ, which is accumulated in the body and depending often on the state-of-

stress that can be represented by Equation (2.1) in general terms as: 

 

Ὀ ὪÓÔÁÔÅÏÆÓÔÒÅÓÓὨ‐Ӷ (2.1) 

 

Table (2.1) summarizes some of the most commonly used empirical criteria proposed 

in the literature, where the simplest case is called equivalent failure strain criterion and 

the state-of-stress is assumed to have no effect (i.e.,  ὪÓÔÁÔÅÏÆÓÔÒÅÓÓρ). In 

quantitative investigations of ductile failure by void growth; stress-triaxiality that is 

defined by Equation (1.8) is found to have a strong dependency on the void growth rate. 

Therefore in many cases the effective plastic strain at failure can be written as a function 

of stress-triaxiality as shown in Equation (2.2). 

 

‐Ӷ Ὢ„ᶻ Ὢ
ὴ

„
 (2.2) 

 

Experimental results by Bridgman [162] [95], Hancock and Mackenzie [119] and 

Mackenzie, et al. [167] also supports that ductility is governed by the degree of triaxiality 

and material failure can be expressed by a failure envelope that is described by Equation 

(2.1).  
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Table 2-1: Commonly used empirical failure criterion. 

Criterion Description  

Equivalent failure 

strain 
‐Ӷ ‐Ӷ (2.3) 

McClintock [115] Ὀ
Ѝσ
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ÓÉÎÈ
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„ „
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„ „

„
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„

„
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(2.5) 
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[117] Ὀ ÅØÐ
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ς

„

„
Ὠ‐Ӷ (2.6) 

Brozzo, et al. [118] Ὀ
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Oh, et al. [121] Ὀ
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Clift , et al. [122] Ὀ „Ὠ‐Ӷ (2.11) 
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Ó
ȟ
Ó

Ó
Ὠ‐Ӷ

 

(2.16) 

*Strain rate and temperature dependent terms are ignored from Equation (1.4)
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Rice and Tracey [117] postulated a general form of a stress-triaxiality function to 

describe the growth of a spherical void. However, this model was developed to predict 

failure that was under hydrostatic tension and was not meant to model compression or 

shear accurately. Therefore, the failure models were capable of covering only a small 

segment of the failure locus as a function of state-of-stress. Many adaptations have been 

made to extend the failure locus by extrapolation to cover failure zones at different stress-

states, where usually a monotonic function was utilized (e.g., Wilkins, et al. [166], Oyane 

[164], Rice and Tracey [117], Johnson and Cook [85], Johnson and Holmquist [168], 

Hancock and Mackenzie [119], Ganser, et al. [169], Borvik, et al. [170] [171]). 

Moreover, while characterizing the failure locus as a function of state-of-stress, it is a 

common practice to use either axi-symmetric dog bones with smooth and notched 

geometries under tension for negative stress-triaxiality values or cylinders under 

compression for positive stress-triaxiality values without knowing the characteristics of 

the material for other values of the triaxial stress-state [85] [119] [16]. Therefore, using a 

single monotonic function is often not enough to represent the overall characteristics of 

the failure locus with different states-of-stress without testing many specimens with 

different geometries. 

Likewise, experimental findings that were shown during the last decade by Bao [99], 

Bao and Wierzbicki [100] suggest that for Al2024-T351, the failure cannot be 

represented by a single smooth monotonic function as shown and compared with a 

Johnson and Cook criterion in Figure 1-4. Instead, a partitioned failure locus was 

proposed, where a transition region was suggested between negative and positive stress-

triaxiality values of the stress-state.  

The applicability of the several failure criteria (e.g., Tresca, Wilkins [166], 

Marciniak-Kuczynski [172], Gurson [123] [124], Johnson-Cook [85], CrachFEM [173]) 

was further investigated and compared by Bao and Wierzbicki [101], Wierzbicki, et al. 

[97], Tenh, et al. [98], and Zadpoor, et al. [174], in terms of the ability to predict the 

failure locus over stress space depending on a number of available calibration points, 

which were characterized through several different tests. It was shown that some of the 

models could successfully predict the failure loci as a function of triaxiality when the 
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required number of calibration points was employed. However, if the number of 

calibration points was small, over-fitting may occur, which can then lead to an inaccurate 

prediction of the failure loci. Moreover, even though some of the models were found to 

successfully predict a certain range of the triaxiality space with a given number of 

calibration points, these models were still limited to the given triaxiality range and were 

unable to represent the rest of the space effectively. Therefore, there is a need to construct 

the failure envelope in a more flexible and generic way so that each failure point can 

explicitly be defined in a tabulated manner as a function of strain, state-of-stress, strain 

rate and temperature for the required ranges, where failure loci can be generated without 

being dependent on a pre-accepted curve shape.  

Developments in damage plasticity theory during the last decade have shown that the 

critical plastic strain at failure for ductile solids not only depends on stress-triaxiality but 

also on the Lode-angle-parameter —, which can be related to the third deviatoric stress 

invariant since — . Therefore, ductile failure of metals can easily be described 

and characterized by combinations of all three principal stresses or the three stress 

invariants, where they can be incorporated by combinations of hydrostatic stress, von 

Mises stress and Lode-angle-parameter as illustrated in Figure 1-5 and represented by 

Equation (2.17) [103] [140] [175] [176] [177]. 
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In this research, a new representation of the failure locus is proposed as a function of 

stress-triaxiality and a newly defined product-triaxiality parameter „ᶻ [107]. Product-

triaxiality is defined by normalizing the product of all principle stress components or 

third stress invariant Ὅ with von Mises stress as:  

 

„ᶻ
Ὅ

„
 (2.18) 

 



26 

The new definition generates a well-defined failure locus within an envelope of third 

stress invariant as represented by Equation (2.19).  
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It is shown in this dissertation that ductile failure under impact loading occur within 

an envelope defined by stress-triaxiality vs. product-triaxiality. Then, a 3D failure surface 

is constructed through characterization of the failure strains for specifically designed test 

specimens for specific values of the stress-triaxiality, product-triaxiality and Lode-angle-

parameter. 

However, determining the failure locus experimentally and characterizing the 

material parameters for a large range of stress-states, strain rate and temperature is still a 

challenging task. This is due to the high complexity of the process of failure, the absence 

of adequate computational methodologies capable of modeling the formation and 

propagation of failure with reasonable computational times, high accuracy and the lack of 

well-established calibration procedures. Moreover, determination of the failure 

initialization and growth while capturing the stress and temperature fields in the vicinity 

of the failure using currently available instruments is not any easy task. Advances in 

computing as well as measurement instrumentation have recently allowed for the 

investigation of dynamic failure phenomena in a more detailed way than previously 

possible [6]. In this dissertation a coupled experimental and numerical framework is 

proposed with well-defined calibration procedures and a joint effort will be presented 

towards the development of a macroscopic failure criterion that can be used as a generic 

tool for modeling failure characteristics of several engineering materials. These 

calibration procedures require determination of the strains to failure ‐, where it is shown 

that the failure strains are not constant and change under different loading conditions 

depending on the state-of-stress, strain rate, and temperature. 

Although the effects of temperature and strain rate was reported to have minor 

contribution on the failure strain compared to the effects of state-of-stress, most of these 

studies were performed either for lower ranges of strain rates, or performed for a limited 
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number of stress-triaxiality values and temperatures. It is also common to assume that the 

sensitivities can be diverse for different materials. Weldox 460E steel was tested by 

Hopperstad, et al. [178] for negative stress-triaxiality values and it was found that for a 

strain-rate hardening material, ductility considerably depends on the effects of stress-

triaxiality, where no significant effects of  increasing strain-rate were found. Borvik [171] 

and Borvik, et al. [179] also reported that the temperature dependency of the failure strain 

is not as significant as the dependency on the stress-triaxiality for Weldox 460E. 

Therefore, the new material model incorporates the effect of stress-state on the failure 

strain by considering all three stress invariants. The effects of temperature and strain rate 

are also taken into account. 

One of the major concerns in non-linear mechanics is the stress and strain 

concentrations that often happen when there are geometric and material discontinuities, 

which may lead to plastic instability. Under these circumstances it is difficult to predict 

stress, strain fields, and particularly failure at the correct location accurately. 

Consequently, the problem becomes explicitly sensitive to the mesh pattern and size. 

Needleman and Tvergaard [180], Skallerud and Zhang [181], and Wilsius, et al. [182] 

have reported the influence of mesh size on predicting ductile failure. Therefore it is 

important to utilize a mesh regularization rule that can help predict failure independent of 

the mesh size. The new material model developed in this research also incorporates a 

mesh regularization scheme to help solve mesh size dependency of the failure. 

2.3   Summary 

In this Chapter, a brief literature review was given about the dynamic ductile failure 

of materials. Literature suggests five major approaches for investigating the ductile 

failure: void growth models, porous plasticity laws, CDM, cohesion zone models and 

empirical criteria [114]. A brief introduction of the proposed failure model was given by 

listing some of the most commonly used phenomenological models. Different approaches 

for constructing a stress-state dependent 3D failure surface as a function of the stress-

triaxiality and Lode angle were introduced. 
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CHAPTER 3 -  Problem definition 

3.1   Introduction  

In this Chapter, ballistic impact simulations of tests conducted on Al2024-T351 

targets are performed by utilizing the Johnson-Cook (J-C) material model. J-C material 

model is selected for the analysis since it is predominantly used for ballistic impact 

analysis and commonly used as comparison or benchmark standard while developing new 

material models [183]. As described in Section 1.2, J-C is a phenomenological model 

providing a thermo/visco-plastic formulation coupled with a failure criterion. J-C 

provides a straightforward formulation for the flow and failure surfaces, which bestow 

convenient coding solutions for the finite element (FE) programming. Impact simulations 

usually need large FE models and require extensive computational resources, where 

simplicity becomes an advantage since it will lower the computational cost substantially 

[184]. Moreover, characterization of the high strain rate tests often requires extensive 

efforts. J-C provides well defined calibration procedures for the material constants that 

are used to construct flow and failure characteristics [84] [85]. Therefore, it is preferred 

for large scale FE analysis of high strain rate phenomena.  

However; as it was mentioned in Section 1.2 before, phenomenological models are 

often tuned or calibrated for a specific test (e.g., uni-axial tension, shear or compression) 

to be able to match a particular test condition by utilizing single monotonic functions and 

it is assumed that the model will adequately predict different test conditions. 

Additionally, as illustrated in Figure 1-4, the failure locus of ductile materials can be very 

complex and cannot be represented by a single monotonic function. Therefore, when 

using J-C, there is a need to identify the experimental data set that the model was 

calibrated for. Depending on the details of the calibration, the data sets can affect the 

predictive performance of the FE analyses depending on target thickness, projectile 

impact speed and model mesh size. 

In this section, ballistic impact predictive performance of four different sets of J-C 

material model parameters (i.e., Set-1, Set-2, Set-3 and Set-4) is compared. The four 

material model parameter sets were characterized for Al2024-T351 at different test 

conditions [41] [46] [58] [84] [85]. Therefore, it is expected to obtain different flow and 
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failure surface definitions for each set of material parameters that will lead to different 

ballistic limit predictions as the material thickness, impact speed and FE mesh size 

changes. The results of this section will be used as a justification of the requirement for a 

new material model that can provide a more generic flow and failure definition for the 

material independent of the mesh size. 

3.2   An examination of the state-of-the-arts: Explicit FE analysis of ballistic impact  

In this section, the methodology that is used to simulate ballistic impact tests is 

introduced. Details and sensitivities of the numerical models are discussed. Prediction 

capabilities of the ballistic impact tests by using FE simulations are presented 

 

3.2.1  Ballistic impact testing of 2024-T3/T351 aluminum material 

Numerous researchers have investigated the ballistic capabilities of aluminum alloys 

[22] [185] [186] [187] [188] [189] [190]. Data for this work is taken from experiments 

performed by Kelly and Johnson [57], who performed impact tests on 1.5875mm (1/16ě), 

3.175mm (1/8ě) and 6.35mm (1/4ě) thick plates. The 304.8mm (12ě) by 304.8mm (12ě) 

targets were supported in a steel target frame that was 50.8mm (2ě) wide to ensure target 

rigidity. A 12.7mm (0.5ě) diameter spherical projectile made of 52100 alloy tool steel 

was used for the impacts. Figure 3-1 illustrates the test setup for the ballistic impact tests. 

Ballistic limits of Al2024-T3/T351 plates for three different thicknesses are 

summarized by Figure 3-2 by plotting input versus residual velocities of the projectiles. 

Typically, after the ballistic limit, the residual velocity rises sharply and later follows a 45 

degree reference line, which is a characteristic property for many ductile materials [9] 

[184]. The ballistic limit for 1.5875mm plate was found to be about 122 m/s, for 

3.175mm it was about 213 m/s and for 6.35mm it was about 411 m/s. It was shown that 

the aluminum plates failed by dishing and petalling with slight plugging for the thinnest 

targets. As the thickness increased, the amount of dishing and petalling decreased and the 

failure mode moved towards plugging. Consequently, the ballistic tests exhibited the 

transition of the failure mode with the change in thickness and impact velocity.   
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Figure 3-1: Experimental setup for ballistic impact testing for Al2024-T3/T351 plates. 

 

Figure 3-2: Ballistic limit for findings three different thickness 2024-T3/T351 target plates. 
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3.2.2  Numerical modeling 

In order to predict the ballistic limits for Al2024-T351, FE models are developed. All 

numerical models in this study are developed to be used with LS-DYNA [191] [96] [192] 

as a non-linear explicit dynamics FE solver.  

 

3.2.2.1  Finite Element Models 

In non-linear FE analysis, simply refining the mesh does not necessarily improve the 

accuracy [15] [193] [194]. Moreover, there are no clear theoretical guidelines on the 

required mesh density for the range of impacts covered in this Chapter and the FE 

modeling process is user dependent [195]. Considering the effects of thermal softening, 

failure and plastic instabilities such as localization due to necking, FE models suffer from  

mesh dependency [196]. Moreover, it is a common practice to calibrate the material 

model parameters for a specific mesh size often by utilizing only a single test condition 

(e.g., uni-axial tension or simple shear) [41] [46] [85]. However, the calibrated mesh size, 

which is found by an ad-hoc manner, may not necessarily provide the optimum solution 

for an impact simulation considering several non-linear effects that were not taken into 

account during the calibration. Therefore, the only reasonable method to determine the 

most appropriate mesh size is ótrial-and-errorô while comparing the results against a 

controlled test data. Subsequently, it is possible to arrive to an optimum mesh option after 

experimenting with different alternatives and draw some guidelines for a particular test 

case. Consequently, in this section, three different quarter symmetric FE models are 

developed to investigate their predictive performance. Each target thickness is modeled 

with three mesh densities. The mesh pattern and size dependency are examined to find an 

optimized mesh for stability, accuracy and efficiency of the impact analysis. These 

models are cost effective 3D models, where a nearly perfect hit with non-oblique 

projectile orientation can be modeled successfully. Since the target and the projectile are 

symmetric about both the horizontal and vertical axes, only one quarter models of the test 

target and the projectile are developed.  Both the target and projectile are modeled with 8-

node under-integrated hexagonal solid elements. Fully fixed boundary conditions are 

imposed on the outer boundary and the symmetry boundary conditions are imposed at the 
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other free surfaces. The mesh just under the projectile is chosen to be cylindrical to assure 

that the failure occurs along the element boundaries. Mesh patterns and model set-ups can 

be seen in Figures 3-3, 3-4 and 3-5 for three different thicknesses. 

The mesh density under the impact zone is modeled with finer elements than the plate 

surrounding the impact zone. The in-plane mesh pattern is kept the same for all models 

while the element size through the thickness is varied. So, the number of elements is 

doubled with the increase in thickness. FE model information and corresponding element 

sizes are summarized in Table 3-1. 

 

Table 3-1: Details of the finite element mesh. 

Mesh type Mesh-I Mesh-II Mesh-III 

Target thickness (mm) 1.5875 3.175 6.35 1.5875 3.175 6.35 1.5875 3.175 6.35 

Total number of elements 1674 3348 6696 3348 6696 13392 6975 13950 27900 

Number of elements; through the 
thickness 

2 4 8 4 8 16 3 6 12 

Number of elements; in-plane 837 837 2325 

Mesh size; through the thickness 
(mm/element) 

0.79375 0.396875 0.529167 

 

 

Figure 3-3: Mesh patterns for 1.5875mm thickness target. 
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Figure 3-4: Mesh patterns for 3.175mm thickness target. 

 

 

Figure 3-5: Mesh patterns for 6.35mm thickness target. 
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For Mesh-I and Mesh-II, as mesh patterns, 1.5875mm targets are modeled with 2 and 

4 elements through the thickness respectively, where 3.175mm plate is modeled with 4 

and 8 elements through the thickness and the 6.35mm plate is modeled with 8 and 16 

elements through the thickness correspondingly. For Mesh-III, as mesh pattern, 

concentric circular layers of the target are divided into three regions in radial direction 

and the mesh density is gradually coarsening from inner region, which is the potential 

impact region, to the outer region. Mesh transition between regions are arranged to give 

less than 5:1 ratio to prevent stress wave reflections from the boundaries of successive 

regions [197] [198]. Three elements are used to model the through the thickness for the 

1.5875mm target as a baseline since implementation of reduced integration solid 

elements requires at least three elements through the thickness to be able to capture 

accurate bending deformation modes.  

Figures 3-3, 3-4 and 3-5 illustrate the close-ups of the 1.5875mm, 3.175mm and 

6.35mm targets with the corresponding mesh patterns of Mesh-I, Mesh-II and Mesh-III , 

respectively. 

Using under integrated elements can cause zero energy modes or hourglass modes in 

the analysis [15] [96] [192]. Especially at high speed impact simulations these modes can 

be excited and cause numerical instability. Therefore, a viscous based stabilization 

method is used during the simulations to prevent hourglass modes of the reduced 

integration elements. The amount of artificial energy is kept below 10% of the kinetic 

energy throughout the simulation. 

Contact behavior between the projectile and the target is attained by using a penalty 

based single surface type contact algorithm that utilizes a nodal constraint formulation 

with an element erosion scheme [96] [192]. 

 

3.2.2.2  Material Models 

The steel projectile is modeled by using linear elastic material model. The model does 

not allow plastic yielding but can have large deformations. Plasticity is unnecessary for 

this component, because neither the tests nor early runs showed any signs of yielding in 

the projectile [57]. A more sophisticated material model is necessary and is introduced in 

the next section for the targets to simulate ballistic impact response.  
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3.2.2.3  Johnson-Cook Material Model 

The J-C strength model is an empirical equation and is widely used in practical 

impact simulations for its broad consideration of strain hardening, strain rate sensitivity 

and temperature weakening [93]. 

J-C phenomenological constitutive and failure model utilizes a multiplicative 

decomposition for the definition of the flow stress as:   

 

„ ὃ ὄ‐ ρ ὅÌÎʀᶻ ρ Ὕᶻ  (3.1) 

 

where, ὃȟὄȟὲȟὅ and ά are material constants that are characterized from temperature 

and strain rate dependent tests, ‐ is the effective plastic strain, ʀᶻ is the normalized 

effective plastic strain rate that is typically normalized to a strain rate of 1.0s
-1

, Ὕᶻ is the 

homologous temperature defined as: 

 

Ὕᶻ
Ὕ Ὕ

Ὕ Ὕ
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This material model is coupled with an accumulated damage model, where the failure 

is controlled by a damage parameter as: 

 

Ὀ
Ὠ‐

‐
 (3.3) 

 

The damage parameter accumulates in time until failure occurs when Ὀ reaches unity. 

The failure strain is defined as: 

 

‐ Ὀ ὈÅØÐὈ„ᶻ ρ ὈÌÎ‐ᶻ ρ ὈὝᶻ (3.4) 
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where, ὈȟὈȟὈȟ Ὀ and Ὀ  are material constants specific to failure that are 

characterized from temperature and strain rate dependent tests, „ᶻ is the stress-triaxiality 

defined as: 

 

„ᶻ
ὴ

„
 (3.5) 

 

where, ὴ is the pressure and „  is the von Mises stress defined as: 
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where, Ὓ  is the deviatoric stress tensor defined as: Ὓ „ ‏„ . 

In this analysis, J-C is used in conjunction with Mie-Gruneisen Equation of State 

(EOS) model, which defines the pressure volume relationship in one of two ways, 

depending on whether the material is compressed or expanded.  The Mie-Gruneisen EOS 

with cubic shock velocity-particle velocity defines pressure for compressed materials as: 
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(3.7) 

 

and for expanded materials as: 

 

ὴ ”ὅ ‘ ‎ ὥ‘Ὁ  (3.8) 

 

where, Ὁ  is internal energy, ὅ  is the intercept of the particle velocity, shock velocity 

(vs-vp) curve; Ὓ Ὓ are the coefficients of the slope of the vs-vp curve, ‎ is the 

Gruneisen gamma, ὥ is the first order volume correction to ‎, and ‘ ρ. 

Different J-C material model parameters are found in literature for Al2024-T351 

depending on the range of application and characterization methodologies. These 
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differences can be found both on the flow surface and failure curves. The differences on 

the flow surface are mainly due to the type of characterization tests, where shear and 

tensile tests are utilized for different ranges of strain rates. The differences on the failure 

curves are mainly due to length scales, where materials at different thicknesses are 

utilized for the calibration of the failure parameters. Four different sets of material model 

parameters [41] [46] [58] [84] [85] that are listed in Table 3-2 for Al2024-T351 are used 

in this Chapter. These sets of material model parameters are utilized to evaluate their 

predictive performance on the ballistic limit prediction while the material thickness 

changes along with the impact speed and element size as described in Section 3.2.2.1.   

The first set of material model parameters, which is named as Set-1, is taken from the 

two papers by Johnson and Cook [84] [85] for Al2024-T351. These two papers are the 

initial papers where the J-C material model was introduced with parameters characterized 

for several different materials. Quasi-static and dynamic torsion tests were used to 

characterize the flow surface for Set-1, where the range of the strain rates was from 

quasi-static to 400s
-1

. The model was extrapolated beyond this range [84]. 

The second set of material model parameters, which is named as Set-2, suggests a 

different flow surface with different material parameters characterized from different 

tests [41] while adapting the same failure curve parameters from the paper by Johnson 

and Cook [85]. The flow surface for Set-2 was characterized through quasi-static and 

Split Hopkinson Bar (SHB) experiments on tension and compression samples [41]. The 

compression rates were conducted at rates up to 4000s
-1

 and tension rates were conducted 

at rates up to 8000s
-1

. Set-3 and Set-4 use the same flow surface suggested by Set-2. 

The differences between the two flow surfaces are illustrated in Figure 3-6 for both 

strain rate hardening (at room temperature) and temperature softening (at a nominal strain 

rate of 1s
-1

) behaviors. These flow surfaces are constructed by plugging in the material 

model parameters from Set-1 [84] and Set-2 [41] (also Set-3 and Set-4), which are listed 

in Table 3-2, into Equation (3.1). Figures 3-6(a) and 3-6(b) illustrates the hardening 

characteristics of the flow surfaces at room temperature through the logarithmic strain 

rate axis. For illustration purposes, upper limit of the strain rates for both sets of 

parameters (i.e., Set-1 and Set-2) are plotted up to 5000s
-1

. Under the condition that a 
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finite element might experience higher strain rates during the simulation, J-C model 

calculates and utilizes any strain rate based on Equation (3.1).  

 

Table 3-2: Sets of J-C material model parameters. 

Parameters Notation Set-1 

[84] [85] 

Set-2 

[41] 

Set-3 

[46] 

Set-4 

[58] 

Strength Parameters 

Density [kg/m
3
] r 2770 2770  2770 2770 

Poisson Ratio n 0.33 0.33 0.33 0.33 

Modulus of Elasticity 

[MPa] 

E  73084  73084  73084  73084 

Static Yield Limit [MPa] A  265  369  369  369 

Strain Hardening 

Modulus [MPa] 

B  426  684  684  684 

Strain Hardening 

Exponent 

n 0.34 0.73 0.73 0.73 

Strain Rate Coefficient C 0.015 0.0083 0.0083 0.0083 

Thermal Softening 

Exponent 

m 1.0 1.7 1.7 1.7 

Reference Temperature 

[K]  

Troom  294  294  294  294 

Melting Temperature [K]  Tmelt  775  775  775  775 

Specific Heat  [J/kg-K]  cP  875  875  875  875 

Failure Parameters 

D1 0.13 0.13 0.112 0.31 

D2 0.13 0.13 0.123 0.045 

D3 1.5 1.5 1.5 1.7 

D4 0.011 0.011 0.007 0.005 

D5 0 0 0 0 

Mie-Grunesien EOS Parameters 

S1 1.338 1.338 1.338 1.338 

S2 0 0 0 0 

S3 0 0 0 0 

g0 2 2 2 2 

 

Specific strain rates are highlighted in Figures 3-6(a) and 3-6(b) for better illustration 

of the flow. These highlighted hardening curves are projected on to the flow stress versus 

effective plastic strain plane as illustrated in Figure 3-7 for a better comparison of the two 

surfaces. Figures 3-6(c) and 3-6(d) illustrates the softening characteristics of the flow 

surfaces at a nominal strain rate of 1 s
-1

 beginning with room temperature (i.e., 294K), up 

to the melting temperature (i.e., 775K). Set-1 and Set-2 material parameters from Table 
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3-2 are utilized and Equation (3.1) is employed to construct the flow surfaces. Hardening 

curves at specific temperatures are also highlighted for better illustration of the flow. 

Highlighted curves are projected on to the flow stress versus effective plastic strain plane 

as illustrated in Figure 3-8 for a better comparison of the two surfaces. The effects of the 

flow surface on the ballistic impact response during the finite element simulations are 

discussed in this Chapter through the proceeding sections.  

The third set of material model parameters, which is named as Set-3 in Table 3-2, 

suggests a different failure curve with different material model parameters [46] while 

adapting the same flow surface parameters from the report by Lesuer [41]. The 

significance of this failure curve was the characterization procedure. Ballistic impact tests 

were utilized to characterize the failure curve for relatively thinner targets. 

The fourth set of material model parameters, which is named as Set-4 in Table 3-2, 

also suggests a different failure curve characterization with different material parameters 

[58] while adapting the same flow surface parameters from the report by Lesuer [41]. Set-

4 differs from Set-3 in failure curve parameters that were calibrated for thicker samples. 

It is reported that the type of failure mode is subjected to change from petaling to 

plugging due to the change in thickness and impact velocity, where the state-of-stress is 

found to be a major concern [57]. Therefore, the same set of failure parameters may not 

necessarily be appropriate for the whole range of material thicknesses and impact 

velocities [42] [58]. Consequently, calibration of the failure parameters is necessary to 

find the best set of parameters that can work reasonably well for the rest of the stress-

states and predict the failure strain appropriately. 

Three different sets of failure model parameters are listed in Table 3-2 for Set-1, Set-3 

and Set-4 (Set-2 uses the same failure parameters with Set-1). The failure locus can be 

obtained by utilizing Equation (3.4) and plugging in the failure parameters.  
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Figure 3-6: Differences in flow surfaces depending on the sets of material model parameters; 

hardening for (a) Set-1 and (b) Set-2, 3 and 4; softening for (c) Set-1 and (d) Set-2, 3 and 4. 
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Figure 3-7: Strain rate dependent hardening curves defining different flow surfaces for 2024-

T3/T351 resulting from different J -C parameter sets at room temperature. 

 

 

Figure 3-8: Temperature dependent hardening curves defining different flow surfaces for 2024-

T3/T351 resulting from different J-C parameter sets at a nominal strain rate of 1 s
-1
. 
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The differences in fracture loci are illustrated in Figure 3-9 with respect to stress-

triaxiality „ᶻ  at a nominal strain rate of 1.0 s
-1

 at room temperature. Set-3 and Set-

4 differ from the rest by considering a recalibration of the parameters with the ballistic 

impact test results [46] [58]. It is shown by Equation (3.4) that the failure model fits an 

exponential monotonic curve for the calibration purposes and expected to behave 

differently under different states-of-stress. A single FE element can experience different 

states-of-stress during the impact. Depending on the set of parameters used for the 

simulation, the element may fail early if the state is in tension or shear when Sets-1, 2 and 

3 is used compared to Set-4. For instance, if a uni-axial tension case is considered for a 

single element with a triaxiality of „ᶻ  and a nominal strain rate of 1.0 s
-1

 at room 

temperature, the corresponding failure strain values will be calculated by utilizing 

Equation (3.4) for different sets in Table 3-2 as: 
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σ
πȢρψφφ 
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σ
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(3.9) 

 

As it is demonstrated in Equation (3.9), even for a simple uni-axial tension case, the 

failure strains for a single element may change drastically depending on the set of 

material parameters.  

Equation (3.4) also comprises a strain rate and temperature dependent term, where the 

failure locus is offset according to the amount of strain rate and temperature. Figure 3-10 



43 

illustrates strain rate dependency on the failure loci for three different sets of failure 

parameters. As it can be observed from the figure, the amount of effective plastic strain 

that is required to fail a finite element increases with the strain rate. For demonstration 

purposes, Figure 3-10 is plotted up to a strain rate of 5000 s
-1

, where for higher strain 

rates J-C model calculates the corresponding offset distance according to Equation (3.4).   

None of the references, where the material model parameter sets were cited from, 

have conducted failure tests depending on the temperature. Therefore, no temperature 

dependent term was suggested for the failure parameters in Table 3-2. However, 

assuming that effective plastic strain at failure is fully dependent on the homologous 

temperature (i.e., Ὀ ρ), Figure 3-11 illustrates how Equation (3.4) can offset the 

failure loci up to the melting temperature. 

 

 

Figure 3-9: Differences in the failure loci for 2024-T3/T351 resulting from different J -C parameter 

calibration f rom different  tests. 
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Figure 3-10: Strain rate dependent failure loci comparing different sets of J-C parameters. 

 

 

Figure 3-11: Temperature dependent failure loci comparing different sets of J-C parameters. 
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3.2.3  Ballistic impact simulation results  

Ballistic impact response for three different material thicknesses is examined with 

different meshing options and by employing four different material model parameters 

from Table 3-2 representing two flow surfaces and three failure loci. The responses are 

illustrated by generating initial velocity versus residual velocity graphs, where they can 

be compared to the ballistic test data. The ñReferenceò line that is overlaid in each graph 

represents the condition if impact and exit velocities are the same, which indicates no loss 

in the initial kinetic energy. Therefore, the distance between the reference line and the 

data line can be accepted as the velocity or energy lost during the penetration [77] [12] 

[9]. 

 

3.2.3.1  Results for target thickness 1.5875mm 

The penetration through 1.5875mm aluminum target is illustrated in Figure 3-12. A 

petaling type of deformation mode is observed. There is significant local bending in the 

target and material fails mostly in tension. It should be noted that the plug is pushed out 

in front of the sphere, and there are four radial cracks in the target. The failure mode, the 

plug formation and the radial cracks all correspond well with the test results. 

 

   
(a) (b) (c) 

Figure 3-12: Penetration through 1.5875mm target and petal formation; (a) Simulation, (b) Test-

Front Face, (c) Test-Rear Face. 

 

The comparison between the measurements and computations is shown in Figure 3-

13 for the entire ballistic limit test matrix. It can be observed that the Set-3 material data 
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gives excellent correlation, where the rest of the material model parameters with different 

flow surface and failure parameters do not agree as well with the test results and 

demonstrate mesh sensitivity.  

Set-4 material model parameters over predicts the ballistic limit. This can be 

explained by the fact that the failure parameters were adjusted for thicker targets [58] and 

may not necessarily be appropriate for thinner samples.  

A better correlation is seen with Set-2 material model parameters compared to Set-1 

material model parameters when using the same mesh pattern. This can simply be 

explained by the differences in the flow surface since both sets utilize the same failure 

locus. The range of strain rates observed during a high speed impact exceeds the ranges 

used during the material characterization of Set-1 [84]. Set-2 material model parameters 

were characterized for higher ranges of strain rates [41]. Therefore, Set-2 and Set-3 

surface is found to be more accurate in simulating high speed impact tests for this target 

thickness.  

 

 

Figure 3-13: Ballistic limit predictions for 1.5875mm targets. 
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Even though, the effects of material model parameters are found to be more 

significant than the effects of mesh size, Mesh-III is found to provide the best results and 

Mesh-I is found to be the least successful overall. This can be explained by the fact that 

using two reduced integration elements through the thickness is not enough in predicting 

bending behavior. Moreover, Mesh-III has more in plane elements that can provide better 

representation of the petalling than Mesh-II.  

 

3.2.3.2  Results for target thickness 3.175mm 

The penetration through 3.175mm aluminum target is shown in Figure 3-14. The 

projectile penetrates through the target in a mixed failure mode: partly petaling and partly 

plugging. There is some local bending and some local shearing in the target, where the 

material fails partially in shear and partially in tension. Note that a plug is pushed out in 

front of the sphere and the size of the radial cracks in the target gets smaller. The failure 

mode and plug formation correspond with the test results.   

 

   
(a) (b) (c) 

Figure 3-14: Penetration through 3.175mm target and mixed-mode failure formation ; (a) Simulation, 

(b) Test-Front Face, (c) Test-Rear Face. 

 

The comparison between the measurements and computations is shown in Figure 3-

15 for the entire ballistic limit test matrix. Simulations with Set-1, Set-2 and Set-3 

material model parameters show a poor correlation with the test data for all three mesh 

patterns.  Since the failure parameters were tuned for thinner samples, these three sets of 

material model parameters under-predict the ballistic limit. Set-4 material model 

parameters, with failure parameters for thicker plates, agree better with the test results. 

PLUG 
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Set-4 material model parameters with Mesh-I and Mesh-II over-predict the ballistic limit, 

where Mesh-III with more in-plane elements provides better correlation. Set-2, Set-3 and 

Set-4 show relatively better results compared to Set-1 due to better high strain rate 

characterization.   

 

 

Figure 3-15: Ballistic limit predictions for 3.175mm targets. 

 

3.2.3.3  Results for target thickness 6.35mm 

The penetration through 6.35mm aluminum target is illustrated in Figure 3-16. The 

projectile penetrates through the target in plugging mode. The material fails entirely in 

shear. It is noted that a plug is pushed out in front of the sphere, and there are no radial 

cracks in the target. The failure mode and the plug formation correspond with the test 

results.   

The comparison between the measurements and computations is shown in Figure 3-

17 for the entire ballistic limit test matrix. Simulation results with Set-1, Set-2 and Set-3 

material model parameters give a poor match with the test. However, results with Set-4 
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material model parameters are much better due to the failure model calibration for thicker 

targets. 

 

   
(a) (b) (c) 

Figure 3-16: Penetration through 6.35mm target and plug formation; (a) Simulation, (b) Test-Front 

Face, (c) Test-Rear Face. 

 

 

Figure 3-17: Ballistic limit predictions for 6.35mm targets. 

 

PLUG 
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3.2.4  Ballistic impact simulation summaries and discussion 

Predictive performance of the ballistic limit for four different sets of material model 

parameters and three different mesh patterns are assessed. A summary of the ballistic 

limit predictions can be seen in Figure 3-18 for the best mesh pattern options of Set-1 and 

Set-2 (i.e., Mesh-I and Mesh-III, respectively), and all mesh patterns for Set-3 and Set-4. 

The predictive performance of the simulations for 1.5875 mm target thickness is found 

promising for all parameters except for the Set-4, which is expected since this particular 

set was tuned for the thicker targets. However, when the material thickness increases, the 

accuracy is no longer satisfactory compared to the experimental results. All sets of 

material model parameters, independent of the mesh pattern, under predict the ballistic 

limit for 6.35 mm target thickness. Overall prediction performance of Set-2, Set-3 and 

Set-4 are found to be more than Set-1 considering that the flow surface of these sets was 

calibrated for higher strain rates. It is observed in Figure 3-18 that, as the failure mode 

changes from petalling to plugging, none of the failure loci were able to predict this 

transition accurately. 

Figure 3-19 illustrates the change in the failure mode from petalling (tension) into 

plugging (shear) by plotting the history of effective plastic strain at failure as a function 

of triaxial state-of-stress for three representative finite elements from the failure zone of 

each target thickness. Failure loci that were characterized through exponential curve 

fitting for J-C failure model and illustrated in Figure 3-9 are also plotted in Figure 3-19 

for a comparison of the stress-state histories of these three representative finite elements 

that have failed. It is found for plates under impact loading that with varying target 

thickness and impact speed, failure profoundly depends on multi-axial state-of-stress. 

For a target thickness of 1.5875 mm, three representative elements show that the 

average history of triaxiality stays principally below uni-axial tension point (i.e., „ᶻ

). For thicker targets (i.e., 3.175 mm and 6.35 mm) the average history of triaxiality 

approaches and exceeds the shear point (i.e., „ᶻ
         
π). It can be concluded that, as the 

thickness changes (also with the increase in ballistic limit), the type of failure changes 

drastically from petalling (bending and necking) to plugging (shearing). 
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Figure 3-18: Ballistic limit predictions due to the transition of the failure modes with respect to target 

thickness. 

 

It should be noted that the failure loci, which are illustrated in Figure 3-19, are plotted 

for a nominal strain rate of 1 s
-1

 and the finite elements that are chosen from the impact 

zone and failing are clearly experiencing higher strain rates. Therefore, the accumulated 

plastic strains at failure are shown to be exceeding (i.e., above the failure curve) the 

illustrated failure loci with an offset distance depending on the actual strain rate that an 

individual finite element experiences. Figure 3-10 illustrates how J-C relation is used to 

offset the failure loci depending on the strain rate. 

It can be seen from these comparisons that the oscillatory evolution of the histories of 

the state-of-stress and transition of the failure mode may not necessarily be represented 

by a single monotonic function, which is often calibrated only for a single stress-state.  
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Figure 3-19: Transition of the failure modes depending on the state-of-stress based on target 

thickness. 
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3.3   Summary 

In this Chapter, ballistic impact simulations of Al2024-T351 are carried out by 

utilizing J-C model since it is almost always used as a comparison or benchmark standard 

for new material model development. It is shown that J-C failure model, which uses an 

exponential function to construct the failure locus based on stress-triaxiality, is not 

always successful in predicting strains at failure accurately. 

Material model parameters for J-C are calibrated for a particular material gauge 

length and for a particular test condition, which gives a particular stress-state. These 

parameters cannot be adjusted or tuned according to the changes and transitions in 

deformation and failure. Consequently, it is expected to have some compromise in the 

predictive performance if the transition happens by an alteration in the test condition and 

the stress-state changes. These alterations can be in the form of a change in material 

thickness, impact speed and orientation or the shape of the impacting object.  

It is also shown that the in-plane or through the thickness mesh sensitivities are 

depending on the material model parameters. It is found that the set of material model 

parameters that are tuned for a specific element size gives better accuracy. Consequently, 

increasing the element density does not improve the performance significantly. 

Therefore, it is necessary to recalibrate the J-C damage parameters for a given element 

size in order to attain a better consistency between simulations and the ballistic limit 

measurements. However, even if the parameter sets are recalibrated, transition of the 

failure mode makes it difficult  to capture the change in deformation and failure by using a 

single set of parameters as illustrated in Figure 3-19.  

The phenomenological models and J-C in particular, with predetermined functions for 

flow and failure cannot provide a generic solution for a wide range of deformation and 

failure behavior. Therefore, it is justified that a regularized (mesh size independent) 

material model is needed with generic tabulated inputs of flow surface as functions of 

strain rate and temperature dependent hardening curves coupled with a failure locus that 

can cover a wider range of state-of-stress, strain rate and temperature. The following 

Chapter describes the details of the proposed material model. 

 

  



54 

CHAPTER 4 -  Methodology 

4.1   Introduction  

The predictive capability of material models for ductile metals under impact loading 

predominantly depends on accurate representation of flow and failure surfaces and mesh 

regularization as depicted in the previous Chapter. Figures 3-14 and 3-15 represents the 

drawbacks of a commonly used material model. Like all phenomenological models that 

utilize predetermined functions to define flow and failure characteristics, J-C is also 

limited to the space characterized through a set of parameters with an exponential curve 

fitting. However, as it can be seen from Figures 3-14 and 3-15, one unique set of J-C 

parameters can only predict failure either in a single state of tension, shear or 

compression and cannot cover all. Therefore, with a set of parameters that is 

characterized through simple uni-axial tests, which is usually the general practice, a 

single FE that experiences different states-of-stress other than tension (e.g., shear or 

compression) will not be able to predict failure accurately. Moreover, the parameters that 

are incorporated for the material model are subject to mesh dependency, especially under 

softening and failure. 

Therefore, a new material model is formulated in this Chapter that will address the 

shortcomings of existing technology and provide a generic tool for predicting failure 

under impact loading for ductile materials. A clear description of the preliminaries of 

stress tensor and its invariants is presented in Appendix-A to help the derivation of the 

material model in the proceeding section. 

Most phenomenological strength models formulate flow rules as a function of several 

state and history variables as: 

 

„ Ὢ‐ ȟ‐ȟὝ (4.1) 

 

where, ‐ is the plastic strain, ‐ is the plastic strain rate and Ὕ is the temperature.  

These models are preferred due to their convenient way of programming, requiring 

only a limited number of material characterization variables and their computational 

efficiency. On the other hand, it is assumed that an adequate precision in material 
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characterization can be achieved [199]. Characterization of fully coupled 

thermo/mechanical plasticity can be very challenging. Most of the models do not use 

directly tabulated test results due to the concerns about computational cost. Therefore, 

often material model parameters are ignored, extrapolated or even guessed. However, 

with the progression in computational mechanics and as the cost of high performance 

computational resources becomes affordable and widely accessible, implementation of 

fully tabulated material input data can be achievable. In this Chapter, a multiplicative 

decomposition of the flow surface is adopted. 

Most of the existing failure models utilize simple monotonic functions based on 

limited test data to fit a failure locus for the material. Bao [99] and Bao and Wierzbicki 

[100] postulated a new approach to solve the monotonic curve fitting problem by 

employing three different zones for curve fitting and characterizing failure points of 

specimens with different geometries that revealed good information about the stress-

states on the stress-triaxiality space. Based on Baoôs experiments, it is clearly seen in 

Figure 4-1 that the failure of Al2024-T351 can only be modeled by utilizing different 

curve fitting methods for different ranges of the stress-triaxiality. That method may not 

be applicable to other materials when different numbers of zones are encountered and 

shapes of the curves may not necessarily be compatible. Moreover, these former 

approaches utilize only stress-triaxiality for characterization of the failure locus, where J-

C model also considers strain rate and temperature effects. Therefore, plastic strain at 

failure can generally be represented in the form of: 

 

‐ Ὢʎᶻȟ‐ȟὝ (4.2) 

 

where, ʎᶻ is the stress-triaxiality ‐ is the plastic strain rate and Ὕ is the temperature. 

However, the two-dimensional failure locus that is suggested and employed by J-C 

model cannot provide a solution for the cases where the same stress-triaxiality exists but 

the state-of-stress can in fact be different. Equation (4.3) represents the stress invariants 

involved in the determination of the stress-triaxiality factor while constructing the failure 

surface. Clearly, Equation (4.3) only uses the first and the second invariants to calculate 

the stress states and that is not sufficient to characterize multiple failure points having the 
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same stress-triaxiality. To illustrate, consider axi-symmetric tension (ʎᶻ ȟʃ

ρ), it is possible to be on the axi-symmetric compression (ʎᶻ ȟʃ ρ), plane-

strain (ʎᶻ ȟʃ π) and plane-stress (ʎᶻ ȟʃ ρ) meridians as depicted in 

Figure 4-1. It is also shown in Figure 4-1 that projection of the stress meridians on to the 

plane defined by stress-states is used to describe particular stress-states. Similarly the 

failure surface that was suggested by Bao [99] with three different branches of stress-

triaxiality values can be illustrated as in Figure 4-2. Bao has constructed this surface 

through stress-state dependent tests; however did not consider the effects of the third 

stress invariant and the failure strains for each stress-triaxiality value reside as constant. 

 

‐ Ὢʎᶻ Ὢ
ὴ

„
Ὢ

ρ
σὍ

Ὅ Ὅ
 (4.3) 

 

 

 Figure 4-1: Failure surface for Al2024-T351 constructed by J-C equation and projection of the 

meridians on to the plane of stress-state. 
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Figure 4-2: Failure surface for Al2024-T351 with three different branches depending on stress-

triaxiality . 

 

Baoôs experiments prove that the failure strains strongly depend on the stress-

triaxiality and a single monotonic function may not necessarily be sufficient to represent 

the failure locus of Al2024-T351.  More recently, Xue [103] and Bai [104] also used the 

same experiments and postulated new failure surfaces. The third deviatoric stress 

invariant ὐ has been proposed to be an alternative way to construct a three-dimensional 

failure surface [102] [103] [104] [105]. The Lode-angle-parameter, which is defined by 

Equation (4.4), is employed to be the third dimension on the three-dimensional failure 

locus after effective plastic strain at failure and stress-triaxiality. 

 

—
ςχ

ς

ὐ

„
 (4.4) 

 

where, Lode angle is defined for the range ρ — ρ. By ignoring the temperature 

and strain rate effects, Equation (4.2) can be rewritten with the newly defined parameter 

as in Equation (4.5), to include all three stress invariants in defining the failure locus. 
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Figure 4-3 and Figure 4-4 illustrate such three-dimensional failure loci constructed by 

surface fitting from test data considering the effects of stress-triaxiality and Lode-angle 

on the failure strain. The assumption of having a symmetric surface around the plane-

strain meridian (i.e., ʃ π) is shown to be inaccurate as the number and variety of the 

test cases become more available [104] [105]. Figure 4-4 illustrates a higher order surface 

fitting for the same experimental data used by Bao [99] and Xue [103]. These surface 

fitting approaches require an extensive, coupled experimental program in which the 

failure points are characterized inversely using numerical methods, like FE calculations. 

 

 

Figure 4-3: Symmetric failure surface for Al2024-T351 with a dependency on stress-tr iaxiality  and 

Lode-angle-parameter. 

 



59 

 

Figure 4-4: Asymmetric failure surface for Al2024-T351 with a dependency on stress-triaxiality  and 

Lode-angle-parameter. 

 

However, implementation of the third deviatoric stress invariant does not directly 

solve the problems about determining the boundaries of the failure locus especially for 

ductile metals. It is utmost important to choose enough number of testing points with 

good resolution at required stress-states to construct a representative surface successfully. 

Therefore, there is a need to identify the critical stress-states with a selection 

methodology that can be justified by pointing out the area of interest within the failure 

space.  

Figure 4-5 illustrates a projection of the three-dimensional failure surface on to the 

two-dimensional stress-space, which is spanned by stress-triaxiality and Lode-angle-

parameter. Similar projections are shown in Figures 4-1, 4-2, 4-3 and 4-4. Using the 

projected stressïstates is a convenient way of positioning and illustrating the states-of-

stress that are investigated or tested. It is seen that the boundaries of the three-

dimensional failure locus is defined by introducing Lode-angle-parameter as it is 

deviating in between ρ (i.e., ρ — ρ). However, in the three-dimensional stress 

space, stress-triaxiality theoretically can vary in between  infinity (i.e., Њ „ᶻ
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Њ), which clearly can lead to expectable limitations in testing and may have unrealistic 

consequences (i.e., negative failure strains) on the failure surface as the missing points on 

the boundaries are often filled by extrapolation. Therefore, the boundaries for the stress-

triaxiality need to be defined precisely especially for negative triaxiality values [106]. It 

was experimentally found for ductile metals that there is a cut-off pressure value exists at 

the stress-triaxiality of „ᶻ  and no failure is assumed beyond that stress-state as 

shown on the projected stress-space in Figure 4-5 [95] [99]. However, no similar 

experimental limit is postulated for negative stress-triaxiality values and a justification for 

that limit is required for practical reasons. 

 

 

Figure 4-5: Projection of the 3D failure locus on to the stress-space defined by stress-triaxiality  vs. 

Lode-angle-parameter. 

 

Consequently, a justification is required to define the stress-states and help illustrating 

them with adequate boundaries as a function of state-of-stress. Therefore, a new 
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parameter, óproduct-triaxialityô, is analytically determined and newly introduced to 

identify the boundaries of the failure surface projected on a stress-state diagram in 

Section 4.3 [107]. This new state variable will be used to adequately illustrate the states-

of-stress between the meridians spanned by functions of the stress invariants and will lead 

to a clear visualization of the state-of-stress range for ductile metals under impact 

loading. Figure 4-6 illustrates the steps of the methodology that will be followed during 

the implementation of the new material model.  

 

 

Figure 4-6: Methodology flow diagram. 
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A thermo-elastic/viscoplastic algorithm and a coupled regularized failure model is 

formulated and implemented in this Chapter. In Chapter 4, specimen design procedures 

are also described and corresponding specimen geometries are introduced for the required 

stress-states. Single element simulations are utilized to compare the stability, accuracy 

and robustness of the new model against an existing material model. The results of the 

material testing program are provided in Chapter 5, where an inverse methodology is 

incorporated to characterize the material test data and the steps for generating the 

required input for the new material model are described. Tabulated flow and failure 

surfaces are also constructed for Al2024-T351 in Chapter 5. Validation of the material 

model with characterized material properties is attained by comparing the test results with 

the calculations from FE simulations in Chapter 6. In Chapter 7 further validations are 

presented for ballistic impact applications. 

4.2   Development and implementation of a new material model, TRAUM  

A new macro-mechanical material model is developed and implemented into a non-

linear explicit dynamics FE code, LS-DYNA [96] [192]. A user defined material 

subroutine (UMAT) is developed to address the problems mentioned regarding the 

necessity to build well defined flow and failure surfaces for ductile materials. An 

abbreviation is suggested addressing the capabilities of the model and will be used from 

this point forward to address the new material model as: Tabulated failure and 

viscoplasticity - Regularized failure - Adiabatic heating - implemented as a User defined 

material Model (TRAUM). 

TRAUM is developed to solve the problems described due to curve fitting monotonic 

functions to a number of test results. Explicitly characterized tabulated surface definitions 

within the space constructed through the flow characteristics and failure components such 

as; plastic strain, strain rate, temperature, stress-triaxiality, Lode-angle-parameter, and 

product-triaxiality are employed for the new model. Therefore, TRAUM is formulated to 

have a thermo-elastic/viscoplastic algorithm for the flow generalization and will be 

coupled with an accumulated failure rule. One of the most important features of the 

newly proposed model will be the mesh size regularization of failure. It is mentioned that, 

especially numerical models that incorporate softening and failure are extremely mesh 
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dependent [15] [200] [201] [194] [193] [202]. Therefore, the proposed failure algorithm 

will also consider mesh size effects. Moreover, loading history/path dependency on the 

failure accumulation is also considered, where the accumulation of failure strain will be 

sensitive to non-proportional loading or different loading paths and sequences.  

 

4.2.1  Constitutive relation 

An isotropic von Mises plasticity algorithm is utilized with isotropic strain hardening, 

stain rate hardening, and temperature softening features, where adiabatic heating due to 

the plastic work is considered. The model can be formulated as a multiplicative 

decomposition of flow stress as: 

 

„ Ὧρ‐ȟ‐ Ὧὸ‐ȟὝ (4.6) 

 

where, ‐ is the plastic strain, ‐ is the equivalent plastic strain rate and Ὕ is the 

temperature.  

The model resembles J-C in terms of the decomposition; however, the new model 

utilized tabulated inputs of strain rate dependent isothermal hardening curves at room 

temperature given by Ὧρ‐ȟ‐  and temperature depended quasi-static hardening curves 

by Ὧὸ‐ȟὝ (e.g., often at a nominal strain rate of 1.0 s
-1

). Instead of using effective 

strain rate, plastic strain and plastic strain rate are specifically utilized to overcome 

oscillation problems due to the elastic component [203].  

Adiabatic heating occurs due to plastic work and the temperature is calculated as: 

 

Ὕ Ὕ
‍

ὅ”
„Ὠ‐Ӷ (4.7) 

 

where, Ὕ  is the room/current temperature, ‍ is the TaylorïQuinney coefficient that 

represents the proportion of plastic work converted into heat. Here ‍ is taken to be 0.9, 
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which is assumed to be a proper value for metals [204]. ὅ is the specific heat at constant 

pressure, ” is the density, „ is the flow stress and ‐ is the plastic strain. 

An elastic predictor, plastic corrector scheme is used to map the stresses to the next 

time step by utilizing a radial return algorithm [205] [206]. A hypo-elastic [207] [208] 

prediction is computed first, and then corrected back to the yield surface if the yield 

condition is exceeded. This technique is known to work efficiently and accurately for the 

ὐ yield condition and flow rule, provided that the time increment is sufficiently small. 

Considering that an explicit dynamic code is utilized for the analysis, this conditional 

stability is satisfied within the numerical integration scheme and the time step size is 

limited by Courant-Friedrichs-Levy criterion [209]. 

The plastic deformation is assumed as isochoric (i.e., volume preserving); therefore, 

plastic deformation is assumed to happen at constant volume and exhibit no volumetric 

strain. In shell elements a co-rotational formulation is adopted in order to simplify the 

formulation of plasticity, where the local coordinate system constructed at each 

integration point. 

The kinematics of the deformation can be defined by decomposing strain rate (rate-

of-deformation) tensor as [15]: 

 

‐ ‐ ‐ (4.8) 

 

where, ‐ and ‐ are the elastic and plastic components of the strain rate tensor, 

respectively. Clearly, as the volume stays constant during the plastic deformation, the 

plastic strain rate designates only deviatoric components as the trace of the plastic strain 

rate is equal to zero:  

 

ÔÒ‐ π (4.9) 

 

Assuming that the elastic response of the material is isotropic, the governing 

constitutive law can be formulated by using Hookeôs law and relating the strain rate 

tensor to an objective rate of the Cauchy stress tensor as: 
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Ɑ Ἅȡ‐ Ἅȡ‐ ‐  (4.10) 

 

where, Ἅ is the fourth order positive definite isotropic stiffness tensor and can be 

described as: 

Ἅ ὑἓṧἓ ςὋ
ρ

σ
ἓṧἓ (4.11) 

 

where, ἓ is the second-order unit tensor and  is the fourth-order, symmetric unit tensor, 

ὑ  is the bulk modulus and Ὃ  is the shear modulus.  

The elastic tangent modulus tensor can also be represented in the component form 

with respect to a Cartesian basis as: 

 

ὅ ‏‏‗ ‏‏‘ ‏‏  (4.12) 

 

where, ‗ ὑ  and ‘ Ὃ are the Lamé constants given as functions of elastic 

constants.  

Poissonôs ratio ’ is assumed to stay constant during the overall deformation and 

failure process. Elastic modulus Ὁ ὉὝ is assumed to be a function of current 

temperature and the plastic part of the deformation is treated by strain rate and 

temperature dependent tabulated hardening curves. 

Rate of the Cauchy stresses can be decomposed into deviatoric and volumetric parts 

by using deviatoric stress rates (Ἳ), and pressure rate (▬ ὸὶⱭ) as: 

 

Ɑ Ἳ  (4.13) ‏▬

 

Similarly, strain rate tensor can be decomposed into deviatoric and volumetric parts 

by using deviatoric strain rates Ἥ, and volumetric strain rate ‐ as: 

 

‐ Ἥ
‐

σ
 (4.14) 



66 

 

And plastic strain rate is decomposed as: 

 

‐ Ἥ
‐

σ
 (4.15) 

 

where, Ἥ is the plastic deviatoric strain rate and ‐ is the plastic volumetric strain rate. 

Rate of the Cauchy stresses can then be written as: 

 

Ɑ ςὋἭ Ἥ ὑ‐ ‐  (4.16) 

 

Hypo-elastic pressure term reduces the material law further since volumetric plastic strain 

rate is zero (‐ ḳπ) and plastic strain rate is equal to its own derivative (Ἥ ‐): 

 

Ɑ ςὋἭ ‐

 

ὑ‐  
(4.17) 

 

Therefore, the deviatoric stress rates can be written as: 

 

Ἳ ςὋἭ ‐  (4.18) 

 

The yield criterion Ὢ, which is defined as a convex function in stress space, 

determines the limit of the elastic range and due to the inelastic nature of the plastic 

deformation, it is expected to be a function of deviatoric stresses only and can be written 

as:  

 

ὪⱭȟ„ πᵼὪἻȟ„ π (4.19) 

 

where, „ „ ‐ȟ‐ȟὝ is the yield stress as a function of plastic strain, plastic strain 

rate and temperature. The yield function can be written more explicitly as: 
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ὪⱭȟ„ „ „
σ

ς
ἻȡἻ „ π (4.20) 

 

The associative flow rule is adopted, and plastic strain rate is defined by introducing a 

rate of plastic multiplier (‗) as [210]: 

 

‐ ‗
‬Ὢ

‬Ɑ
ᵼ‐ ‗

‬Ὢ

‬Ἳ
ᵼ‐ ‗

σ

ς„
Ἳ ‗Ἒ (4.21) 

 

where, Ἒ is explicitly given as the Prandtl-Reuss normal outward flow vector to the yield 

surface [211].  

Plastic rate parameter ‗ is found by defining the rate of work due to plastic 

dissipation (╦) and defining the rule for plastic strain rate as a work conjugate quantity 

to von Mises stress: 

 

╦ „ ‐ᵼ‐
ς

σ
‐ȡ‐

ς

σ
‗

σ

ς„
ἻȡἻ ‗ (4.22) 

 

Rate of plastic multiplier is used to obtain the evolution equation of the hardening 

parameter as:  

 

Ɑ ‗
‬Ɑ

‬‗
ᵼⱭ

‬Ɑ

‬‐
‐ (4.23) 

 

The plastic strain rate is expected to satisfy the complementary conditions or the 

loadingïunloading conditions that are stated in KuhnïTucker form as [208]: 

 

ὪⱭȟ„ πȟ ‗ πȟ ‗ὪⱭȟ„ π (4.24) 
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Rewriting the material law for deviatoric stresses and introducing the elastic trial 

stress (Ἳ ςὋἭ), a system of six equations with seven unknowns obtained and that can 

be solved from the complementary conditions with an additional equation as: 

 

 

Ἳ ςὋἭ ‐ ςὋ Ἥ ‗
σ

ς„
Ἳ ἻἭ ‗

σὋ

„
Ἳ ἻἭ ‐

σὋ

„
Ἳ 

ᵼÉÆ ὪⱭȟ„ πᵼ‗ πᵼ‗ὪⱭȟ„ π 

ÏÒ 

ᵼÉÆ ὪⱭȟ„ πᵼ‗ π 

(4.25) 

 

4.2.2  Time integration and numerical implementation 

A forward Euler radial return algorithm that is suggested by Wilkins [205] and further 

investigated by Krieg and Krieg [212] is implemented for a von Mises type plasticity 

algorithm with isotropic hardening. A schematic representation of the return mapping 

algorithm is illustrated in Figure 4-7 [208]. 

 

Figure 4-7: The role of elasto-plastic return-mapping algorithms. 

Discretization of the stresses in the material law by using elastic trial stress leads to a 

radial return in deviatoric stress space as shown by Equation (4.26). The time increment 

is achieved through a central difference scheme. 

 

 

Ἳ ἻἭ ‐
σὋ

„
ἻᵼἻἶ Ἳἶ ‐Ўὸ

σὋ

„ ȟ

Ἳ  

ᵼἻἶ Ἳ ρ Ў‐
σὋ

„ ȟ

 

(4.26) 
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where, „ ȟ is the trial von Mises stress of the expanded yield surface at time ὸ ὸ .  

The elastic trial and von Mises stresses are solved by multiplying the equations by 

itself as: 

 

 
ᵼ
σ

ς
Ἳἶ ȡἻἶ

σ

ς
Ἳἶ Ў‐

σὋ

„ ȟ

ȡἻἶ Ў‐
σὋ

„ ȟ

 

ᵼ„ „ ȟ σὋЎ‐ 

(4.27) 

 

Figure 4-8 illustrates the geometric interpretation of the elastic predictor-return-

mapping / radial-return in principle stress space.  

 

Figure 4-8: Geometric interpretation of the radial-return in principle stress space. 

An orthogonal trial stress prediction is calculated first and scaled back to the yield 

surface at time ὸ ὸ , the same path is used for the projection. This method is 

particularly efficient for von Mises type of yield surfaces since the surface is convex at all 
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points and an orthogonal plane (e.g., Prandtl-Reuss) can be found easily [208]. Another 

geometric interpretation of the algorithm can be illustrated in deviatoric stress space or ˊï

plane as shown in Figure 4-9 when the yield surfaces are concentric spheres and the 

resulting stress return path is parallel to the deviatoric stress vectors suggested by the 

constitutive law.  

 

Figure 4-9: Geometric interpretation of the radial-return in deviatoric stress space. 

Figure 4-10 also suggests a clear interpretation of the radial-return algorithm on 

invariant plane of von Mises stress versus pressure, where it is shown how the pressure 

remains unaffected by the plasticity. High accuracy and efficiency of the selected radial-

return method lies within its simplicity. Solving for the yield function at time ὸ ὸ  a 

non-linear equation is derived to be solved for the plastic strain increment Ў‐ as: 

 

Ὢ „ „ π 

Ὢ „ ȟ σὋЎ‐ „ π 

Ὢ „ ȟ σὋЎ‐ „ ‐ ȟ‐ ȟὝ π 

Ὢ „ ȟ σὋЎ‐ „ ‐ Ў‐ȟ
Ў‐

Ўὸ
ȟὝ

‍

”ὅ
Ў‐
„ „

ς
π 

ᵼ„ ȟ σὋЎ‐ „ ‐ Ў‐ȟ
Ў‐

Ўὸ
ȟὝ

‍

”ὅ
Ў‐
„ „

ς
 

(4.28) 
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Figure 4-10: Geometric interpretation of the radial-return on the invariant plane. 

 

Solving for the yield function at time ὸ ὸ  a non-linear equation is derived to be 

solved for the plastic strain increment Ў‐ as: 

 

Ὢ „ „ π 

Ὢ „ ȟ σὋЎ‐ „ π 

Ὢ „ ȟ σὋЎ‐ „ ‐ ȟ‐ ȟὝ π 

Ὢ „ ȟ σὋЎ‐ „ ‐ Ў‐ȟ
Ў‐

Ўὸ
ȟὝ

‍

”ὅ
Ў‐
„ „

ς
π 

ᵼ„ ȟ σὋЎ‐ „ ‐ Ў‐ȟ
Ў‐

Ўὸ
ȟὝ

‍

”ὅ
Ў‐
„ „

ς
 

(4.28) 

 

where, Ὕ  is the current temperature, ὅ is the specific heat at constant pressure (assumed 

constant during the numerical simulation), ‍ is the TaylorïQuinney coefficient that 

represents the proportion of plastic work converted into heat, which is taken to be 0.9 in 

the current study. The incremental temperature increase caused by dissipation of plastic 

work due to adiabatic heating is calculated to incorporate temperature softening. 

The plastic strain increment in Equation (4.28d) is solved through a secant method by 

using the following initial values and iterative scheme [194] [203]: 
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ᵼὪ „ ȟ σὋЎ‐ „ π 

Ў‐ π                     

Ў‐ ς
„ ȟ „
σὋ

)ÎÉÔÉÁÌ ÇÕÅÓÓ ÆÏÒ ÓÏÌÕÔÉÏÎ ÉÎÔÅÒÖÁÌ 

Ў‐ Ў‐ ὪЎ‐
Ў‐ Ў‐

ὪЎ‐ ὪЎ‐
 

ể                                                                        
 

Ў‐ Ў‐ ὪЎ‐
Ў‐ Ў‐

ὪЎ‐ ὪЎ‐
 

ÃÈÅÃË ÉÆ ὪЎ‐ ὪЎ‐ ὸέὰὩὶὥὲὧὩρπ ᵼὛὝὕὖ 

(4.29) 

 

The algorithmic setup is illustrated in Figure 4-11 for the secant iterations. 

 

 

Figure 4-11: Successive secant iterations. 

 

After finding the plastic increment, final stresses are computed as: 
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ᵼἻἶ Ἳ ρ Ў‐
σὋ

„ ȟ

Ἳ
„

„ ȟ

 (4.30) 

 

The trial stresses are scaled back to the yield surface as illustrated in Figures 4-8, 4-9 

and 4-10. 

 

4.2.3  Accumulated failure algorithm 

Failure is assumed when damage variable of a finite element reaches a critical limit 

described by a failure surface that is constructed through multiplicative decomposition of 

tabulated inputs of stress-triaxiality, Lode-angle-parameter, strain rate, temperature, and a 

regularization term within a critical element size as formulated in Equation (4.31). As the 

damage variable reaches unity (i.e., reaches the scaled failure surface), finite element is 

failed by an element erosion technique [96]. 

 

 

‐ Ὢ
ὴ

„
ᶻ

ȟ
ςχ

ς

ὐ

„
Ὣ‐ ὬὝὭὰ  

Ὀ
Ὠ‐

‐
ρᵼÆÁÉÌÕÒÅ 

(4.31) 

 

where, Ὢ

ᶻ

ȟ  represents a failure locus specific to a material, which can be 

used as a generic way of constructing failure loci for ductile materials based on multiple 

states-of-stress. Stress-triaxiality and Lode-angle-parameter dependent failure surfaces 

were also described by Equation (4.5) and illustrated by Figures 4-3 and 4-4. In Equation 

(4.31), Ὣ‐  represents the strain rate dependent term/curve that scales the failure strain, 

ὬὝ is the temperature dependent failure term/curve that scales the failure strain and 

Ὥὰ  is the regularization term/curve that scales the failure strain according to the initial 
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element size. Failure is assumed when the accumulated failure strain reaches a critical 

value that is defined by Ὀ . 

The numerical implementation of the algorithm can be represented by Equation (4.32) 

considering the central difference time integration scheme as: 

 

 

‐
ȟ

Ὢ

ở

Ở
ờὴ

„
ᶻ

ȟ
ςχ

ς

ὐ

„

Ợ

ỡ
Ỡ
Ὣ‐ ὬὝ Ὥὰ  

Ὀ Ὀ
Ў‐

‐
ȟ

 

Ὀ ρᵼÆÁÉÌÕÒÅ 

(4.32) 

 

4.3   Development of a generic failure locus for ductile materials based on multiple 

states-of-stress 

In order to generalize the definition of failure in three-dimensional space by defining 

the domain constituted by all possible states-of-stress, the third stress invariant is selected 

to help define the boundaries of the failure locus especially towards the negative values 

of the stress-triaxiality as illustrated in Figure 4-5. Therefore, an alternative triaxiality 

parameter is utilized to incorporate the third stress invariant while defining the plane of 

stress-space as a projection of the three-dimensional failure surface. The new parameter is 

called as óproduct-triaxialityô („ᶻ) [107] and is defined as: 

 

„ᶻ
Ὅ

„

„„„

„
 (4.33) 

 

Therefore, by incorporating all stress invariants the expression can be expanded and 

the new failure locus (i.e., plane of stress-space as a projection of the three-dimensional 

failure surface) will be in the form of: 
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‐ Ὢ„ᶻȟ„ᶻ Ὢ
ὴ

„
ȟ
Ὅ

„
Ὢ

ρ
σὍ

Ὅ Ὅ
ȟ

Ὅ

Ὅ Ὅ
 (4.34) 

 

In the general state-of-stress, the principle stresses „ and „ can be written as linear 

functions of „, except for the case of „ being exactly zero or negative (i.e., 

compressive), where in that case if the first principal stress is compressive then all three 

principle stresses are compressive and no failure will occur. Therefore, the principle 

stress parameters are defined by „ ὥ„ and „ ὦ„  if „ π as:  

 

„ π π
π „ π
π π „

„ π π
π ὥ„ π
π π ὦ„

 (4.35) 

 

When „ π, „ and „ can be written directly without substitution. Since, by 

definition „ „ „, the bounds ρ ὥ Њ and ὥ ὦ Њ exist for ὥ and ὦ. 

Pressure term, von Mises stress and the third stress invariant can then be written as: 

 

 

ὴ
„ ρ ὥ ὦ

σ
 

„ „ ρ ὥ ὦ ὥὦ ὥ ὦ 
Ὅ „ὥὦ 

(4.36) 

 

Consequently, stress-triaxiality and product-triaxiality terms can be rewritten as in 

Equations (4.37) and (4.38), respectively. 

 

ὴ

„

ρ

σ

„

ȿ„ȿ

ρ ὥ ὦ

Ѝρ ὥ ὦ ὥὦ ὥ ὦ
 (4.37) 

 

„„„

„

„

ȿ„ȿ

ὥὦ

Ѝρ ὥ ὦ ὥὦ ὥ ὦ
 (4.38) 

 

Considering the bounds ρ ὥ Њ and ὥ ὦ Њ exist for ὥ and ὦ, Equations 

4.37 and 4.38 can be redefined on the boundaries to specify an envelope of solutions as: 
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Ử
Ừ
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 (4.39) 

 

ÉÆ ὥ ὦᵼ

ừ
Ử
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ứὴ
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ρ ςὥ

ρ ὥ
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„„„

„
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ρ ὥ

ὴ

„

ρ

σ

ρ ςὥ

ρ ὥ
ÁÎÄ 
„„„

„

ὥ

ρ ὥ

 (4.40) 

 

Equations (4.39) and (4.40) are plotted in Figure 4-12, where they represent the lower 

(negative) and upper (positive) bounds for the solution envelope. As it can be observed 

from this figure, multiple product-triaxiality solutions exist for a given stress-triaxiality 

value and the ȟ  value pair overlaps at certain regions. For the value pairs of 

ȟπ for the ὥ ρᵼ „ „  curves and ȟπ for the ὥ ὦᵼ „ „  

curves, the limit curves overlap. 

 

 

Figure 4-12: Stress-state envelope in the stress-triaxiality  vs. product-triaxiality  space. 
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Therefore, for any given stress-triaxiality, the largest magnitude of product-triaxiality 

occurs when two of the three principle stresses are equal. Depending on the sign, a state 

of hydrostatic compression or tension is found at the extremums. It should be noted that 

any state-of-stress must be within the bounds of the meridians defined by Equations 

(4.39) and (4.40), where the solution envelope extends until infinity as: 

 

ὥȟὦ ρᵼ
ὴ

„
ᴼ Њ (4.41) 

 

Failure locus or the meridians described by Equations (4.39) and (4.40) can also be 

related to the third deviatoric stress invariant by utilizing the relations in Equation (4.42). 

Therefore, it is possible to interchangeably use Lode-angle-parameter with product-

triaxiality when illustrating the plane of stress-space as a projection of the three-

dimensional failure surface. 
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(4.42) 

 

Figure 4-13(a) illustrates how the three-dimensional failure surface is projected on to 

the plane of stress-space with three distinct test points representing the uni-axial tension, 

shear and uni-axial compression, where Lode-angle-parameter is used by incorporating 

the third deviatoric stress invariant. Projected failure surface is shown in Figure 4-13(b), 

while the hatched stress-space represents the states-of-stress that an elementary particle 

can possibly experience. Using Lode-angle-parameter or the third deviatoric stress 

invariant on the projected failure locus provides a well-defined boundary on the invariant 

space; however, the conceivable limits towards the negative stress-triaxiality values are 

questionable and do not offer any practical bounds. 
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(a) 

 

(b) 

 

(c) 

 

Figure 4-13: Representation of a three dimensional failure surface; (a) J-C relation, (b) projection on 

to the plane of stress-state defined by stress-triax iality vs. Lode-angle-parameter and (c) projection 

on to the plane of stress-state defined by stress-triaxiality vs. product -triaxiality.  
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Since the stress invariants can interchangeably be used according to Equation (4.42), 

the same plane of stress-space can be illustrated with product-triaxiality by incorporating 

the third stress invariant in Figure 4-13(c). In this figure, the hatched areas also signify all 

states-of-stress that can be observed by an element. Having defined the Lode-angle-

parameter as a primary boundary on the invariant space, incorporating the product-

triaxiality provides a reasonable boundary on the space of interest. Especially towards the 

negative stress-triaxiality region, it is clearly seen that the region of interest can be 

limited since the corridor defined between the stress meridians tapers due to Equations 

(4.39) and (4.40). 

Figure 4-13 also depicts how three distinct state-of-stress points on the failure surface 

can be illustrated on the projected planes of stress-states. Uni-axial tension, shear and uni-

axial compression points on the failure surface are portrayed in Figures 4-13(b) and 4-

13(c). Any point can similarly be positioned on both planes. However, due to the 

convenience in finding required test points for the material characterization phase in 

Chapter 5, the latter plane of stress-state is used more often. In the next sections, 

significant points and the region of interest on the stress-space are determined to help 

choose the states-of-stress that will be used to construct the failure surface after 

characterization of the plastic strain at failure for each stress-state point. 

 

4.3.1  Identification of the stress-states 

As the methodology of illustrating multiple states-of-stress by using stress-triaxiality, 

Lode-angle-parameter and product-triaxiality is defined, where all stress invariants are 

utilized, an intelligently contrived test matrix is needed to construct and span the stress-

space with the required corresponding triaxiality values. The following sections are 

utilized to help identify the stress-states of each specimen that is chosen to have a 

particular stress-state during the testing.  

 

4.3.1.1  Uni-axial state 

The general states-of-stress can be identified in more detail with the following 

derivations: 
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Since „ „ „, when a state of uni-axial stress exists either „ will  be greater 

than zero or „ will be less than zero, and „ will be zero in either case.  If „ π, then 

ὥ ὦ π, and .  If „ π, then .  In both cases the product-triaxiality 

parameter is zero, (i.e., π). 

4.3.1.2  Plane-stress state-of-stress 

A condition of plane-stress, where one of the principle stresses is zero, can be 

represented by the principle stress parameters ὥ or ὦ being set equal to zero. In this case 

„ π and Equation (4.35) can be rewritten as either: 

 

„ π π
π ὥ„ π
π π ὦ„

„ π π
π ὥ„ π
π π π

ᵼρ ὥ π (4.43) 

 

with the stress-triaxiality term becoming: 

 

ὴ

„

ρ

σ

ρ ὥ

Ѝρ ὥ ὥ
 (4.44) 

 

or 

 

„ π π
π ὥ„ π
π π ὦ„

„ π π
π π π
π π ὦ„

ᵼπ ὦ Њ (4.45) 

 

with the stress-triaxiality term becoming: 

 

ὴ

„

ρ

σ

ρ ὦ

Ѝρ ὦ ὦ
 (4.46) 

 

and in both cases the product-triaxiality parameter is zero, (i.e., π).  
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So, for biaxial states-of-stress, either „ „, ὥ ρ with the result of , or 

„ „ with the result of .  

Equation (4.47) represents this case in a more generic way as: 
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 (4.47) 

 

Considering isochoric plastic strains: 

 

‐
„

σ

ς ὥ π π
π ςὥ ρ π
π π ὥ ρ

ᵼ
ρ ὥ π
ὦ π        

ᵼ
‐ȟ

‐ȟ

ςὥ ρ

ς ὥ
 (4.48) 

 

Plane-stress states for the stress-triaxiality versus product-triaxiality space are 

illustrated in Figure 4-14 with more details. It is also shown how the axi-symmetric 

tension, axi-symmetric compression and plane-strain meridians span the stress-space 

defined by the envelope represented by the Lode-angle-parameter. 

Therefore, it is suggested here that the boundaries of the failure locus can be defined 

interchangeably by incorporating all three definitions of triaxiality. By using stress-

triaxiality ( ) vs. Lode-angle-parameter ( ρ — ρ) or stress-triaxiality 

vs. product-triaxiality ( ), a failure surface can be constructed after characterization of 

plastic strains at failure for every point of interest. Lode-angle-parameter can be used to 

categorize the stress meridians and the product-triaxiality can be used to categorize the 

limits of the state-of-stress.  
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Figure 4-14: Plane-stress state conditions on the stress-space. 

 

4.3.1.3  Axi-symmetric state-of-stress 

A condition of axi-symmetric stress is observed when two principal stresses are equal. 

Axi-symmetric state-of-stress can exist in either tension or compression. The tension 

meridian is obtained when ὥ ὦ and compression is when ὥ ρ. 

Equation (4.49) represents this case in a more generic way as: 
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Considering isochoric plastic strains: 
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Axi -symmetric stress-states for the stress-triaxiality vs. product-triaxiality space are 

illustrated in Figures 4-15 and 4-16 for both compression and tension meridians 

respectively. 

 

 

Figure 4-15: Axi -symmetric stress-state conditions on the compression meridian of the stress-space. 
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Figure 4-16: Axi -symmetric stress-state conditions on the tension meridian of the stress-space. 

 

4.3.1.4  Plane-strain state-of-stress 

A condition of Plane-strain stress observed where a principal deformation is zero. In 

terms of ὥ and ὦ, the principle stress parameters are:  
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Considering isochoric plastic strains: 

 

‐ Ἳ
„

σ

ς ὥ ὦ π π
π π π
π π ςὦ ὥ ρ

 (4.52) 



85 

 

Plane-stress stress-states for the stress-triaxiality vs. product-triaxiality space are 

illustrated in Figure 4-17 for both compression and tension meridians respectively. 

 

 

Figure 4-17: Plane-strain stress-state conditions on the plane-strain meridian of the stress-space. 

 

4.3.2  Notable points on the stress-state space 

The foregone calculations lead us to identify some of the most notable points that are 

summarized according to their stress-triaxiality, product-triaxiality and Lode-angle-

parameter values as listed in Table 4-1 and illustrated in newly proposed stress-triaxiality 

versus product-triaxiality space in Figure 4-18. It is assumed that failure beyond a stress-

triaxiality of „ᶻ  is not possible; therefore, the test matrix and failure surface is 

defined up to the limiting stress-state of uni-axial compression.  
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Table 4-1: Notable points and their stress-state parameters. 

States-of-stress Stress-triaxiality Product-triaxiality Lode-angle-parameter Illustration 

 „ᶻ „ᶻ —  
     

Biaxial Tension 
ς

σ
 πȢπ ρȢπ 

 
     

     

Uni-axial Tension with 

Lateral Confinement 

(Plane-Strain Tension) 

ρ

Ѝσ
 πȢπ πȢπ 

 
     

     

Uni-axial Tension 
ρ

σ
 πȢπ ρȢπ 

 
     

     

Pure Shear πȢπ πȢπ πȢπ 

 
     

     

Uni-axial Compression 
ρ

σ
 πȢπ ρȢπ 

 
     

 

 

Figure 4-18: Notable points on stress-triaxiality  versus product-triaxiality  space. 
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Stress-triaxiality versus product-triaxiality space provides an objective tool to 

characterize the stress-state for any deformation pattern as illustrated in Figure 4-18 for 

five distinct states. Clearly, five stress-states are insufficient to construct a well-defined 

failure surface and more stress-state points are needed within the hatched area of the 

stress-state plane for a sufficient representation. These stress-state points have to be 

chosen with a reasonable resolution that a balance between the accuracy of the failure 

surface and the number of required stress-state points can be achieved since each stress-

state point corresponds to a test and has to be characterized to find the plastic strain at 

failure. Therefore, there is a tradeoff between the cost of testing each chosen stress-state 

and the accuracy of the failure curve. Moreover, while choosing the states of interest, a 

methodology has to be developed to justify the region of curiosity and the capability of 

the chosen points for representing the entire failure surface independent of the local 

sensitivities. Consequently, in the following section, a methodology is suggested to help 

determine the region of interest on the stress-state plane for ductile materials under 

impact loading. 

 

4.3.3  Identification of the stress-states for structures under impact loading 

The results of the ballistic impact analyses that were reported in Section 3.2 are used 

to identify the stress-state history of the finite elements during the impact loading. It is 

found that the failure modes are changing from petalling to plugging as the thickness and 

the impact velocity changes, which suggests that the state-of-stress changes from tensile 

dominated necking to shear as illustrated in Figure 4-19. 

To identify the possible modes of state-of-stress for individual finite elements, 

representative elements are selected within the impact region under the projectile. For 

thinner targets, due to petalling failure, more elements are selected in the vicinity of the 

petal formation. Figure 4-20 represents the set of elements selected per each thickness at 

the undeformed stage. Simulation results are selected from the higher end of the ballistic 

curve (i.e., higher velocities) considering that the dominant failure characteristics will be 

more pronounced. The triaxiality parameters (i.e., „ᶻȟ„ᶻ and —) are calculated at the 

peak values of the stresses for a number of finite elements, some of which failed and 
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some of which did not. 

 

 
1.5875mm 3.75mm 6.35mm 

Figure 4-19: Transit ion of the failure modes with target thickness under impact loading due to the 

state-of-stress. 

 

 

Figure 4-20: Selected elements for state-of-stress identification. 
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The triaxiality parameters vary considerably before the stresses reach levels near 

failure. Figure 4-21 summarizes and overlays the triaxiality parameters from the points 

collected for three different thicknesses on the stress-triaxiality versus product-triaxiality 

space. It should be noted that the selected elements are intended to be representative of 

the failure modes under impact regime only. It is also identified that the failing elements 

are accumulated around negative stress-triaxiality values, between axi-symmetric tension 

and axi-symmetric compression meridians. It is not a coincidence that for different 

thicknesses and impact speeds, for ductile materials under impact loading in general, 

stress-states that lead to failure are similar and populated within an envelope defined 

through negative values of the stress-triaxiality (i.e., „ᶻ ) versus product-triaxiality 

space. Therefore, an experimental program should be designed to cover this space (i.e., 

stress-space hatched in red) with a better resolution while constructing a failure surface 

for FE analysis. Clearly, fewer points are needed to represent the stress-states towards the 

positive values of the stress-triaxiality (i.e., „ᶻ ), where these regions are designated 

as combined tension-shear and combined compression-shear respectively (i.e., stress-

spaces hatched in yellow and blue). No failure is assumed beyond a stress-triaxiality 

value of „ᶻ , where it is also depicted in Figure 4-21 that several finite elements 

from the impact region are experiencing similar states-of-stress but do not fail. Therefore, 

the last stress-state point is chosen to be the uni-axial compression while constructing a 

failure surface and the region beyond that stress-triaxiality value (i.e., „ᶻ ), no test 

point is chosen as the stress-state approaches hydrostatic compression (i.e., stress-space 

hatched in green).                     
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Figure 4-21: States-of-stress for the selected finite elements under the impact region as a function of 

stress-triaxiality and product -triaxiality.  

4.4   Devising a testing program to characterize a generic failure locus 

TRAUM utilizes an extended form of the accumulated failure algorithm, which is 

defined earlier by Equation (4.2) that depends upon multiple states-of-stress, strain rate, 

temperature and regularized with respect to the element size as formulized by Equation 

(4.53)  

 

‐ Ὢ„ᶻȟ— Ὣ‐ ὬὝὭὰ  

Ὀ
Ὠ‐

‐
ρᵼÆÁÉÌÕÒÅ 

(4.53) 

 

where, Ὢ„ᶻȟ—  represents a failure surface, which is constructed by characterized 

values of the effective plastic strains at failure for different states-of-stress at a nominal 
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strain rate and room temperature for a characteristic element size. The failure surface is 

then scaled by the factors defined by Ὣ‐ ȟὬὝ and Ὥὰ , which represent strain rate, 

temperature and regularization terms respectively. 

Therefore, in the proceeding sections a methodology is introduced to help describe 

the stress-state dependent failure surface. A methodology is also described to form a 

failure locus by scaling the initially constructed stress-state dependent failure surface 

based on strain rate and temperature. Specimen design methodology and geometries for 

each selected stress-state is demonstrated. Targeted values of the stress-states, strain rates 

and temperatures for a fully defined failure locus are listed. 

 

4.4.1  Construction of a failure locus for multiple states-of-stress 

An intelligently contrived test matrix is developed by designing specific test 

specimens with different geometries that can be used to construct the whole failure locus 

for Al2024-T351 as a function of stress-triaxiality and Lode-angle-parameter defined by 

the factor in Equation (4.54). 
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The boundaries of this failure locus are defined with a consideration on the stress-

space defined by stress-triaxiality versus product-triaxiality („ᶻ vs. „ᶻ). Different states-

of-stress are attained by utilizing specimens that are representing axi-symmetric tension, 

plan-stress, plane-strain tension, shear, compression, combined tension-shear and bi-axial 

tension states. An inverse material characterization algorithm is then introduced to 

generate input data for the new material model (TRAUM). Consequently, the specimens 

with preliminary estimates of stress-triaxiality, Lode-angle-parameter, and product-

triaxiality will be used to construct a failure surface. Parallel numerical simulations are 

used to verify the exact state-of-stress and the failure point, which are attained iteratively 
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until the desired values are achieved since the plastic deformation in the specimen causes 

changes in the predetermined stress-states.  

Validated impact simulations reveal that the ductile materials undergoing impact 

loading fail under different states-of-stress as shown in Figure 4-21; however, the stress-

states are populated around certain zones. Therefore, it is required to test materials under 

different stress-states and characterize the failure points to construct a failure locus 

having a bias on the zones of interest. It is usually a common practice to test axi-

symmetric round specimens in tension to see the effects of confinement especially by 

using Bridgmanôs [162] [95] analysis of the stress-state at the necking localization of an 

axi-symmetric specimen. Characterizing and using effective plastic strain at failure as a 

function of state-of-stress is also widely practiced and described further by McClintock 

[115], Rice and Tracey [117] and Hancock and Mackenzie [119]. Many others including 

J-C [85], which is discussed in detail in Section 3.2, have utilized similar testing 

programs to characterize effective plastic strain at failure as a function of stress-

triaxiality. J-C used an exponential curve fitting on the experimental data. Measuring the 

failure strain and the stress-state at the time of failure is not any easy task; therefore, 

parallel numerical simulations are typically used to inversely calculate the failure strains 

and stress-states. The common approach to characterize the failure point and 

corresponding stress-states is usually attained by trying to match the experimentally 

measured data, such as force vs. displacement curves. This is often described as a 

meticulous procedure since the behavior can be extremely nonlinear [1] [178] [180]. 

Besides, the stress-state is not the only variable that has an influence on the failure strain. 

There are other contributing factors to ductile failure such as; the strain rate effects, 

temperature etc., where in most cases the effects are coupled and can be difficult to 

identify [7] [8] [9] [10].  

The variations in the state-of-stress and the range of the domain make it challenging 

to design an experimental program that can capture the whole failure locus. More 

recently, Bao [99], Bao and Wierzbicki [100], Barsoum and Faleskog [102], Xue [103], 

Bai [104], Bai and Wierzbicki [105] conducted test programs that have coupled 

numerical simulations and experiments with specimens having different geometries in 

order to cover a wide range of stress-states. Xue [103], Bai [104] have introduced failure 
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models with another stress-state indicator called the Lode-angle-parameter and their 

failure surfaces were illustrated in Figures 4-3 and 4-4, respectively. However, these 

failure surfaces fit  different functions over the characterized test points for the values of 

equivalent plastic strain at failure representing different stress-states. Higher order surface 

fitting methodologies may put the overall accuracy at risk due to local sensitivities. 

Depending on the material of interest, changes in state-of-stress may cause considerable 

differences on the equivalent plastic strain at failure. Dramatic changes can be observed 

for Al2024-T351 when the stress-triaxiality changes in between „ᶻ  and Bao 

[99] suggested three distinct branches to represent the significant differences on the 

failure modes as illustrated in Figure 4-2. Consequently, while fitting a pre-determined 

higher order surface over the available stress-states, two critical details should be 

foresighted. First of all, the overall behavior of the failure surface should be kept stable 

and extreme oscillations due to the regions with local extremum should be prevented. 

Otherwise, higher order surface fitting can numerically lead to negative values of 

effective plastic strain at failure, which is unacceptable, when the failure surface needs to 

be extrapolated beyond the limits of the test matrix. Secondly, utilizing a pre-accepted 

function for the failure surface should not lead to even out the details for certain stress-

states, where significant changes in the failure modes can be observed experimentally. 

Fitting a failure surface over a range of test points that are representing certain states-of-

stress can be illustrated as in Figure 4-22(a) for a surface using J-C relation defined by 

Equation (3.4) and parameters given by Set-1 in Table 3-2. 

The test points that are illustrated in Figure 4-22 signify different specimens used in 

this study, which will be discussed in more detail later in this Chapter and in Chapter 5. 

These test points are used to imply that the values of the effective plastic strain at failure 

for certain states-of-stress may not accurately be represented by a smooth surface fitting 

methodology (i.e., J-C). It can clearly be noticed that surface fitting to a number of test 

points flattens the sensitivity of the failure surface which leads to inaccurate 

representation. It should be noted that, Figure 4-22(b), which is a J-C representation, is 

not Lode-angle-parameter dependent. It is basically constructed by extending the failure 

curve that was found through curve fitting and only stress-triaxiality dependent (i.e., 
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— ρ π ρ). Figure 4-22(c) illustrates a projection of the J-C failure 

surface on to the plane of stress-states with a contour map and specifically selected states-

of-stress points that a ruled failure surface can be constructed through a concept of 

óbridgingô with the suggested paths. 

 

 
(a) 

  
(b) (c) 

 

Figure 4-22: Representation of the J-C failure surface; (a) with test points suggested later in this 

Chapter, (b) projection on to the plane of stress-triaxiality vs. effective plastic strain at failure, 

showing no Lode-angle-parameter dependency and (c) projection on to the plane of stress-state 

defined by stress-triaxiality vs. Lode-angle-parameter showing the paths suggested for bridging the 

stress-states. 
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Similarly, the failure surface suggested by Bai [104] can be illustrated in Figure 4-

23(a) with the same test points that are shown in Figure 4-22, which are representing 

certain stress-states that will be discussed further in the proceeding sections.  

 

 
(a) 

  
(b) (c) 

 

Figure 4-23: Representation of a Lode-angle-parameter dependent failure surface;  (a) failure 

surface defined by surface fitting over the test points defined in [104], (b) projection on to the plane 

of stress-triaxiality vs. effective plastic strain at failure showing Lode-angle-parameter dependency 

with different stress meridians and (c) projection on to the plane of stress-state defined by stress-

triaxiality vs. Lode-angle-parameter showing the paths suggested for bridging the stress-states. 
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It can clearly be observed that Lode-angle-parameter dependent failure surfaces have 

a better sensitivity in representing the failure response as functions of state-of-stress. 

Lode-angle-parameter dependency can be pronounced more by elaborating on the stress 

meridians as illustrated in Figure 4-23(b). However, Figure 4-23(b) also depicts that a 

surface fitting methodology, which is only concerned about minimizing the overall fitting 

error, may not necessarily captures the response of all stress-states and misses certain 

states-of-stress points or has to compromise even from matching a whole stress meridian. 

More importantly, every point on this space of stress-state corresponds to a test result, 

which is obtained through a rigorous characterization procedure and should not be 

compromised by a smoothing algorithm. Therefore, an alternative concept can be utilized 

to construct the failure surface with a bias on matching the invaluable testing points. 

Figure 4-23(c) illustrates the projection of the failure surface in Figure 4-23(a) on to the 

plane of stress-states with a contour map. Specific stress-state points are shown with the 

paths defined for óbridgingô concept. 

The óbridgingô concept, which is outlined in Figure 4-24, starts by assuming a firm 

representation of certain states-of-stress values and the stress meridians that are 

considered for testing as briefly illustrated in Figures 4-22(c) and 4-23(c). These specific 

stress-states should be pronounced more while constructing the failure surface. The 

concept works by determining notable stress-states that have the same Lode-angle-

parameters on the corresponding stress meridians with equidistant distribution of the 

stress-triaxiality values. Clearly, each stress meridian act as a natural boundary of the 

bridging.  

During the identification of the testing points for bridging, overlapping stress-states 

can be found on the failure surface while determining the notable states-of stress for 

verification purposes, such as; a plane-stress case under uni-axial tension and an axi-

symmetric case under uni-axial tension will lead to the same stress-state pair defined  by:  

„ᶻȟ— ȟρ.  Similarly, a plane-stress case under uni-axial tension with lateral 

confinement by the use of a notched geometry and a plane-strain case under uni-axial 

tension also share a common stress-state pair defined by: „ᶻȟ—
Ѝ
ȟπ. These 
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overlapping stress-states can be useful to verify whether similar stress-states lead to 

similar values of the effective plastic strain at failure even though they represent different 

types of specimens on different stress meridians. 

Bridging can also be established between the same values of the Lode-angle-

parameter with different values of the stress-triaxiality as illustrated in Figure 4-25 by 

combined tension-shear specimens. These two distinct specimens are identified to match 

the Lode-angle-parameters of the two plane-stress specimens with intermediate values of 

stress-triaxiality. Consequently, two unique cases are identified, where different states-of-

stress are achieved by changing the type of loading on specimens rather than its 

geometry. 

 

 

Figure 4-24: Outline of determining the stress-states while constructing the failure locus by bridging. 

 

While designing the test matrix and the corresponding specimen geometries, the areas 

of interest for the projected states-of-stress are determined by the facilitation of Figure 4-

25, where stress-states of the representative finite elements are illustrated for ductile 

materials under impact loading similar to the illustration in Figure 4-21 with the paths 

defined for bridging are overlaid. 

 

Determine some Stress-States for Verification of the Equivalent Plastic 

Strains at Failure that can Provide the Same States-of-Stress for 

Different Tests and Overlapping on the Stress Space

Start Determining the Stress-States by Incorporating the Notable 

States-of-Stress that are often at the Intersection Points of the Stress 

Meridians

Remarks for Bridging Stress-States

Determine the Stress-States that have the same 

Lode-Angle-Parameters on the Correponding Stress Meridians with 

an Equidistant Distribution on the Stress-Triaxiality Axis
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(a) 

 

(b) 

 

 

Figure 4-25: Identifying the bridging paths while constructing the failure locus through stress 

meridians and notable values of the stress-states considering the zone of interest suggested for ductile 

materials under impact loading; (a) representation of bridging on the plane of stress-state defined by 

stress-triax iality vs. Lode-angle-parameter and (b) representation of bridging on the plane of stress-

state defined by stress-triaxiality vs. product -triaxiality . 
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Figure 4-25(a) represents the paths for bridging on the plane of stress-state defined by 

stress-triaxiality vs. Lode-angle-parameter and Figure 4-25(b) on the plane of stress-state 

defined by stress-triaxiality vs. product-triaxiality. Both figures indicate that the region of 

interest, where the stress-states of the failing finite elements are populated and can be 

spanned by utilizing equivalent triaxiality parameters with equidistant distribution. 

Therefore, bridging provides a good way to interpolate between the Lode-angle-

parameters for the selected stress-triaxiality values while only needing a small number of 

specimens. 

Maximum stress-triaxiality value is identified when „ᶻ , which correspond to 

the uni-axial compression state and no failure is assumed beyond that point as illustrated 

in Figure 4-25 and verified by the stress-state history of the finite elements that are under 

the region of impact. Although it is material and application dependent, for Al2024-T351, 

minimum stress-triaxiality value is identified when „ᶻ πȢψ, which is found by a 

judgment based on three different indications. The first indication is the population of the 

stress-triaxiality values of the finite elements that are under the impact region as 

illustrated in Figure 4-25. The second indication is a technological constraint on the shape 

of a potential specimen, where the most convenient test for this state is axi-symmetric 

tension. A very sharp notched geometry is necessary for an axi-symmetric specimen to 

provide the required confinement in order to reach that minimum value of stress-

triaxiality. The last indication is found by utilizing the product-triaxiality parameter in the 

decision as discussed in Section 4.3, where it is stated that the solution envelope tapers 

towards the end of the stress meridians provided that the product-triaxiality is used to 

define the limits of the stress-triaxiality. Figure 4-25(b) illustrates this phenomenon, 

where the limits of the stress-triaxiality can clearly be captured within the limits of a 

reasonable solution. For even smaller stress-triaxiality values (i.e., „ᶻ ρȢπ), spalling 

dominates  failure due to the shock waves, rapid void growth and porosity [213], which is 

not within the scope of this dissertation.  

Therefore, stress meridians (i.e., plane-stress, axi-symmetric tension, axi-symmetric 

compression and plane-strain) should be accepted as the boundaries or splines of a ruled 

failure surface as illustrated in Figure 4-26. 
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(a) 

 
(b) 

  
(c) (d) 

 

Figure 4-26: (a) Representation of a Lode-angle-parameter dependent ruled failure surface defined 

by stress meridians as splines swept from the test points defined later in this Chapter;  (b) three-

dimensional representation of the splines in stress space, (c) stress meridians projected on to the 

plane of stress-triaxiality vs. effective plastic strain at failure showing Lode-angle-parameter 

dependency and (d) representation of paths used for bridging stress-states.  
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The failure surface is then constructed by sweeping through these splines with the 

help of interconnecting stress-states suggested by bridging paths as shown in Figures 4-

26(a) to 4-26(d). Three dimensional splines representing the stress meridians can 

individually be seen in Figure 4-26(b) with identified test points overlaid for each stress-

state. Figure 4-26(c) illustrates how each spline of the stress meridian is obtained through 

the identified states-of-stress. It should be noted that the splines are forced to match each 

stress-state along the stress meridians so that the boundaries of the ruled surface can 

explicitly depend upon the test points.  

It should also be noted that TRAUM explicitly depends upon characterized material 

data from test results; therefore, it can be foreseen that the accuracy of the model can 

easily be enhanced by increasing the number of the test points that span the failure locus. 

Tabulated structure of TRAUM can handle additional test points with flexibility and 

fidelity by redefining the failure surface with the additional value of effective plastic 

strain at failure for the corresponding stress-state. 

Initially designed stress-state values for some of the points that are illustrated in 

Figure 4-25 may change during the plastic deformation especially after the instabilities 

like necking. Therefore, it should be noted that TRAUM can also handle changes in the 

initially assigned stress-state points by incorporating linear interpolation during the 

óbridgingô process. 

 

4.4.2  Construction of a failure locus for strain rate and temperature dependency 

Initial failure surface is constructed by utilizing values of effective plastic strain at 

failure that are characterized from different specimens, which represent different states-

of-stress as discussed in Section 4.4.1. These specimens with different stress-states are 

tested at a nominal strain rate (i.e., 1.0s
-1

) and at room temperature (i.e., 294 K). In order 

to represent the strain rate and temperature dependency of the failure locus, scaling the 

initial failure surface is suggested as a convenient way with a multiplicative 

decomposition of the coupled terms [85]. Strain rate and temperature dependency of the 

initial failure surface is attained by two scaling factors that are used to offset the stress-

state dependent failure surface as formulated in Equation (4.55).   
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‐ Ὢ„ᶻȟ— Ὣ‐ ὬὝὭὰ  (4.55) 

 

where, Ὣ‐  represents the strain rate dependent term and ὬὝ represents the 

temperature dependent term that scales the failure strain. These scaling terms can 

comprise any number of test results that are performed at different strain rates and 

temperatures forming piecewise linear curves for scaling. 

To identify the scaling curves, beginning with strain rate dependency, a stress-state is 

determined first from the initial failure surface. It is suggested to select a simple test for a 

convenient stress-state (i.e., specimen geometry and loading) since the same test will be 

performed at different strain rates and temperatures. In this study, plane-stress tension 

(i.e., „ᶻȟ— ȟρ) is identified as the baseline stress-state. To isolate the effects 

of strain rate dependency, all tests are performed at room temperature and no effects of 

adiabatic heating are assumed. Subsequently, the values of the effective plastic strain at 

failure can be identified for the selected strain rates. Each failure strain can then be 

normalized to the failure strain of the baseline in order to find a scaling factor for the 

corresponding strain rate. Finally, the scaling curve can be obtained by a collection of 

points representing the strain rates and the corresponding normalized failure strains as 

formulated in Equation (4.56). 
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Strain rate depend failure locus can be illustrated as in Figure 4-27 emphasizing that 

the values of the effective plastic strains at failure are offset from the initial failure 

surface according to the scaling factors defined per each strain rate.  

 

 
*Strain rate dependent scaling of the failure surface is exaggerated for demonstration purposes. 

Figure 4-27: Strain rate dependent failure locus constructed by offsetting the initial failure surface. 

 

It should be noted that the offset distances are exaggerated in Figure 4-27 for a better 

demonstration (i.e., Ὣ‐ ρȢυ, Ὣ‐ ς). Clearly, the amount of offset 

distances will be determined from characterization of the tests in Chapter 5 for the 

selected strain rates. It should also be noted that a logarithmic scale is utilized for 

defining the corresponding strain-rates assuming that there can be several orders of 

magnitude difference between the rates during the experimental program.  

Figure 4-28 illustrates the baseline and the scaled stress-meridians according to the 

normalized scaling factors. The input format of the piecewise linear scaling term or curve 

Ὣ‐  can also be seen in Figure 4-28. It should be noted that, for demonstration 

purposes, the effect of strain-rate on the effective plastic strain at failure is assume to be 

an increasing function. However, that may not necessarily be the case for the material of 

interest and increasing the strain-rate can lead to a steep drop in the effective plastic strain 
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at failure. Therefore, by utilizing strain rate and temperature dependent scaling curves, 

TRAUM can easily model the required response depending on the characterization of the 

failure strains at different strain-rates and temperatures.   

 

 

 
*Strain rate dependent scaling of the failure surface is exaggerated for demonstration purposes. 

Figure 4-28: Strain rate dependent scaling factor (curve) and the scaled stress meridians of the 

failure surface. 

 

Similarly, temperature dependency can also be represented as a piecewise linear 

scaling curve depending on the number of temperature dependent tests. Plane-stress 

tension (i.e., „ᶻȟ— ȟρ) is also considered as the baseline stress-state and to 

isolate the effects of temperature dependency, all tests are performed at the same strain 

rate (i.e., 1.0s
-1

). Subsequently, the values of the effective plastic strain at failure are 

identified for the selected temperatures. Each failure strain can then be normalized to the 

baseline to find a scaling factor corresponding to each temperature. Finally, the scaling 



105 

curve can be obtained by a collection of points representing the temperatures and the 

corresponding normalized failure strains as formulated in Equation (4.57). 

 

„ 
ᶻ ȟ — ȟ   ‐ ȟ   Ὕ 

ρ

σ
ȟρȟρÓ ȟςωτ+ ᵼ‐  

„ 
ᶻ ȟ — ȟ   ‐ ȟ   Ὕ 

ρ

σ
ȟρȟρÓ ȟὝ ᵼ‐  

„ 
ᶻ ȟ — ȟ   ‐ ȟ   Ὕ 

ρ

σ
ȟρȟρÓ ȟὝ ᵼ‐  

Ὕ Ὕ Ὕ  

‐ 

‐ 
ὬᵼὬὝ ρȟὬ ȟ   

‐ 

‐ 
ὬᵼὬὝ ςȟὬ  

ᵼὬὝ ὬὝ ÂÁÓÅÌÉÎÅȟρȠὬὝ ρȟὬ ȠὬὝ ςȟὬ  

(4.57) 

 

Temperature depend failure locus can be illustrated as in Figure 4-29 emphasizing 

that the values of the effective plastic strains at failure are offset from the initial failure 

surface according to the scaling factors defined per each temperature. 

   

 
*Temperature dependent scaling of the failure surface is exaggerated for demonstration purposes. 

Figure 4-29: Temperature dependent failure locus constructed by offsetting the initial failure surface. 
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It should be noted that the offset distances are exaggerated in Figure 4-29 for a better 

demonstration of the temperature dependency (i.e., Ὤ‐ ρȢυ, Ὤ‐ 

πȢυ). Clearly, the amount of offset distances will be determined from characterization of 

the tests in Chapter 5 for the selected temperatures. 

Figure 4-30 illustrates the baseline and the scaled stress-meridians according to the 

normalized scaling factors per each additional temperature. The input format of the 

piecewise linear scaling term or curve ὬὝ can also be seen in Figure 4-30. A 

hypothetical case of increase in the failure strain due to a minor increase at the 

temperature is assumed first, where a drop in the failure strain is assumed for a much 

higher temperature. Clearly, failure is immediate at the melting temperature. 

 

 

 
*Temperature dependent scaling of the failure surface is exaggerated for demonstration purposes. 

Figure 4-30: Temperature dependent scaling factor (curve) and the scaled stress meridians of the 

failure surface. 










































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































